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PREFACE 


In the history of physics major landmarks are associated with contri- 
butions of the greatest natural philosophers, who on the basis of all 
previous results and novel revolutionary ideas and methods made another 
significant breakthrough in human cognition of Nature. 

(;sreat accomplishments of the human intellect always call for 
thorough and creative examination, for these achievements enable one 
ls) trace the conception and evolution of epoch-making ideas. Studying 
of classics is a wonderful school, if only it involves thoughtful probing 
infty the essence of a problem, rather than blind faith in authority. The 
latter always leads to dogmatism. A detailed creative analysis of classical 
winks may at times reveal an incompleteness of ideas, and even pro- 
fund mistakes, and this in turn may give rise to a new direction in 
macutch, But science history also knows of cases when a researcher, 
living failed to grasp the import of a work, jumped to the conclu- 
sion that the author had misunderstood the problem at hand, and even 
made claims to the credit of the discovery. But if somebody could not 
umderstand the work, the author is not to blame. After all, one’s own 
misunderstanding should not be a criterion for appraizing a work, espe- 
cially a classic one. For an investigator misunderstanding is always of 
value, because it may provide an impetus for an in-depth analysis of 
u problem. Profound misunderstanding may produce something new 
aid significant, and nearly always something interesting, which may 
ritich the researchers with added knowledge or anew approach. How- 
evet, this always requires serious effort and detailed physical analysis. 

Of course, people differ in their creative perception, and so under- 
standing somebody is also some kind of creative process, which is not 
always an easy task. There is only one way — seek to penetrate deeper 
liter the essence of a work. To gain an understanding of the classic 
woth, the reader may need to learn some additional things. If he still 
lails, which is quite probable, this may then be an indication of his 
awcifle perception or, alas, of the inadequacy of scientific level. But 
either teason is purely personal and has nothing to do with the cog- 
nition of scientific truth. 

Vil 
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Unfortunately, the foregoing is what occurs quite often in phys- 
ics; therefore, not to find yourself lost you are strongly recommended 
to cover new ground painstakingly, and if mecessary several 
times. 

This approach to mastering the material will mould you into an 
independent and free thinker learning on solid knowledge. The example 
of Relativity will show you how formal and shallow assimilation of some 
classic works has led to grave delusions. One object of my lectures is 
to free you of them. 

The book includes some lectures on the basics of relativity theory,, 
or as it is generally called the special theory of relativity. Relativity 
theory has been created by the outstanding scientists Lorentz [1], 
Poincare [2-3], Einstein [4], and Minkowski [6]. These giants, I 
think, have virtually completed the theory, and what came after was 
interpretation, once correct, once not, but nearly always superficial. 

In modern textbooks and monographs relativity theory is some- 
times presented in a trivial and limited manner. Not infrequently the 
authors fail to bring out the principal and get tangled in secondary 
problems. One may gather, reading those texts, that the theory is 
just a collection of recipes, which are sometimes hard to grasp for their 
limitedness. That is why I begin with the relativity postulate (Sec- 
tion 1.3), which cannot be proved and simply follows from analysis 
of experimental results. It should be adequately absorbed so that it 
might then be applied to specific phenomena. 

What is covered by the lectures could have been accomplished 
long ago, after Minkowski's work, and he might have expounded all 
this himself, had he not died so untimely. However dogmatism and 
faith — two things that have at all times been foreign to science al- 
though constantly by plagued it — have had their effect. So, nearly to these 
days they have drastically reduced the level of understanding and, 
as a consequence, have narrowed the domain of application of relativity 
theory. Only after assimilating the basics of Minkowskis work, and 
what is presented in sufficient detail in the lectures, one can arrive 
at the general formulation that the theory of relativity is the dis- 
covery of a unified pseudo-Euclidean geometry of space-time for elec- 
tromagnetic phenomena and its generalization, as a hypothesis, to all 
forms of matter. | 

It is shown in the lectures that clock synchronization, a topic 
that is generally attached all too much importance in texts on rela- 
tivity, is a partial question. As regards the postulate on the constancy 
of the velocity of light, even if given a correct formulation, as in these 
lectures, it plays a limited role, since it only makes sense for inertial 
reference frames. Outside these frames there is no use for it. 
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Qn the other hand, the views of the pseudo-Euclidean geometry 
if a unified space-time are more general and fundamental. They allow 
Ws to put into a similar perspective both inertial and accelerated 
lames of reference and to formulate the generalized relativity principle. 
Ihe extension of the scope of special relativity theory is not only of 
fundamental but also of applied importance, since we can now look 
it phenomena under some extreme conditions. 

The book has grown out of a course read at the physics depart- 
ment of Moscow University in 1983-84. Hence some inevitable redun- 
dlancies, for which the author offers his apologies. The last chapter 
‘overs some new results in the relativistic theory of gravitation. 


A. LOGUNOV 


Chapter! 


SPACE AND TIME 


1.1. Space and Time in Newton's Mechanics 


Relativity principle is one of the most ancient and fundamental prin- 
ciples of modern physics. Its beginnings data back to the days of natural 
philosophy. The emergence and evolution of the principle is closely 
linked with the development of our ideas of space and time, since space 
and time are the scene on which all physical processes are played out. 
Therefore, as our physical knowledge developed, so did our views on 
space and time. Our outline of the development of man’s concepts of 
space and time begins with Newton's mechanics. 

Mechanics, as a science of the notion of bodies, started to grow 
vehemently in the middle of the 17th century. The mechanics of the 
day was an experimental science concerned with establishing empiri- 
cal relationships between kinematic and dynamic characteristics of 
travelling bodies and forces on them. Having analyzed multiple ex- 
perimental data Newton formulated his three celebrated laws of dy- 
namics and the law of gravitation. This made it possible to handle a 
wide variety of problems on the motion of bodies. 

Newtonian mechanics also constituted a milestone in the evolu- 
tion of our concepts of space and time. On the one hand, it used the 
Euclidean geometry of three-dimensional space as a consequence of 
its reliance on the rules of vector composition and the determination 
of the distance between two points. On the other, experimental tests 
of the main principles of Newton's mechanics and comparisons of 
its predictions with experiment showed with great accuracy that 
three-dimensional space is indeed Euclidean. 

The properties of space and time in Newton's mechanics can 
ulso be established from an examination of a group of transforma- 
tions that leave the equations of motion form-invariant. Write 
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Newton's equations, say, for a system of two particles 


M d*r, F(| 1) Aah 
= r. —r 
dt? ? amet 
(1.1.1) 
2 F({r. —r, |) a 
2 dt? 2 1 Ir, —1 |’ 


where r, is the position vector of a first particle, and r, is the posi- 
tion vector of the second one; M, and M, are the masses of the first 
and second particles respectively. 

The function F(r.—r,) characterizes the nature of the forces 
between the bodies. Newtonian mechanics deals mostly with two types 
of forces — gravity and elastic. For gravity forces we have 

MM, 

F (lt —m |I)= -y —_,, 
[r. —1y | 
for the elastic force 


F (|r2 —r,|)=—k[r. —1r, |, 


where k is the elastic constant and ¥ is the gravitational constant. 

Expressions (1.1.1) suggest that they are form-invariant under 
transformations of the origin of coordinates, when time remains un- 
changed, and the coordinates are shifted by a constant vector 


r=rt+b, ¢=t. (1.1.2) 
Indeed, under this transformation the position vector of the bodies 
will be 

r a S| + b, 

r, =r, +b. 

It follows that the difference of these position vectors will not change 
under the transformation (1.1.2): r, — rz =1, — 12. Moreover, by the 


first of (1.1.2) we have d/dt = d/dt'. Therefore, equations (1.1.1) under 
the transformation (1.1.2) become 


2.! ’ t 
ry ' ir; —h 
M, = F([m - r, |) — 
dt"? ‘ [ry - 82 | 
(1.1.3) 
d*r, — 1) 
M,—_,, = —F (|r - ry ») 


dt ' nara 
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Comparing (1.1.1) and (1.1.3) we see that they have the same func- 
tional dependence on the coordinates, and so, to use the language of 
modern physics, are form-invariant under transformations (1.1.2). 
Note also that the transformations (1.1.2) keep the magnitude of the 
tclative velocity unaltered: 


— (1 —m)= v= (r; —f) = v. 


dt dt’ 


There are two treatments of the physical meaning of transforma- 
tion (1.1.2): (a) description of a mechanical phenomenon is indepen- 
dent of where we have placed the origin of coordinates; (b) if we trans- 
late the mechanical phenomenon to another point in space, separated 
from the first one by vector b, it will proceed there in the same man- 
ner. This implies that there are no distinguished points in space, and 
0 it is homogeneous. 

Second, under a shift in time 


t=tta; r'=r (1.1.4) 


equations (1.1.1) also remain form-invariant, since under the transfor- 


Fig 1. Transformation of rotation of a coordinate system around an axis 


ination (1.1.4) differentials with respect to time coincide: 

d d 

dt dt’ 
Ihe magnitude of the relative velocity for the two bodies is not 
‘hunged by the transformationas well. Transformation (1.1.4) describes 
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the translation of the zero time for all clocks by the same time period, 
without changing the space coordinates. Therefore, the form-invariance 
of the equations of mechanics under this transformation suggests that 
there are no distinguished times and all the points on the time axis 
are physically equivalent, with the result that a mechanical process 
with the same initial conditions will occur in the same manner, regard- 
less of when we begin it. In other words, two mechanical processes 
under the same initial conditions will proceed in the same manner, 
whatever the choice of the initial time for each of them. 

Further, from this mechanics we infer that equations (1.1.1) 
are invariant under rotations of the frame of reference through .arbi- 
trary angles. In the special case of rotating the frame about the z-axis 
by an angle a (see Fig. 1) we have 


X= Xa cosat Yy sina, 


Y, = Y4 cosa-—Xzy sina, 


ex’ = ey cosate,sina, (1.1.5) 
_ : _oo 
ey’ = &, COS & — ey Sin a, f=, 
therefore 


/ ! _ _ 
r,= X,4e&' + Yzey = Xy4e, + Yae, =r, 


and so the transformation makes equations (1.1.2) unchanged. Put 
another way, rotating the original frame of reference by a constant 
angle does not change the course of the mechanical process at hand. 
This indicates that space is isotropic, i.e., it has no distinguished di- 
rections. 

The equations of Newtonian mechanics thus enable us to make 
some conclusions regarding the properties of space and time: space 
is homogeneous and isotropic and time is homogeneous. If space did 
not possess these properties, Newtonian mechanics, which is based on 
equations (1.1.1) might be wrong to some degree of accuracy. 


There is, however, a fourth group of transformations under which 
equations (1.1.1) are form-invariant, which in the mechanics of New- 
ton has always stood somewhat apart, namely Galilean transforma- 
tions. They describe transition from one frame of reference to another 
that moves uniformly along a straight line: 


r=r—VL t=t (1.1.6) 
We then have 

d d 

~-—=— > ¢i_ rer, —n. (1.1.7) 


at dt’ 
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Substituting (1.1.7) into equations (1.1.1) we can easily see that trans- 
formation (1.1.6) keeps the equations of mechanics form-invariant. 
But whereas the transformations (1.1.2), (1.1.4) and (1.1.5) were con- 
cerned with either three-dimensional space or time, this transforma- 
tion was regarded as additional following from the equation of New- 
tonian mechanics. This transformation was never completely per- 
ceived. True, it immediately leads to a confirmation of the relativity 
principle in mechanics, since all mechanical processes considered in 
one inertial frame of reference are virtually the same as in another 
frame that moves uniformly in a straight line. When you are in- 
vestigating mechanical phenomena you cannot say whether you are at 
test or travel uniformly, since transformations (1.1.6) leave the equa- 
tions of Newton’s mechanics unaltered in form, and the equations 
do not include the velocity V of motion of one frame relative to the 
other. And so transformations (1.1.1) in Newton's mechanics formed 
the foundation of Galileo's relativity principle. 

The two groups of transformations just considered, namely 
the one reflecting the property that time is homogeneous and that 
space is homogeneous and isotropic and Galileo's group, have existed 
in their own right. For a long time, until the works of Poincaré and 
Minkowski, the true relation between them was not established. 

Also, it follows directly from Newton's mechanics that distance 
in « three-dimensional space, i.e., in a coordinate space, is an invariant 
lon all inertial frames of reference. 

Indeed, the distance between points A and B in the “unprimed” 
(stationary) frame of reference is 


I? =(X¥g—X,4) + (Yg- Ya)’ +(e -Za)y. 
In the ** primed” (moying) frame of reference we have 

"= (Xp—X,) +(Ve- V4) + Zp - 24). 
Substituting the relations 

Xn = Xp—Vyt, Yp= Ye-Vyt Zp, =Zp-Vt 


ail similar relations between primed and unprimed coordinates of 
point A, we will get 


peo (1.1.8) 


(unsequently, the concept of length is absolute, i.e., it is independent 
f the frame of reference. As regards time, it enters into the relations 
av it kind of parameter, which is also independent of frame of ref- 
cence and which is the same in different frames. 
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Newtonian mechanics thus introduces the absolute notion of dis- 
tance between points in three-dimensional space and absolute time. 
We have seen earlier that the equations of Newton's mechanics are 
invariant against a group of transformations of three-dimensional space, 
which was an indication of space being Euclidean.We will now establish 
this fact from the Hamilton—Jacobi formalism of mechanical equations. 
It is well known in mechanics that the Hamilton function can be writ- 
ten in terms of the Lagrange function as 


H= Pk dk _ L, 
where p; = dL/dq;,, is the generalized momentum. 
The Hamilton equations in mechanics are symmetrical in form: 
0H , 0H 


’ Pr- : 
OPK 04k 


Before going over to the Hamilton—Jacobi form of mechanical equa- 
tion, we will remind you of some facts from the theory of the first 
order partial differential equations. If an equation has the form 
as 
FQ1,.--54n3Pis--++Pn)=9, Di= —, (1.1.10) 
0q; 
the equations of its characteristics are a system of ordinary differen- 
tial equations 


(1.1.9) 


d d d d 
i a a Sl (1.1.11) 
OF OF oF OF 
OP, OPn 0q1 9n 


To derive the Hamilton—Jacobi equation we will write the Hamilton 
system (1.1.9) in the form 


dt d d d d 
—__ = an =... Gdn OP =... _ Pa . (1.1.12) 
] OH oH 0H oH 

ap, On 0q1 94n 


Using the above relations we can replace this system by the partial 
differential equation of the first order 


as x) as 
St H(t ass ans pecoso —— } = Q), (1.1.13) 
Ot 0q1 adn 

This is the Hamilton—Jacobi equation. 
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For one particle travelling in the Cartesian system of coordinates 
we have 


l 
=~ (px + Py + p2). 


Hence 


Ont eae 


If we change to curvilinear coordinates, we will obtain 


os 1 , OS. OS 
—- + —__— 
ot 2m ax! ax* (1.1.15) 
Here yi* is a metric tensor. 

The distance between two neighboring points in space is expres- 
sed through this tensor in the following manner (the repeated indices 
mean summation): 


dl? = y dx, dxg = Yagdx%dx?. (1.1.16) 


Because in a Cartesian system of coordinates the metric tensor is a 
diagonal one, i.e., 


Y11 = Y22 = ¥33 = 1, Win = 0, if #k (1.1.17) 


then the three-dimensional space is Euclidean. 

In summary, if for some form of matter we have laws of its mo- 
(ion in terms of differential equations, then these equations have in- 
corporated into them notions of the structure of space and time. Al- 
though this statement now seems quite natural and general, the path 
to it was not all roses. It is remarkable that the path turned out to be 
harded for physicists and easier for mathematicians concerned with 
natural sciences. This can be accounted for by the fact that by the 
(ime mathematicians had fully developed the theory of groups and 
mvariants and had been concerned with the group of motion in space, 
whereas for the physicists of the day the notions of invariance and 
group had been yet foreign. 

As we have seen, the equations of mechanics are form-invariant 
with respect to Galilean transformations, and so for all mechanical 
processes the relativity principle is valid. Poincaré formulated the prin- 
ciple for all physical phenomena in the following manner [5]: ‘‘The 
tclativity principle, which states that the laws of physical phenomena 
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must be the same for a stationary observer and for an observer who 
undergoes uniform translational motion, so that we do not have, and 
cannot have, a way of determining whether or not we are in motion.” 

Since Maxwell’s equations, which describe electromagnetic phe- 
nomena, change under Galilean transformations, it was concluded that 
Maxwell’s equations do not satisfy the relativity principle. Attempts 
have been made to modify the equations so that they would remain 
unchanged under Galilean transformations. Such new equations were 
derived by Herz. The equations acquired new terms, which suggested 
that there must be some new electromagnetic processes in nature. Ex- 
periment did not confirm this, however. All doubts in the validity of 
Maxwell’s equations gradually disappeared. 


1.2. Maxwell—Lorentz Electrodynamics 
and Minkowski Unified Space-Time 


Generalizing experimental evidence and profound insights of Faraday’s, 
Maxwell combined magnetic, electric and optic phenomena and derived 
his famous equations, which for an electron moving in a stationary 
frame of reference were written by Lorentz as follows: 


4n 1 OE 
curlH = —pv + — —., divH = 0, (1.2.1) 
c c of 
1 OH 
culE = — — —.,, divE = 470, 
c ot 


p 
f = pE + —[vH], 
Cc 


where E is electric field and H is the magnetic field, p is the volume 
density of an electron, f is the electrodynamic force exerted by the 
field on a volume element of the electron (Lorentz’s force). | 

These equations are known as the Maxwell—Lorentz equations. 
Galilean transformations do not leave them unchanged. This seems 
to suggest that they do not satisfy the relativity principle. But this 
conclusion is wrong. Galilean transformations and the relativity prin- 
ciple are two different things. Galilean transformations have been de- 
rived from Newton’s equations as transformations that leave them unal- 
tered in changing from a fixed reference frame to a frame that moves 
with a constant velocity, and if Newton’s equations are not always 
obeyed in nature and so will be replaced by other laws of mechanics, 
Galilean transformations need not provide for the invariance of new 
laws of mechanics. The relativity principle has a more fundamental 
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nature. According to it, even if Newton’s equations are replaced by other 
mechanical equations, no mechanical phenomena can show whether 
you are atrest or in uniform motion. The impossibility of existence 
of absolute motion is a general law of nature. This means that elec- 
tromagnetic phenomena too can never establish absolute motion. 
Kxperimental data indicated that the Maxwell—Lorentz equations ade- 
quately describe electromagnetic and optical phenomena. 

Consider two frames of reference: we will think of one as sta- 
tionary (K)and of another (K) as moving relative to the first one uni- 
formly and rectilinearly along the X-axis with a velocity e. If the re- 
lativity principle holds for electromagnetic phenomena as well, the 
Maxwell—Lorentz equations must have the same form both in the sta- 
tionary frame K and in the travelling frame K', because it is only under 
these conditions that electromagnetic processes will occur identically 
in K and K’ provided the initial and boundary conditions are appro- 
priate. 

The problem thus is to show that the Maxwell—Lorentz equations 
are invariant in changing from K to K’. The problem was first posed 
und solved by Poincare. He showed, following Lorentz, that if coor- 
dinates and time are transformed in the following manner (Lorentz 
(transformations): 


X'=y(X +7), Y'=Y, Z'=Z, T'=y(T + eX) 


(the velocity of light is here taken to be unity) and if by the very same 
Lorentz transformation we change the vector and scalar potentials 


(A, 9) 

Ax = Y(Ax + ep), Ay = Ay, Az = Az, y = Y(y + €Ax), 
the current and charge density 

ply = y(pv, + €p), pvy = pry, 

pv, = pvz, p' = ¥(p + epv,), 
and also the Lorentz force and work in a unit time 

fe = 1% t efv), fy = fy, fr = hz, 

f'v’ = y(fv + ef,), 
then in K’ we will have again the Maxwell—Lorentz equations, and so 
clectromagnetic phenomena occur in K and K’ in the same manner 
under appropriate initial and boundary conditions. Poincaré observes 
3]: “Two frames — one stationary, the other moving translationally — 
ure thus exact images of each other. ”’ 


The relativity principle for electromagnetic phenomena thus fol- 
lows from the Maxwell—Lorentz equations as a rigorous mathemat- 
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ical truth. It is worth noting that with the Lorentz transformations 
for the origin of the new coordinates (X’ = Y' = Z' = 0) we have 


X = —eT. 


It follows that the origin of K' moves along the X-axis of the frame 
K with velocity e. The Lorentz transformations relate the coordinates 
and time (X’, Y’, Z', T’) of the frame K’ to the coordinates and time 
(X, Y, Z, T) of the frame K. Poincaré established that the Lorentz trans- 
formations form a group together with all the other space transforma- 
tions. It should be stressed that one trivial consequence of the fact 
that Maxwell’s equations are invariant under the Lorentz transforma- 
tions is that the relativity principle holds for electromagnetic — phe- 
nomena. If the laws of nature are invariant with respect to the Lorenz 
transformations, it means that the relativity principle holds for all 
natural phenomena. The opinion, often to be encountered in the lit- 
erature, that relativity theory should forsake Galilean transformations 
is ungrounded. These transformations, where necessary, can always 
be put to use. But the most important thing here is that they do not 
leave the Maxwell—Lorentz equations invariant. As we have already 
noted, Newtonian mechanics has convincingly demonstrated that three- 
dimensional space is Euclidean and that time is absolute in all inertial 
frames of reference. The question presents itself: can investigation into 
electromagnetic phenomena allow us to make a further contribution to 
our knowledge of space and time? The answer is yes. How can we gain 
an insight into the structure of space and time? Above all, from exami- 
nation of the propagation of the front of an electromagnetic wave or 
of the motion of a test particle with a velocity close to that of light. 
We now write Maxwell’s equations in free space 


1 OE 
curlH = — —., divH = 0, (1.2.2) 
c Or 
1 OH 
curlE = — — —., divE = 0 
c Or 


and derive the equation for the front of an electromagnetic wave. Speak- 
ing about the front, we imagine that all the components of the field 
before it are zero, and behind some of them are nonzero. Therefore, 
if there is such thing as the front of a wave, then on it some of the 
field components are bound to have a discontinuity. If we take some 
surface that moves in space and define on it a field, then, by Maxwell’s 
equations, we can find derivatives of the field both on the surface and 
on another surface that is at an infinitesimal distance from the first 
one. For a field to have discontinuities on a surface, it is necessary 
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that the surface obeyed some equation. Such surfaces are called char- 
acteristics. Accordingly, a discontinuity is only possible on character- 
istics. We will deduce, following Fock, the equation of a characteristic 
for Maxwell’s equations. Suppose that on the surface 


w(x, y, 2, t) = ct — f(x, y, z) = O (1.2.3) 


we define an electromagnetic field. For example, the component E£,, 
will be 


f 
EY. (x, y, 2, t) = Ey (« y, 2, c) = EX (x, y, 2). 


We now take a derivative of field components with respect to some 
coordinate on the surface (1.2.3) 


OE, 1 OE, of dE 
+ = . 


ed 


Ox c Ot 0x Ox 


Similar relations can be obtained for other components of the 
clectromagnetic field. We combine them to obtain 


] oH 
curlH + —]| gradf—]| = curlH®, (1.2.4) 
Cc Ot 
] 0H 
divH + —gradf—— = divH®. (1.2.5) 
c ort 
Likewise, 
] dE 
curlE + —] gradf ——] = curl E®, (1.2.6) 
Cc Ot 
] dE 
divE + 7 Brad f= = divE°. (1.2.7) 
C t 


Using the field equations, we will find the scalar products of (1.2.4) 
and (1.2.6) by grad f 


OE 
c(curl H°gradf) = { grad f —), 
t 


oH 
c(curlE°gradf) = -(eaar). 
f 
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Using again the field equations, we rewrite expressions (1.2.5) and 
(1.2.7) 


0H 
cdivH® = gradf —, 
or 
dE 
cdivE® = gradf—. 
Or 


By comparing these expressions with the previous ones we obtain 
div E° — (grad fcurl H°) = 0, 
divH® + (gradfcurlE®°) = 0. 


We have thus found the conditions to be met by the given functions 
E° and H®. Using Maxwell’s equations, we will write expressions (1.2.4) 
and (1.2.6) as 


dE oH 
— + |gradf—] = ccurlH®, 
or ot 


Multiplying these in a vector manner by grad f and using the earlier 
relations and the field equations, along with the well-known formula 


[a[bc]] = b(ac) — c(ab) 


we will find the following equations 


dH 
[1 — (grad f)*J— = 
ar 


0H? 0H° dE° 
= — (eraas ) gradf + | gradf , 
Or ot Ot 


dE 
[1 — (grad f)" | — = 


dE? dE° 0H° 
= — \gradf gradf — | gradf , 
Ot or Ot 


On the right we find known functions. If the factor 1 — (grad f)* is 
nonzero, these equations can be solved for the derivatives with respect 
to time of the field functions, and so, using the earlier formulas, we 
will obtain finite values for all the other first derivatives of the field 
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as well. The field on the surface (1.2.3) will thus be continuous. For 
the field to display a discontinuity on the surface it is required that the 
factor at the time derivatives be zero. This is provided by the condition 


(grad f)? = 1 


If we write the surface equation for the function w(x, y, z, tf), the 
Prewows equation for the front of an electromagnetic wave will become 


7G) -G)-G)-G) =e @s 


If we change to arbitrary permissible coordinates, the equation will 
assume the form 
._ Ow Ow 
gi* —- —— = 0, x° = ct, i, k = 0,1,2,3. (1.2.9) 
ox” ax’ 
The function g;,(x) in the front equation is a metric tensor and deter- 
mines the structure of space-time. Since we have derived g;, from (1.2.8) 
with the help of an arbitrary permissible transformation of the coor- 
dinates, this implies that there is always a Galilean system of coordi- 
nates, in which the metric tensor g;x in entire space-time has the form 


Boo = 1, 811 = —l, 822 = —1, 833 = —I, (1.2.10) 
Sik — 0, if i# kK. 


In terms of the metric tensor, the squared distance between two close 
points in space-time can be written as follows 


ds? = gi,dx'dx", i, k = 0,1,2,3. (1.2.11) 


In the coordinate system where the tensor components are given by 
(1.2.10) we have 


ds* = c?dT? — dX* — dY? — dZ?’. 


Since the metric tensor assumes the values (1.2.10), the tensor of the 
curvature of this space-time Rjxjm is zero (see definition (2.2.24)). 
Such a space-time is aid to be pseudo-Euclidean. We see thus that the 
Maxwell—Lorentz equations, which describe electromagnetic phenom- 
ena, revealed that space and time are one and that its geometry is 
pscudo-Euclidean. When electromagnetic phenomena were studied 
and even when the Maxwell—Lorentz equations were obtained it never 
occurred to anybody that they would cause an upheaval in our ideas 
of space and time. So the electromagnetic studies have led to a dis- 
covery of fundamental significance, the discovery that space and time 
ure unity and that its geometry is pseudo-Euclidean. We owe this Gis- 
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covery to Poincaré and Minkowski. Poincaré was the first to find that 
the quantity (later referred to as an interval) 

c2t? — x? — y? — 2? 
is invariant with respect to the Lorentz group. 

Minkowski [6] in 1908 presented his paper “ Space and Time” 
to natural scientists and physicians, who at the time were also inter- 
ested in those problems. He said: “Ladies and gentlemen! My views 
On space and time, which I now intend to set forth to you, have grown 
up from a physical experimental foundation. Their strength lies there- 
in. Their tendency is radical. From now on space on its own and 
time on its own must become fiction, and only some kind of fusion 
of the two concepts should retain independence.” He went on: “First 
I want to show how, proceeding from now-accepted mechanics, using 
purely mathematical arguments, one can arrive at new ideas of space and 
time ”. And further: “The equations of Newtonian mechanics demonstrate 


double invariance. They retain their form, first, when the spatial coor- 
dinate system on which they are based is subjected to any change in 
position (i.e., to a three-dimensional transformation or a rotation, or 
a translation — A.L.), and second, when the state of motion of the 
system undergoes a change, namely when this system is imparted some 
uniform translational motion (i.e., Galilean transformation — A.L.); 
the zero point of time also plays no role” (we have seen that Newton’s 
equations are invariant under shifts in time — A.L.). 

Still further: ““Feeling prepared for a transition to the axioms of 
mechanics, we generally view the axioms of geometry as_ preestab- 
lished; therefore, these two invariances are perhaps rarely formulated 
together, so to speak, in one breath. Each of them constitutes a 
definite closed group of transformations of the differential equations 
of mechanics. The existence of the first group is regarded as the main 
feature of space. The second group is rather treated with contempt, so 
that then to ignore the fact that, physical phenomena never tell us 
whether or not the space that we deem to be stationary is in uniform 
translational motion. These two groups thus fare separately. Their dis- 
parate nature, it seems, prevented their marriage. But it is precisely the 
united complete group, as a whole, that provides food for the mind...” 

‘An attempt to step over the concept of space might in fact be 
regarded as an audacity of mathematical thinking. But after such a 
step, which is still unavoidable, for real understanding of group G, 
(meaning a group in four-dimensional space already — A.L.) the term 
‘relativity postulate’ for the invariance requirement with reference 
to group G, seems to me to be all too feeble. Since the gist of the pos- 
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tulate is that phenomena only give to us a world of four dimensions 
in space and time but the projections of the world on space and time 
may be taken quite arbitrarily, I would rather refer to this statement 
as the ‘postulate of the absolute world’.” 

Historically, although Lorentz’s transformations had already been 
known since 1904, the year when he had published his work [1], nei- 
ther Lorentz himself nor Einstein did admit the existence of a unified 
space-time, defined by one geometry. This was in essence done by Min- 
kowski, who following Poincaré’s reasoning, gained a complete under- 
standing of this phenomenon. This crucial step to unite space and time 
into one whole and the introduction of appropriate geometry form is 
in essence, the content of the special theory of relativity. People, who 
generally have just a superficial knowledge of the theory, often think 
that this is its mathematical interpretation. No, this is precisely the 
content of the special theory of relativity. 

Physical processes all occur in the four-dimensional world, i.e., 
in space and time, but the geometry of this world is pseudo-Euclidean. 
In the Euclidean world this is simply the Pythagoras theorem, which 
States that the distance between two points with the Cartesian coor- 
dinates (X,, Y,, Z,) and (X2, Y2, Z,) is given by 


It. = (X%, — X2P + (%1 - YoY + (Z; - 22). 


In the four-dimensional world time and coordinates of any event (7, 
X, Y, Z) give us a world point. Therefore, in the four-dimensional world 
(space-time) we can introduce the notion of the distance between two 
world points, called the interval, but now in Cartesian coordinates it 
has a somewhat different form: 


St 2 = c7(T; — T,y — (X, - X,) — (Y; - Y,) (1.2.12) 
— (Z, - Z2y = c7(T, _ T,) — Ii. 


Since in (1.2.12) the spatial and temporal parts have different signs, 
Klein and Hilbert suggested to refer to space as pseudo-Euclidean. 

Expression (1.2.12) for the interval does not follow from any 
more general principles. It is itself a fundamental principle of present- 
day physics, which states that space and time are a unity, and that 
its geometry is determined by the interval (1.2.12). An infinitesimal 
interval between two events 


ds? = c*dT* — dX* — dY* — dZ? (1.2.13) 


is an invariant in this four-dimensional world. 

Minkowski understood that the essence of the theory of relativ- 
ity, precisely of the special theory of relativity, is the fact that phys- 
ical processes all occur in space-time whose geometry is pseudo-Eucli- 
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dean. At the time Einstein had no such an insight into the heart of 
the special theory of relativity. This is specifically attested by his opinion 
of the mathematical works on Relativity [7]: ‘“‘Now that Relativity go 
assaulted by mathematicians I myself no longer understand it!’ When 
the general theory of relativity came upon the scene, however, Eins- 
tein had already perceived the greatness of Minkowski’s effort and 
praised his works [8]: “...without which the general theory of rela- 
tivity... would perhaps remain in its infancy.” 

The term “theory of relativity” (or later “the special theory of 
relativity”) is a misnomer. Historically, it emerged long ago, at the 
turn of the century, and so it is to stay, but its fundamental content 
should be clearly understood. The theory of relativity is not another 
foggy piece of philosophy on relativity. This is a theory of space-time. 
Investigations into various forms of matter, of its laws of motion, are 
at the same time investigations into space-time. Although the very 
structure of space-time was laid bare to us through our probings into 
matter. We sometimes speak about space-time as an arena upon which 


phenomena play out their parts. But we will not be in error if we re- 
member that the arena does exist on its own, without matter. 

It is sometimes said that space-time (Minkowski’s world) has been 
given a priori, because its structure is unaffected by matter. Admit- 
tedly, the concepts of space-time that have emerged in natural sciences 
are a step in our knowledge of nature, but even then space-time is in- 
separable from matter and does not exist @ priori. 

We now return to the question of the relativity principle.. Essen- 
tially it means: for all physical phenomena, and not only mechanical, 
that occur in some inertial frame of reference no physical experiments 
can determine whether the frame is at-rest or moving with uniform 
velocity. This principle is a special manifestation of the fact that all 
physical events occur in space-time with the metric (1.2.12). 

The constant c that enters into (1.2.12) is found experimentally 
(it is virtually the same as in Maxwell’s equations). By and large, c is 
the limiting speed for the propagation of any interaction. We will be 
looking at this later in the book. 

Since the geometry of space-time is determined by expression 
(1.2.13), and ds? is an invariant, whose magnitude is independent of 
the choice of the frame, we are led to conclude immediately that 
length is relative and time is relative. 

Indeed, since the four-dimensional interval, involving the coor- 
dinates and time, is an invariant, the magnitude of a segment in a 
three-dimensional space will no longer be an invariant, and so in dif- 
ferent frames of reference it will be different, with the result that the 
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notion of the length of a three-dimensional segment will not be ab- 
solute in nature. Hence the fundamental conclusion concerning the 
relativity of time lengths in various frames, due to Einstein [4]. 

It should be noted that not infrequently the concept of invari- 
ance is loosely used in contexts corresponding to the notions of co- 
variance or form-invariance. We will, therefore, recall here the defi- 
nition of these concepts and point out their differences. 

An equation is said to be covariant under a coordinate transform, 
if its new unknown functions expressed in terms of new variables sat- 
isfy equations of the same form as the old functions in terms of old 
variables. The covariance requirement for equation is thus no reflec- 
tion of any principle but rather a mathematical requirement. 

Fock [9] found that for an equation to be covariant it was. suf- 
ficient that under any permissible coordinate transformations it fol- 
lowed tensor laws. We will illustrate this by an example. The equa- 
tions of relativistic mechanics 


DU' (x 

ous) = F' (x) (1.2.14) 
Ds 

are covariant, since in tensor algebra under an arbitrary permissible 

coordinate transformation 


xh = x! F (yl) (1.2.15) 


the new functions in new variables U''(x') will satisfy an equation 
of the same form as the original equation (1.2.14) 
trl ’ 
a=) = F(x’), 
D's 

i.e., in transferring from coordinates x to coordinates x’ the quantities 
in (1.2.14) are all replaced by the corresponding primed quantities. 

It should be stressed that, generally speaking, the functional de- 
pendence of the metric tensor of space-time g,; On new coordinates 
under transformations (1.2.15) can change. It follows that if in the 
original frame of reference the metric tensor g,; was one function of 
coordinates x, then in the primed form it may be a different function 
of coordinates x’. Covariant equations always include the metric ten- 
sor of space-time or its derivatives, therefore in the general case the 
functional dependence (functional form) of the covariant equations 
of new coordinates under transformations (1.2.15) will change. 

To see this, we should take into account that under the coordi- 
nate transformations (1.2.15) the metric tensor of space-time is trans- 
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formed by 

l m 
ay'h yl Bim (x (x')). 
It is quite natural then that in new coordinates covariant equations 
do not retain their functional dependence, and so in different frames 
an event is described differently, i.e., in the general case events in dif- 
ferent frames will occur differently. 

Form-invariance for a metric under some coordinate transforma- 
tions (i.e., that the functional dependence of the metric tensor under 
the transformation be unaltered) is a more stringent requirement than 
the covariance of equations. This requirement is a constraint on the 
class of frames of reference: they must be such that when transformed 
into one another the functional form of the metric tensor of space- 
time would remain unchanged. 

More precisely, the functional dependence of g,; on coordinates x 
in one frame of reference is the same as the dependence of g,,; on co- 
ordinates x’ in any other frame in the same class. 

This requirement guarantees, however, that for the entire group 
of transformations that leave a metric form-invariant, the functional 
dependence of the field equations on new coordinates will remain 
unchanged. Therefore, in all frames such that any transformations be- 
tween them leave the metric form-invariant all physical phenomena 
will proceed in the same manner, so that we will be in no position 
to establish in which of the frames we reside. 

To sum up, covariance and form-invariance are different concepts. 
Transformations ensuring covariance of the field equations in the gen- 
eral case include transformations between various allowable frames 
of reference that are different in terms of physical phenomena de- 
scription. In contrast, transformations that provide form-invariance 
of the metric tensor of space-time (and hence the form-invariance of 
covariant equations) include transformations only between physically 
equivalent frames of reference: in these frames all physical events occur 
similarly under appropriate initial and boundary conditions. Since 
the presence or absence of such transformations is wholly predetermined 
by the nature of the geometry of space-time, the special principle of 
relativity is essentially a trivial manifestation of the pseudo-Euclidean 
geometry of physical space-time. 

Therefore any explanation or derivation of the principle from 
some special postulates does not reflect the essence of the problem. 
When formulating the special theory of relativity, such postulates, 
however, are viewed as the cornerstone of the theory. Specifically, 


Eni(x) = 
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the postulate of the constancy of the speed of light is introduced on 
the grounds that light propagates in a vacuum with a constant veloc- 
ity’ c, which is independent of the state of the motion of the body 
under consideration. 

Further, using this statement as the basis we define the procedure 
of synchronizing clocks located at various points in space A and B, 
through an exchange of light signals. The procedure can be visualized 
as follows: from point A at some moment of time t, by “A-clock” 
a light signal is sent to point B. It arrives at B at time tg by “B-clock’’, 
is reflected there and returns to A at time tf, by “A-clock’. By defi- 
nition, the clocks will be synchronized if 


te —ta = ty, — tp. (1.2.16) 


This relation is readily obtained using the postulate of the constancy 
of the speed of light. Indeed, if the distance between points A and B 
is denoted by R, then when the light signal arrives at point B the clock 
there synchronized with clock A will show 
R 
fp = ta +—., 
Cc 


Likewise, when the light signal returns to B the clock there must show 
R 
ta ~tpt—. 
c 
Subtracting the second equality from the first one, we will obtain the 
synchronization condition (1.2.16). From this condition 


1 
ta = 5 ta + th) = ta + €(t4 —- ta), 


where € = 1/2. 

Synchronization introduced in such a manner enables us to speak’ 
about “simultaneity” of events taking place at different points in space. 

In our further arguments we will lean on the principle of relativ- 
ity: it is required that the law of propagation of a spherical light wave 
be independent as to in which of the two coordinate systems that 
move relative to each other at a constant velocity the propagation 
process is described. Then, assuming that the spherical wave is emit- 
ted at ¢ = t' = 0, when the origins of the frames happened to coincide, 
the velocity of light in one frame is 

2 2 2 
c = a a’ (1.2.17) 
t 
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and in the other 
,2 , , 
7 ew ty? +2” 
cc = rr, as ; (1.2.18) 
where the coordinates (x, v, z, t) and (x, y, z, t’) are related by the 
Lorentz transform. In the particular case of the propagation of light 
from the origin along the x-axis the formulas (1.2.17) and (1.2.18) yield 


This construction of the theory of relativity is ambiguous and 
somewhat formal, since from the very beginning it does not provide 
for analysis of what the distance between two points in space is; what 
is more, the concept of time here is associated with some synchroniza- 
tion of clocks. The first to bring to light some of these questions was 
Reichenbach [10]. He put forward the following general condition 
for synchronization: 


tp=t,te(t,—t,s), O<e<1. 


Einstein’s synchronization condition holds at e = 1/2. Reichenbach’s 
approach could now be presented as follows. 

First, nothing provides for the velocity of light in one direction 
to be equal to that in the opposite direction. Suppose the velocity 
of light along the positive x-axis is c,, in the opposite direction — c2. 
Then at the moment the light signal arrives at B the time by the clock 


there must by 
xX 
te=t, + —~, (1.2.19) 
Cy 


where X43 is the distance between points A and B. Similarly, the sig- 
nal must return to A by the “‘A-clock”’ at 
X 
ty =tg —-—~, «2 <0. (1.2.20) 
C2 


Subtracting from (1.2.20) expression (1.2.19) gives 


l ] 
ta = tata ta -Kaa(— +), 
, Cy C2 


Combining them gives 
C1C2 


X4ap=(ta —ta) 
C2 — Cy 
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Substituting this relation into the previous one, we arrive at 
tp =ty +e(t, — ta), 


where € = c2/(c2z — c,). Since the velocities of light c,; and c, may 
assume any constant values (and arbitrarily large at that), we obtain 
in the general case Reichenbach’s synchronization 


tp=t,te(t, —ts), O<e<1. 


Consequently, arbitrariness in clock synchronization, first noted 
by Reichenbach, indicates that Einstein’s approach to the construction 
of relativity theory is not the only one possible. This caused a con- 
fusion in the understanding of the essence of the theory of relativity, 
especially in sorting out the primary from the secondary. After Reichen- 
bach, clock synchronization was discussed by Mandelshtam [11] and 
later by Tyapkin [12]. 

However, the opinion that the key point of the special theory 
of relativity is the concept of simultaneity is deeply erroneous. The 
concept of simultaneity is based on the clock synchronization pro- 
cedure. But the synchronization, as it has been shown by Reichen- 
bach, can be fairly arbitrary. It is a simple consequence of the choice 
of a frame or reference. Moreover, there exist frames (e.g., accelerated 
ones) in which clocks cannot be synchronized, although physical 
events in the frame can be described in terms of the special theory of 
relativity as well. 

It follows from the foregoing that the postulate of the constancy 
of the speed of light (as defined by Einstein) does not hold good in 
the general case of arbitrary synchronization, thereby some questions 
arise. 

How can physical time be determined when clocks are synchro- 
nized according to Reichenbach? How can the physical distance between 
two points in space be determined then? What is the limiting permis- 
sible velocity of signal propagation? 

To answer these questions one should understand the essence 
of the theory of relativity. Otherwise it is impossible to give correct 
wnswers to these and other questions. It is precisely because of the 
lack of understanding of the principal element in the special theory 
of relativity that some books erroneously maintain that the special 
theory. of relativity cannot be applied to describe events in noninertial 
lrames of reference, that one should then rely on the general theory 
of relativity, and that some concepts in physics are conventions. It is 
\ the clarification of these issues that this book is primarily devoted. 
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1.3. Lorentz Transformations 


Newton’s mechanics, as we now know, has estabished anew that the 
geometry of our three-dimensional world is Euclidean, and that time 
is absolute. Surprise came from electrodynamics: a serious analysis 
shows that space and time are married into one (four-dimensional) 
geometry and that this geometry is pseudo-Euclidean (with metric 
(1.2.10)). And given a geometry, we can in space introduce various 
frames of reference. We will think of the frame we have dealt with 
so far (ct and r —three Cartesian coordinates), which leads to metric 
(1.2.13), as a Galilean frame of reference. Generally speaking, how- 
ever, physical events can be described in other frames as well, but still 
belonging to the class of the so-called permissible frames. A definition 
of permissible frames is given below. 

We will now look at how the Lorentz coordinate transformations 
come about. Take the expression for the interval in a Galilean system 
of coordinates 


ds* =c*dT* — dX* — dY? — dZ? (1.3.1) 
and subject it to Galilean transformations 

x=X-—ovT, t=T, yy, z=Z. (1.3.2) 
The inverse transformations are 

X=xtut, T=t, Y=y, Zz, (1.3.3) 


where X, Y, Z, T are Galilean coordinates. 
We now take differential of both sides of (1.3.3) and substitute 
dT, dX, dY and dZ into expression (1.3.2) to obtain 


py? 
ds? =c*dt? (1 — *) —2udx dt —dx* — dy? —dz?. (1.3.4) 

Cc 
Note that the right-hand side of (1.3.4) now contains the mixed 
term dx dt. We can get rid of it. To this end, we separate in (1.3.4) 


a complete square. 
The interval (1 .3.4) will take the form 


2 2 
. ov Uv ax 
ds* =¢? dt ./ i i ae 
c 2 


— ———_— — dy? —dz?, (1.3.5) 
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We thus see that expression (1.3.5) for the interval ds? consists 
of two parts, positive and negative. The positive part will have a time- 
like nature, and the negative one space-like. 

We now introduce a new time 


T =tV1-— - — 1.3.6 
c? c? r ( ) 
l —_ —_— 
c? 
and new coordinates 
x 
XxX’ =————_ ,, Y'=y, Z'=z. (1.3.7) 
] v" 
Cc 


In these variables expression (1.3.5) will then be exactly like in (1.2.13), 
only time and coordinate differentials will be primed: 


ds? =c?dT'' —dX" —dY' -—dZ'. (1.3.8) 


As a result, two successive transformations (1.3.2) and (1.3.6)— 
(1.3.7) will leave the metric form-invariant. Substituting expressions 
(1.32) into (1.3.6) and (1.3.7), we will obtain the well-known Lorentz 
transformations 


vX 
c? X —uT 
T > , xX = ~———_—, (1.3.9) 
vy? vy? 
Y’=Y, Z =Z. 
The inverse transformations have the form 
, UX! 
T + i] ] 
c? X'—vT 
T = ————_ xX =———_ , (1.3.10) 
y* vy? 
| Zz | 2 
Y=Y’, Z=Z'. 


We have thus introduced a new concept of time (T’) and a new coor- 
dinate (X'), so that the expression for the interval once again became 
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diagonal. It may well be asked why time and coordinates in expres- 
sion (1.2.13) differ from those in (1.3.8), and what should be taken 
to be time and what a coordinate? We will look at this in more detail 
later in the book, and will only note now that all physical processes 
can be described in any permissible coordinates (¢t, x, y, z) and this 
description will be as full-fledged as, say, in the coordinates (7, X, Y, Z). 
But quantities (t, x, y, z) will then be coordinate quantities that are 
not directly related to physical quantities. We will illustrate this by a 
simple example. It is common knowledge that in three-dimensional 
space we can equally use the Cartesian coordinates (X, Y, Z), the cy- 
lindrical coordinates (r, y, z), and the spherical coordinates (p, 6, y). 

However the squared differential of the distance between two 
close points will look differently in these coordinate systems: 


dR? = dX? +dy? +dZ?’, 
dR? = dr? +r*dy* +dz?, 
dR? = dp* + p*d6? +p’ sin? 6 dy’. 


These include not only differentials of length, but, also, say, 
differentials of angles, and each time we have some function of appro- 
priate coordinates, the so-called metric coefficients. And only the dif- 
ferentials with their metric coefficients can give us physical quantities. 
In the general case, the differentials of the four coordinates have them- 
selves no physical meaning, i.e., they are directly connected neither 
with the distance between points in a three-dimensional space nor 
with the temporal course of processes. 

We can now draw some conclusions. 

Form-invariance. In the example above we took special care 
that the interval be form-invariant: we first substituted into ds? the 
transformations (1.3.3) of old coordinates to new ones, then we chose 
in the moving frame of reference a new set of variables (1.3.6)—(1.3.7) 
with the result that the interval in the primed frame had perfectly the 
same form as the one in the nonprimed one. In a pseudo-Euclidean 
geometry, an interval is always form-invariant, but in more complicat- 
ed geometries this is not always the case. Since under transformations 
that leave a metric form-invariant all the equations of physics (me- 
chanics, electrodynamics, and so on) remain form-invariant, the func- 
tional dependence of the field equations on new coordinates will remain 
unchanged. Therefore, in all frames in which any transformations leave 
a metric form-invariant: all physical phenomena described by these 
equations will occur in the same manner, and so no experiment will 
tell us in which of the frames we reside. Accordingly, the form-in- 
variance of the interval (1.3.1) when the transformations (1.3.3), (1.3.6) 
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and (1.3.7) are applied in succession guarantee that all the frames of 
reference connected by the resultant transformation (1.3.9) are phys- 
ically identical; that is, no physical experiment will distinguish one 
frame from another, 

Galileo’s principle of relativity is thus a special consequence of 
the fact that the geometry of space-time is pseudo-Euclidean. As we 
have seen above the Maxwell—Lorentz equations definitely suggest 
that space-time is one and its geometry is pseudo-Euclidean. This 
statement is a strict mathematical proof. Electromagnetic studies have 
thus lead to a revelation of the structure of space-time. This, in turn, 
suggested the hypothesis that for other physical processes as well 
space-time is pseudo-Euclidean. 

Therefore, at the heart of Relativity (the special theory of rela- 
tivity) lies the following (this is a postulate): physical processes occur 
in a four-dimensional space (ct and spatial coordinates) whose geom- 
etry is. pseudo-Euclidean. The principle of relativity is merely a spe- 
cial manifestation of this fundamental postulate. 

Absolute value of interval. It should be stressed once more that 
if we take the interval (1.3.1), which is an invariant, then the distance 
between two points in a three-dimensional space and the time between 
two events are no absolute concepts per se (as was the case in Newton- 
ian mechanics). The special theory of relativity has divested them 
of their absolutism, and made them relative concepts. It is the interval 
that is absolute. It can be positively or negatively defined, and for a 
light beam it is zero. If we term ds* > 0 the time-like interval, ds? <0 
space-like. interval, ds? = O light (isotropic) interval. then these con- 
cepts are absolute too. And so all sorts of coordinate transtormations 
cannot violate this absolutism. 

We have earlier found formulas of the Lorentz transformations 
for the case where one frame of reference move relative to another 
with a constant velocity along the X-axis. Before we leave this section 
we will find transformation formulas for arbitrary constant velocity V. 

We denote by X, Y, Z the components of R, and carry out the 
Galilean transformation 

r=R-vT, ¢=T. 


In terms of these variables the expression for (1.2.11) becomes 


y? 
ds* =c*dt? ¢ — ~;) —2vdr dt—dr’. 
C 


We introduce the notation 


y? -1/2 
= 1-— . 
r=(1—3) 
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We can then write the expression for the interval as 
2 


1 2 
ds? =c* | — dt — =e var | —dr’— ~_ (v dr)’. 
Y c? c? 


Our principal aim is to find the new variables 7’ and R’ such that they 
would enable us to write the above expression in diagonal form 


ds? =c*(dT')* — dR’). 


We introduce a new time 
1 Y 

T =t-- — wr. 
7 Cc 


Expressing the right-hand side using Galilean transformations through 
T and R, we will obtain 


vR 
r=x(T _ >) 
Cc 


We will also express in terms of T and R the negative part of the interval 
2 


2 
(dx) +> (vdeP = GRY +> (vdRP 


—2y?vdRdT+y*v' (dT). 
It is easily seen that the first two terms can be written as the square 
of a vector: 


2 dR 2 
(@Ry + + (aR? =| aR+(- 1) mie . 
Cc U 


Hence 
2 


(dry + (wary = 
C 
v(vdR) }? 
= jar + (y - 1)—— —2y*vdRdT+ yu? dT)’, 
U 
but the right-hand side is the square of the vector 


2 2 
(dr)? + = (vdry = Jar +( —1) we) — Vv ar| 
U 
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The space-like part of the interval thus assumes the diagonal form 


2 


v 
(dr)? + —> (vdr)’ =@R’)’, 
Cc ° 


where 


v(vR) 
R=R+(y¥-1) -G 

) 
We have thus derived transformation formulas for coordinates and 


(ime in the general case of motion with a uniform speed v 
v(vR) 


(vR) 
r’=7( ). R =R+(y—-1) 3 TT. (1.3.11) 
v . 


— yvlI. 


Using the Lorentz transformations (1.3.9) we can readily deduce for- 
mulas for velocity composition. To this end, we differentiate (1.3.9) 


with respect to T 


uv, 
dT' c? y dT' V,—v 
_—_—___—— = ; x —_—_—_——_- = 
aT vw y? dT ; y? 
c? 2 
V" aT =V V; aT = V 
* dT aT i. 
Substituting the first of these into the subsequent ones gives 
y? 
V 1 —-— 
V,—v ¥ c? 
Vx = Vy = . ’ 
uV, uv, 
1-3 
c 


1 — 


ce? 
aa (1.3.12) 
| VeV1—- a 
We = vV, 
ce? 
These relations were first derived in Poincaré [3]. 


In a similar manner we can derive velocity composition formulas 
in the general case. For this purpose, we differentiate formulas 
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(1.3.11) with respect to T 
dT’ (1 vV 
dT y a a 


dT’ v(vV) 
Vo — = Vit(y-1 
IT (y —1) 


— YV. 
y? 


Substituting the first of these into the second one, we will find 


v= (1.3.13) 


We will now show that the velocity of one body relative to another 
one is always less than the speed of light. Suppose that in an inertial 
frame of reference one body moves at v and another at V. Take another 
frame of reference such that the first body’s velocity in it will be zero, 
then in this frame the velocity of the second body will be V’. Veloci- 
ty V’ will be the relative velocity of the second body in relation to 
the first one. We can see this readily by using the formula 


1 
(v—V)y — = [vv) 
2 C 
VO a ____——_.. 1.3.14 
WN 2 ( ) 
_ ~) 


From this we obtain the relation 


V — 
c? ( vV y 
1 - 2 
Cc 


It follows, in particular, that if 

v><c* and V? <c’, 
then the relative velocity V’ will always be less than the speed of light. 
If the relative velocity of two bodies is infinitesimal, i.e.., 

v=VitdV, 


(1.3.15) 


then we can obtain from (1.3.14) the square of the distance between 
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two close points in the space of velocities 

(c? —v?)(V) +(Vdv) , 

Ce. 
(c? — y? y 

The resultant space of velocities is the Lobachevsky space. All the 

properties of this space are defined by (1.3.16). 


ds* = (1.3.16) 


1.4. Relativity of Time and Length Contraction 
Consider the time-like interval 
ds? =c?dT? — dX? — dY? — dZ* =c?dT' — dX 
_dZ" > 0. 


72 


_dy" 


We can write this in the form 
c?dT? — dR? =c?dT’ —dR' > 0. 


Since this interval is more than zero, there exists a frame of reference 
(say, the primed one) in which two close events occur at one point in 
space (dR’ = 0). The space-time interval is then reduced to the dif- 
ference of times alone in the primed system: 


2 1 d ay 
cdT' =c*dT? E — — () = aT*| 1 — r) | 


c* \ dT c? 
where we have introduced the velocity v(T) = dR/dT. We can now 
determine how a change in time in the primed frame is related to the 


corresponding change in time in the unprimed frame for a process lo- 
calized in the primed frame: 


/ v (T) 
dT =dTvV 1 - 5 ; 


Cc 

ome (7) 

T, —-T,; = f 1 — 
T 


(1.4.1) 


2 aT. 
This expression is due to Einstein, it is the manifestation of the 
relativity of time. 

We should admit that Lorentz, having discovered his celebrated 
transformations, failed to perceive their significance, and so the next 
decisive step to the special theory of relativity was made independently 
by Poincaré and Einstein, although they went different paths. The for- 
mer subjected to mathematical analysis the group properties of the 
four-dimensional space, the latter subjected to operation analysis the 
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relativity of time. On the subject Pauli noted at the conference de- 
voted to the 50th anniversary of Relativity [13]: | “Both Einstein and 
Poincaré have drawn on the preparatory work of H.A. Lorentz, who 
came quite close to the final result, but could not make the last 
decisive step. I see in the coincidence of the results arrived at in- 
dependently by Einstein and Poincare a deep sense of the harmony 
of the mathematical method and analysis performed using thought 
experiments resting on the entire body of physical experimental 
evidence.” 

But the final formulation and the most profound understanding 
of the fact that we here deal with a unified geometry of space-time 
in terms of Poincare is due to Minkowski. Poincaré and Minkowski 
discovered the geometry of space-time, known as pseudo-Euclidean 
geometry. 

Let us take another example. Suppose that the interval between two 
events is space-like, ie., that ds? < 0. Then, there exists a frame of 
reference in which the two events are simultaneous, i.e., dT’ = 0. If 
the events take place at point lying on the X-axis, the space-time in- 
terval will be 


2 


ds? =—dX"’, (1.4.2) 


i.e., the picture reduces to purely spatial distance. In any other frame 
of reference we have 


ds? =c?dT? — dX?. (1.4.3) 


Introducing the notation for the lengths of segments connecting the 
points where the events are taking place 


di? =dX?, di =dX" , 


and equating the expressions (1.4.2) and (1.4.3), we will get 
c*dT? +d? =dlj. (1.4.4) 
It follows immediately from this that the length d/ in the primed frame 


of reference is smaller than d/g in the unprimed frame, i.e., d/ < dlp. 
Using the inverse Lorentz transformations (1.3.10) we will find that 


VU d 
dT’ + — dX’ 
Cc 


VJ1 —v? /c? 


dT = (1.4.5) 
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Since dT’ = QO, substitution of (1.4.5) into the relation (1.4.4) gives 
dl = dlyVJ1 --v? /c?. (1.4.6) 


We see that this length contraction is nothing else but a conse- 
quence of (a) the structure of the geometry of four-dimensional time- 
space and (b) the method of measurement of the length of a moving 
segment. 

It is important to note that this length contraction, unlike the 
generally held viewpoint, is no Lorentz— Fitzgerald contraction. 

The examples just discussed indicate that the interval in the 
four-dimensional world is not something abstract, that it is quite 
measurable. If an interval is time-like, we can always chose a suitable 
frame of reference and measure it using a clock alone. If an interval 
is space-like, we can, having chosen an appropriate frame of reference, 
measure it with the help of a ruler. 

Let us now take a closer look at the measurement of lengths and 
times in inertial frames of reference. To begin with, we notice that 
in each frame there is its own concept of length, which by no means 
supposes that the coordinates of the beginning and end of the segment 
are measured at the same time. This is manifested in the most graphic 
manner when an observer with a ruler is at rest relative to the segment 
to be measured. He then may at a moment of time 7, look at the begin- 
ning of the segment and establish that it corresponds to the mark X, 
on the ruler, and at time 7, > 7, he can register that the end of the 
segment coincides with the mark X, > X, on the ruler. And although 
the indications X, and X, were taken not at the same time 
(T, — T, > 0) the length of the segment will nevertheless be 


L1= X,—X,. 


Suppose now that we have two inertial frames of reference mov- 
ing relative to one another with a velocity V, and we will have the 
convention that one of them is called primed, the other unprimed. 
Further, we select in these frames the coordinates (X, Y, Z, T) and 
(X', Y’, Z', T’) such that, first, a metric in them would be (1.3.1) 
und (1.3.8) respectively; second, the coordinate axes in the frames 
would be pointing in the same direction. Without loss of generality, 
we will assume also that the relative velocity V is directed along the 
X-axis. The coordinates and time in these frames will then be re- 
lated by the Lorentz transformations (1.3.9) and (1.3.10). 

We now consider some two events with coordinates (X,, Y1, 
/,, T,) and (X,, Y,, Z;, Tz). To be more specific, we will suppose 
that X, > X,, T, > T,. Using the Lorentz transformations (1.3.9), 
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we can easily find that in the primed frame of reference 
X,-X,-V(T™%—-T1)) 


X, —X, = ; 
V1 —V? Ic? 
V 
T1-T— | (Xa ~X1) 
T, —T; = 
J1 —V2 le 
Introducing the notation 
X,—X 
w= ——_ 3 0, (1.4.7) 
T, —T, 
we can then rewrite these expressions in the form 
1—V/w 
X, —X, = (X, - X,) —=—_= (1.4.8) 
J1 — V? |c? 
1 — Vw/c? 


T, —T; = (T, — T,) - 
V1 - 
The interval between the events will be 
S12 =¢7(T, —-T1)) —(X. - 1)’. (1.4.9) 


Consider two cases: 

(a) Let siz < 0. The point (X,, Y;, Z,, T,) then lies outside the 
light cone and w > c from relations (1.4.7) and (1.4.9). Then 
1 — V/w > 0, and if X, — X, > 0, it follows from the first of (1.4.8) 
that X, — X; > 0. But although the quantity X¥, — X; has a fixed 
sign, the length of the segment /' = X, — X;{ in the primed frame of 
reference is not bound to contract, it may even be increased as com- 
pared with the length of the segment in the unprimed frame of reference. 

In particular, it follows from formulas (1.4.8) that for two events 
for which in the unprimed frame we have 


2 
w > ae + J/1 —V? |c’), 


the length of a segment of the primed frame will always be larger than 
in the unprimed frame. For intervals for which 


w 
— > il, 
c 
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we have 
(X, — X1) 


VJ/1 — V2 /c? 


For two other events such that 


2 
Cc 
c<we7 Utvi-Vie’), 


(X. —- Xi) = 


the length of the segment in the primed frame will always be smaller 
than in the unprimed frame. 

The lengths of segments of different space-like intervals lying along 
the X-axis in the frame K behave differently from the viewpoint of 
the system K: some become smaller, others larger. Statements that 
the length of a moving rod is contracted are erroneous. 

Notice that for two events for which 


1+ Jl —V?/c? 3 


w = —————- Cc’, 
V 

the length of the segment will not change, and the time interval will 
change its sign. When we speak about length contraction, we should 
always have in mind that we compare the lengths of a rod in some 
frame of reference with the length measured in another frame at the 
same time. It is for such a measurement that we can speak about length 
contraction. Such a way of measuring means specifying the interval 

S 2 ,7-- |? . 
Length contraction is thus determined not only by the proper- 
ties of space-time but also our measurement technique; there- 
fore, unlike the slowing of the time of a localized process, it has no 
such physical significance. 

The quantity 7, — 7; in this case will have a fixed sign, even if 
T, —T, >0: 

2 


Cc 
>0 for V<—, 
Ww 
C2 
T, -T; <Ofor V>—, 
Ww 
c? 
=Qfor V=—. 
Ww 
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Accordingly, among the many frames of reference there exists 
one frame (V = c*/w) in which events occur simultaneously, and the 
interval will have the form 


Siz =—1 " 

In this case, from expressions (1.4.8) we obtain the expression we 
have already obtained above: 

Xy —X1,=(X. —X1) V1 — V7 /e?. 

(b) Let s?, > 0. Point (X., Y1, Z:, T2) will then lie within the 
light cone and w < c, therefore if T, — T,; > 0, then in all primed 
frames of reference the time interval 7, — 7, by virtue of the second of 
(1.4.8) appears to be strictly more than zero. The time interval T; — 7; 
in this case may be both shorter or longer than that in an unprimed 
frame of reference. Indeed, if we have 


P(g 


then the time interval between events in the primed frame of reference 
will be shorter than that in the unprimed. But when 


7 (1-vi-) 
w< —(1—-V1—--——]}, 
V c? 


conversely, the time interval in the prirned frame will be longer than in 
the unprimed one. For example, if w < c, then 


)<w<e 


1 om 1-1 
Tl, —-T; = —. 
V1 — V2 /c? 
The sign of the quantity X¥, — X will depend on the sign of 1 — V/w 
>0 if V<w, 
X,-X1{ <0 if V>w, 
=0 if V=w. 


Therefore, among the set of primed frames of reference there exists a 
frame (V = w) in which two events occur at the same point, i.e., the 
process is localized in this system. The interval in the primed system 
will then have the form 

Si2 =c7(T, — T1) 


and the time intervals between the events in the primed and unprimed 
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frames of reference will be related by 

T, —T; =(T —T) V1 — V?/c?. 
This slowing of clocks is important in nature. It is because of this that 
we can create (and do create) high-energy particle beams with a lifetime 
of 10~® s and transport them to experimental installations over hundreds 
of metres, although according to conventional picture, even if they 
moved at near-light velocities, they should flight through no more than 
4m. 

So, if a particle at rest has a lifetime 7,), then when it travels at a 
velocity V, it covers in a laboratory frame of reference the distance 


VTo 
ny, 1 — V?/c? 

It is often said that time flows at a slower rate in a moving inertial sys- 
tem than in a stationary one. This statement is not true, because from 
the viewpoint of the principle of relativity any inertial frame can be 
treated as stationary or moving. In this case, we mean not the flow of 
time in different frames but description in different inertial systems of 
a process localized in the primed frame of reference (X , = X >). It was 
in a system where the particle was at rest that spatial localization took 
place. In any other inertial frame of reference the acts of production 
and decay of a particle occur at different points in space. On the other 
hand, the presence cf the spatial part of the interval leads (due to its 
invariance) to longer lifetimes of the particle in the laboratory reference 
frame. 

We have seen that if in an inertial frame of reference two events 
took place at some point in space at different moments of time, then 
in another inertial frame these events occur at different points of space. 
In a similar manner, if in an inertial frame two events occurred simul- 
taneously but at different points of space, then in another inertial 
frame these events will no longer be simultaneous. 

An event at some point of space and at some moment of time 
is absolute. For example, if two particles collided at some instant, 
this event in any inertial frame of reference would be at one place and 
at one time. 

We note that in classical mechanics any two events that occur at two 
different points and at different times in one inertial reference frame will 
occur at one place in another frame, if the latter, according to Galilean 
transformations, moves at a velocity 


X,-X, 
to -—fy 
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In classical mechanics this is always possible, since there are no con- 
straints on the magnitude of velocity. In relativistic theory this is only 
possible if the events are connected by the time-like interval 


(X2 -~X,y <c7 (tg - t1)’, 


i.e., when 
2 

= <i. 

In relativistic theory intervals between events are broadly classed as _iso- 
tropic, space-like, and time-like. In classical physics there is no such di- 
vision. It only has one class of events. 

So far we have dealt with diagonal, i.e., Galilean, systems, where 
the metric has the form (1.2.13). We now make next step in the direc- 
tion of generalization and consider an arbitrary system of coordinates 
in a pseudo-Euclidean space-time 


ds* =g,, dx'dx*, i,k=0,1,2,3. (1.4.10) 
i 


Here x° = ct, and x', x”, x? are spatial coordinates, and g,, is the metric 
tensor. It follows from the form of (1.4.10) that it is symmetric, i.e., 


Sik ~ §ki- 
Coordinates x! in (4.10) are now devoid of any physical meaning, and so, 
generally speaking, physical quantities have to be constructed out of 
them and the metric tensor of space-time. 

We will now write out the expressions (1.4.10) and single out 
the zero indices 


ds? =c* godt? + 2cgoq dxdt + By gdx dx®, 
a,B=1,2,3. 


We will now do what we have made earlier when discussing Gali- 
lean transformations: we will construct a positive quantity on the basis 
of the first two terms. To do so, we will add and subtract the square 
of the quantity 


S0a dx“ 
V800 
Then 
Zoq ax |? 80a 8 
CV800 S00 


(1.4.11) 
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In arbitrary frames of reference.we will thus obtain a counterpart 
of time 
Soa ax“ 
dr =V/go0 dt+ —-——_ - (1.4.12) 
CV800 


And this “time” will be physical. 
The second term in (1 4.11) is nothing else but the squared distance 
between two points in conventional three-dimensional space 


dl? = kyg dx“dx®, (1.4.13) 
where we have introduced a new tensor 


kop = —Sag + ee (1.4.14) 
S00 

We have carried out this exercise for the pseudo-Euclidean metric; there 
was no transition to another geometry, just a change of coordinates. 
Changing a frame of reference does not change the geometry. Anti- 
cipating events I will say that the geometry is given by the Riemann 
tensor of tank four, known as the curvature tensor. For the pseudo- 
tuclidean geometry the Riemann tensor is zero in any permissible 
reference frame. It is to be noted that in thé general case expression 
(1.4.12) is not a total differential, since it contains components of a 
metric tensor, which is generally some function of coordinates and time 
and not always meets the conditions 


0 Zoo = 3 80a 
00 ~~ Oe 
ax Or CV £00 
0 80a d S08 


ar es ==, (1.4.15) 
ax V800 ax V800 


which are necessary and sufficient for the right-hand side of (1.4.12) 
to be a total differential. 

Therefore, although the interval of the type (1.4.10) in an arbi- 
(rary permissible frame can be represented in the form 


ds’ = (df°) —(df')y -@f’y -@’y, 
the quantities df‘(x°, x’, x?, x>) in the general case will not be total 


differentials. When the quantities df‘(x°, x!, x?, x°) are total differen- 
tials 


_ Ff! 


ax * ax", 


af! 
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space-time has a pseudo-Euclidean geometry. Metric coefficients will 
then be 


of° of° of} of? of? of? of? of? 
ax! ax® ax! ax® ax! ax® ax! = ax* 
They are expressed in terms of arbitrary functions f°, f’, f?, f°. Using 
expressions for g;,, we obtain 

ds? = gi, dx‘dx* 


0 2 1 2 2 2 3 2 
-(# ax‘) -(— dxi (a dxi) — of dxi\ . 
ax! ax! ax! ax! 
To find the general form of metric coefficients in an inertial reference 


frame we will chose in a three-dimensional space some arbitrary coor- 
dinates using the transformations 


Sik = 


(8 4 
x’ =f%(x!,x?, x?) (1.4.16) 
and introduce a new time 
0 
x’ =f x, x! ,x?, x). (1.4.17) 


Transformations (1.4.16) and (1.4.17) do not bring us beyond the orig- 

inal . inertial frame, and we will refer to them as permissible transforma- 

tions in an inertial frame of reference. The metric coefficients in an 

inertial frame will then assume the most general form 
7 of ° 2 7 of ° of ° 

£00 -( 9 > 8S0a~ “9x0 ax ’ 

of° af® 5 of” af” 


ax*  axé v=1 Ox™ axF 


Therefore, in inertial frames the metric tensor Kgg will have the fol- 
lowing structure 


3 of” of” 


Sap 


It follows that the components of the physical velocity in inertial frames 
have the form 


ye = af* adxé 
ax® = dr 


The quantity dr is a total differential. But in any noninertial frame 
of reference the quantity d7 will no longer be a total differential. 
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Using the previous expression, we will have 


dl 
=—, dl? = Kap dx%dx®. (1.4.18) 
dt 
In inertial frames and in the absence of forces the motion of a material 
point is rectilinear and uniform 


oY ,@ a 
x  =Xog +V (T —To). 


The quantities dr and di? given by formulas (1.4.12) and (1.4.13) 
were termed physical, because they do not depénd on the choice of a 
coordinate system in a given inertial reference frame, since they are 
invariant under the transformations (1 4.16) and (1.4.17). 


1.5. Invariance of Maxwell —Lorentz Equations. 
and Law of Transformation of Electromagnetic Field 


We have established above that electrodynamics has uncovered the unity 
of space and time and suggested that the geometry of space-time is 
pseudo-Euclidean, and its metric tensor in Galilean coordinates is 


Zoo=1, 811=-—1, 822 =-1; 833 =-1, 8x = 0, ifi Fk. 
(1.5.1) 


Coordinate transformations that leave metric coefficients unchanged 
ure called the motion of metric. Coordinate transformations that leave 
the metric form -invariant will be Lorentz transformations: 


x! =ai xk, i,k =0, 1,2, 3. 
We take the differential of the left- and right-hand sides 

dx! =d4, dx*. (1.5.2) 
Throughout the book the repeated indices mean summation. The system 


of functions that can be transformed as a differential is known as the 


contravariant four-dimensional vector (four-vector) 
f 


i Ox’ 
A = ax 
We introduce the concept of the covariant vector. Recall that the sim- 


plest object is the field of a scalar that in any frame of reference is defi- 
ned by one function and transformed as follows: 


W'(x') = V(x (x’)). 


AX. (1.5.3) 
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The gradient of a scalar function is transformed following the law 
OW(x') ax* a(x) 


i ~ i k 
ax’ ax’ ax 
A system of functions that is transformed as the gradient of a scalar 
function is said to be the covariant vector 
ax* 


Ax. (1.5.4) 


The product of a covariant vector by a covariant vector is an invariant 
under the coordinate transformations 
I 
, jt Ox* ax" ) k 
A;B = : A,B =A,B°. 
ax’ ax! 


A covariant and a contravariant vectors are connected by 

A;=8ix AX, A'=8'*Ag. (1.5.5) 
Hence 

ging =6,, Sh =1 atl=k, 5, =0 for 1#k. (1.5.6) 
We now introduce the concept of the tensor of rank two as a simple 


generalization of the vector. The contravariant tensor of the second 
rank is 


k 
aie 7 ax’ ax’ qin 4.51) 
ax! §=ax™ ~ 
The covariant tensor of the second rank is 
ax’ = ax” ) 
Ain = > % Alm: (1.5.8) 
ax. ax’ 


The mixed tensor of the second rank is 


i ax" ax™ ) 
Ox ax’ 


Since we consider only linear transformations, we can readily show 
that 


= Fe .. (1.5.10) 
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It follows that the derivative of a covariant vector is a covariant tensor 
of the second rank. The raising and lowering of the indices on a tensor 
is also accomplished using a metric tensor. We now show that the Max- 
well— Lorentz equations have the same form in all systems of coordi- 
nates where the metric coefficients 


Boo=1, 811 =—-—1, 822 =—1, 833 =—1, 8x =0, if IFK, 
(1.5.11) 


remain unchanged. This means that the Maxwell—Lorentz equations 
are invariant with respect to the groupof the motion of the metric. 

To see this it is simply necessary towrite the Maxwell—Lorentz 
equations in terms of vectors and tensors of four-dimensional space- 
time. Before doing so, we will express the fields E and H through the 
scalar and vector potentials ® and A 


1 OA 
H=curlA, E=—— —— -— grad ®. (1.5.12) 

c Or 
For A and ® we will then have 


An 1 o® 
DOA=~—~——j, Ot=—4mp, — — t+divA=0._ (1.5.13) 
Cc c of 


‘rom these equations follows the charge conservation law 
dp os 
— +divj=0. (1.5.14) 
or 

or this equation to be invariant under Lorentz transformations, the 


charge density p and current j must be components of the four-dimen- 
sional contravariant vector S’: 


S' = (cp,j). (1.5.15) 
The continuity equation then becomes 

ast 

xt = 0. (1.5.16) 


The charge density is thus transformed as time, and the current j as 
the vector R. Using the expression (1.5.15) for the current S‘, the equa- 
tions for A and ®, we will have 


4n 
OA=—-— §, 

Cc 

An 
Ooe= —-— §°. 


Cc 
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For these equations to remain unaltered under Lorentz transforma- 
tions, the scalar ® and vector A potentials must be components of the 
four-dimensional contravariant vector A’ 


A'=(9,A). (1.5.17) 
Then 
an, 
OA'=—— SS". (1.5.18) 
Cc 


Since A; =8;, A”, we have 


A; =(®, — Ay, — Ay, — Az) = (®, — A). (1.5.19) 
We introduce the skew-symmetric tensor 
0A, 0A; 
ik = Oxf — ax (1.5.20) 


Then always 


= 0. (1.5.21) 


(1.5.22) 
—Fy=Fio,, —FEy=Foo, — Fy =F30, 


we can easily see that the above system of equations combines the pair 
of Maxwell’s equations 


1 oH 
cullE=—— —, divH=0. 
c Ot 


We then introduce the 4-vector 
. oF 
d’= ; 1.5.23 
oxk ( ) 
where the tensor F’* is related to the components of the fields E and H 
by 


-H,=F?3, —Hy=F*', —H,=F"'?, 
E,=F!°, E,=F*°,  &,=F*°. 


For this system of equations to coincide with the second pair of Max- 
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well’s equations 


4n 1 OF 
cullH=——j+— —, divE=4np, 
c c Ol 
it is necessary to assume that 
yo2— 5° 
Cc 
penn v 
Cc b] 


wherev=1,2,3. 
We have thus obtained the tensor form of the Maxwell—Lorentz 
system of equations in four-dimensional space-time 


oFfik _ An i OF 5; OF x) OF; _ 

axe eh at gk OAD 
0s! OA,x 0A; 

57 Os Pik = SG Te 

Ox Ox Ox 


We now write the transformation formulas for various physical quanti- 
ties involved in transition from one inertial frame of reference to an- 
other jn Galilean coordinates. For simplicity we will think of K’-frame 
as moving relative to K-system with a uniform velocity V along the 
X-axis. The transformation law for the covariant vector A‘ is analogous 


to the transformation law for the coordinates of the vector x’ = 
=(cT, X, Y,Z) 


0 V J V 
A =1(4°-— 4"), A’ =y¥ 41 —— a? ) (1.5.25) 
6 Cc 


A’ =A? A’ =A3 
Using these formulas, we derive the transformation law for charge 
und current: 


, Vox roe 
p 01 — 2 ) pv, =yp(vx — V), (1.5.26) 


a mr 
Pp Uy = ply, Pp Uz = pUz. 


These relations were first obtained by Poincare. Substituting p’ from 
the first of these into the remaining ones, we will arrive at the velocity 
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transformation law 


ye ey yt 
Vv, Vu, vv, 
1— 2 1— 2 1— 2 
(1.5.27) 


Since A‘ = (®, A), for the scalar and vector potentials we have 
V V 
P -(o-—4,) ; Age 1(4e-— *), (1.5.28) 
c c 


A=Ay, A,=A,. 


These formulas are also due to Poincare. 

_ The component transformation law for the skew-symmetric tensor 
F** coincides with the transformation formula for the tensor construct- 
ed out of the vectors B! and C* 


Bick _ c'ip* 
Since we know the formulas to transform vectors, we can readily derive 


formulas for the transformation of the components of the skew-symmet- 
ric tensor F* 


p'*ay( er + per) pe? ay(por 4 pit), 
c Cc 


Similarly , 


13 V 03 V 
F' =y(# ——e ), F' n7( Ft? —— Fv), (1.5.29) 
Cc Cc 


Two other components remain the same 
°! 01 ps 23 
F =F", F =F", 


Recalling the connection. between the components of F and the 
components of electric and magnetic fields, we will find from these 
formulas the transformation law for the components of the electric 
field 


i V 
El =E,, By=(8— i), (1.5.30) 


V 
Ei=1(e.4 —_ Hy) 
Cc 
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and for the components of the magnetic field 
t , V Uy V 
H,=H,, Hy=y7\ 4y+—E, }, Hz, =7 H, ~~~ Ey . 
c 


(1.5.31) 


These formulas were first derived by Lorentz, but he did not go so far 
as to establish their group character. This was done by Poincaré. 

It follows from the transformation formulas for the electric and 
magnetic fields that if, for instance, in the K '-frame the magnetic field 
is zero, then in another frame of reference it will be nonzero and equal 
to 


V 
Hy =—— Ey, (1.5.32) 
C 
H,=— Ey, 
z c y 
OT 
1 
H = — [VE]. 
Cc 


Likewise, if electric field is zero in the frame K’, then in the frame K is 
nonzero and equal to 


E=-—— [VH]. (1.5.33) 
Cc 


Out of the field components we can construct two combinations in- 
variant with respect to the Lorentz transformations 


E? —H? = : F,, F™*, EH= ; Fs, F™, (1.5.34) 
. ; ; ; ; . .0123 
where F**k = efkim Fe eikim —- _ ekilm _ eklim = _ ekimi, € 
= 1(e'*'’™ is the Levi—Civita tensor). These invariants of the electro- 
magnetic field were first discovered by Poincaré. It follows, in partic- 
ular, that if in the K-system the fields E and H are perpendicular to 
each other but not equal, then we can always find a frame of reference 
in which the field will be purely electric or purely magnetic depending 
on the sign of the first invariant. The fields E and H mutually perpen- 
dicular in one reference frame remain so in any other frame. 
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We will now obtain another expression. for the four-vector of the 
current. Consider the invariant 


V? 
s,S!=cp* (1 5 ). (1.5.35) 


c 


We denote by po the charge density in the reference frame where the 
charge is at rest, then 


V2 
20(: eo) so 
Cc 


Hence 

p= YPo- (1.5.36) 
We introduce the velocity vector 

U'=(cy, yw), U,U'=c?, (1.5.37) 


whose components are transformed as time and coordinates. This 
quantity was first introduced by Poincare. The charge conservation 
equation can now be written as 


0(PoU’') 


aye (1.5.38) 


We now find the transformation law for the force in transition from 
one inertial frame to another. The expression for the Lorentz force 
per unit volume in the K -frame has the form 


] 
F=pE+p— [u,H]. (1.5.39) 
C 
In the K ‘system we will then have a similar expression 
l 
F'=p E’+p'— [u,H]. (1.5.40) 
c 


Expressing primed variables through unprimed ones, we will obtain 
the transformation law for the force 


V 
Fi=1(4-—F), F,=Fy, Fy =F;, (1.5.41) 
C , 


. V 
F =1(F-— F,). 
Cc 
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Here 
1 
F= — (uF). (1.5.42) 
Cc 
These formulas were first obtained by Poincare. We see thus that the 


three-dimensional scalar F and vector F are transformed in a manner 
like the components (X°, X). We now establish the transformation 


law per unit charge 


1 E 
f=E+— [uH], f=—. (1.5.43) 
c p 


Using (1.5.41) and (1.5 42) gives 


where f= (uf)/c. From (1.5.26) we have 


V2 
_ 
p c? 
a = av . (1.5.45) 
1-— 3 
c 


For our further arguments it is convenient to introduce the relative 
velocity and make use of the formula (1.3.15). This formula can easily 
be obtained in terms of the concept of the four-vector of velocity. We 
take two bodies. Suppose that the vector of velocity for each of them 
in some inertial frame of reference K has the components 

Uy =(€71,V191), U2 = (C2, V272). 
Then in the K '-frame, where the first body is at rest, we have 

U,=(c,0), U2, =(cy, V7). 
Since the quantity 

U,, U4 
is an invariant, then computing it in the frames K and K’, we will have 
vy? _(-Vife?) A - Vile?) 


c? ( V,V2 ) 
1—-—> 
Cc 


bd 
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hence 
_ (Vi ~V.) — [V1 V2]?/c? 


(1 ViV2 ) 
c? 


2 
Applying here the previous form we will find for the velocity u’ in the 
K '-frame the following expression: 


u" V1 — V2 /c? V1 — u? /c? 


}—-—— = (1.5.46) 


V2 


c? uyV 
1— 2 
Using it, we will get 
p 1—u' /c? 
— = NMicu fe (1.5.47) 


p Vl —u? /c? 
Substituting this expression into the transformation formulas (1.5.44) 
and introducing the notation 


y= R= Fo (1.5.48) 
VI =u? /c? V1 — u?/c? 
we obtain 
V V 
a= (te x ). R =1( X-— me ) (1.5.49) 
Ry =MRy, Re, =R-- 


We see that the geometrical object {®, R} is transformed as {x°, x}. The 
quantity was introduced by Poincare. It is generally called the four-vector 
of the force 


R = (KR, RN). (1.5.50) 


We now write the Lorentz force in the four-dimensional form. We 
easily see that 


. I|., 
wee F¥S,. (1.5.51) 


If we take into account the formulas (1.5.15) and (1.5.23), we will im- 
mediately find that 


p ] 
F=pE+ — [uH], F° = — (uF). 
c c 


Space and Time 49 


Similarly , for the four-vector of the force we have 


R' = ! FFE U,. (1.5.52) 
Cc 


The entire system of the equations of electrodynamics, including the 
Lorentz force, is:-written in terms of vectors and tensors of four-dimen- 
sional ‘space-time. The ideas of space-time, which have had their begin- 
nings in electrodynamics, can now be extended to include all physical 
phenomena, notably mechanical ones. This agrees completely with the 
principle of relativity — absolute motion is impossible in nature. This 
suggests that the equations of Newtonian mechanics have to be changed 
for the new equations to be invariant under Lorentz transformations. 
The easiest way to accomplish this is to write them in four-dimensional 
form. Although we have only discussed electrodynamics so far, neverthe- 
less some formulas we have derived are general in nature. Above all, 
this applies to the concept of the four-vector of velocity (1.5.37) and 
the four-vector of the force (1.5.48) and (1.5.49). 
We now turn to the relativistic equations of mechanics. 


1.6. Poincare’s Relativistic Mechanics 


We will make use of the four-vector of velocity (1.5.37) and intro- 
luce the four-vector of momentum of a particle 


pi=mU! pyp'=m?c?. (1.6.1) 


Since the velocity of the particle is at all times less than c, we will define 
the invariant time dT 


y2 
ds* =¢*dr* =c? ( ~ 5 ar. (1.6.2) 
c 


The derivative of the four-vector of velocity with respect to the invariant 
time 7 will also be a four-vector. It is generally known as the four-vector 
of acceleration. 

Taking account of the definition of the four-vector of the force 
(1.5.48), the relativistic equations of mechanics will be 


m —— = @’, (1.6.3) 
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or, in three dimensions, 
d mV 


= f, 1.6.4 
dt v? ( 
- 3 
d mc? 
a TF = (Vf). (1.6.5) 
~ ¢? 


These equations were derived by Poincare, who is credited with the 
creation of relativistic mechanics. 
The second of these can be derived from the first one, by multi- 


plying both sides of the equations by V. From (1.6.4) and (1.6.5), 
we can readily determine the momentum p and energy E£ of the particle 


mV mc 
, E= . (1.6.6) 


TE 
pis e r). (1.6.7) 
C 


It can readily be seen that 


Rp; = 0. (1 6.8) 
Expressions (1.6.6) can also be derived using the Lagrange function, 
if we define it as follows: 


L= —me? J1 —V2/c?. (1.6.9) 


Then the momentum p will be 
oL mV 


= . ,, 1.6.10 
PY av V1 —V?/ce? ( ) 
and since the Hamiltonian A is 
OL 
H=V — -L, (1.6.11) 
0V 


me 
| i E=cv/p*? +m’c?. (1.6.12) 
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The action function for the particle has the form 
S= f Ldt, (1.6.13) 


or, considering that in Galilean coordinates 


V2 
ds=cdtv/1— —T> 
Cc 
we have 
b 
S= -—mce f ds. (1.6.14) 
a 


The Lagrange function (1.6.9) was first formulated by Poincare. Here 
the integration is between two fixed points along the world line.In an 
arbitrary permissible frame of reference the interval has the form 


ds* =g-, dx'dx* , (1.6.15) 


und so the Lagrange function for the particle is 
1 , 1 to 
L= -mc? JV g00 t— 280qX" + ZF Sap xX xh. (1.6.16) 
. Cc Cc 


The generalized momenta will thus be 


] ] 7: 
— 80a t oe Sapx 


of (mc?) - (1.6.17) 
= (MC a 0. 
ax ) L 


The Hamilton function is computed in the conventional manner: 


aL. 
H= yx -L. (1.6.18) 


Considering that 


1 . 
+ — g9,x8 
or §00 C &0g 
x* — = L-(mc*?)?) ——————__ , 
ox® L 
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we find that 
| - 8 
800 + c So px 
H= —(mc*)* -—_—_—__—_—_—_———_. (1.6.19) 
L 
We now introduce the four-vector of the momentum 
dx * 

Di = MCE i —_ 

here 
H 
Po -= — (1.6.20) 
Cc 
or 
. dx? 
p'=mc —. (1.6.21) 
ds 
Since 
dt del (1.6.22) 

Bik ds _ ds a 
we have 

gixp'p" =mc?. (1.6.23) 
Similarly 

gp py = m*c? . (1 .6.24) 


We now express the momenta through partial derivatives of the action 
function S with respect to the coordinates and time 
os 
Di= St ; (1.6.25) 
Substituting these expressions into (1.6.24), we will obtain the equation 
for the geodesic in the Hamilton—Jacobi form 


gk — —-=m’°?. (1.6.26) 
We see that the relativistic equations for the motion of a particle, just 


like the equations for the front of an electromagnetic wave, incorporate 
some ideas of the structure of space-time. In Galilean coordinates, 
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where the metric tensor is 
o=1l, 811 =—-l, G22 =—-1, 833= -1, oy, =0, HiFk, 


the equation for the geodesic will be 


LE) -C)-G)-Qewe can 


If instead of S we introduce the action in the following manner: 
S>S-—mc’t, 


then, after the change, in the limit asc >, we will obtain the Hamilton — 
Jacobi equation (1.1.14) in classical mechanics. 


1.7. Stationary Action Principle in Electrodynamics 


Many equations of theoretical physics are derived from the extremum 
condition for the functional that is called action. For electrodynamics 
too we will have to set up action in such a manner that its variation in 
the fields would yield Maxwell — Lorentz equations. The action is for- 
mulated using scalar functions of the field and current. 

We form the action that contains the electromagnetic field and its 
interaction with the charges and currents. We introduce the tensor of 
the electromagnetic field 


0A, 0A; 
F,~=—% —- 1, 1.7.1 
ik ax! ax* ( ) 


which by virtue of its construction satisfies Maxwell’s equation 
OF; oF OF); 

ik + kl + li 

ax’ = ax’ = xk 


=0. (1.7.2) 


Potentials A; will be varied later in the book to obtain other field equa- 
tions. For our further discussion we will only need the two invariants 


A,;S? and Fy F'*. (1.7.3) 
Here S! is the four-dimensional vector of the current. 
As we will see later, these scalar functions are quite sufficient to 


construct an action whose variation will lead to the second pair of 
Maxwell’s equations. The required action will be 


] 
=— fXdQ, 
c 
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where 2 is the density of the Lagrange function 
I ' 
@ = —— AS! = Fy, a d9.= dx®dx'dx?dx? (1.7.4) 
c TT 


In deriving the field equation we will in the action function vary only 
field potentials, while the sources of the field S‘ are considered to be 
specified. Then 


l 1. 1, 
5S= —— f F S'§A; + — PSF dQ. 
c Cc Si 
Expressing /;, through the potentials A;, we obtain 
| 1. 1, 0 
6S= —— f|—S'5A;-—F™ — 8A;|dQ=0. 
c Cc 4n Ox 
Integrating in the second term by parts and considering that potential 
variations at the initial and final moments of time are zero, and the 


field vanishes at infinity, we will find that 
ik 


l 1. 
5S= ——f [sis = 
c 


C An axe | §A dQ = 0. 


Since the variations 6A, are arbitrary, we have 
—— = —_ — §!. (1.7.5) 


We see thus that our choice of the action is justified, since we have really 
obtained the second pair of Maxwell’s equations. It should be borne in 
mind, however, that the choice of the density of the Lagrange function 
in the action function is not unique, since we can readily make sure 
that the addition to the density of the Lagrange function of an addi- 
tional term of the type of the four-dimensional divergence of the vector 
does affect the form of the field equations. In particular, we note that 
Maxwell’s equations (1.5.24) are invariant under gauge transformations 
of the potentials 
of 

A =A; t+ (1.7.6) 
where f is an arbitrary function. 

The Lagrange density {& we have just constructed is not invariant; 
it changes under transformations by the four-dimensional divergence 
of the vector. We now find the equations of motion of charge particles 
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in an electromagnetic field. To obtain them we will have to form an 
action that contains a part referring to particles, along with the already- 
known part, which includes the interaction of the field with the par- 


ticles. 
Since for the particles 


p=ed(r—ro), jr=evd(r—fro), (1.7.7) 


we have 
] ' e i 
- ZF f S'A;dQ= — — fA,dx', (1.7.8) 
Cc Cc 
the action for the particles in the electromagnetic field will be 
e . 
= —mc fds — — fA,dx'. (1.7.9) 
Cc 
Taking the variations in the particle’s coordinates gives 
6S = —f mc —— dbx + — A,;dbx' + — 5A;,adx = 0. 
ds 6 Cc 


Integrating in the first two terms by parts and assuming the variations of 
the coordinates at the ends to be zero, we get 


. @ . e 
5S = f(mdu,5x'+— dA,6bx' —— bay dr*) =O. 
c c 


Substituting into this expression the obvious relations 
0A 


dA, = — dx", 5A, = —— 8x! 
*  axk © ax! 
we obtain 
du; e 0A; k e€ 0A, ‘ 
m—+—- -— — — — u"| 6x'ds=0 
| ds c? ox* c* ax! 


The variations 5x’ being arbitrary, we obtain from this the equation of 
motion for the charge in the form 


du; e k 
me — = — Fixu (1.7.10) 
ds Cc 
Or 
du' en 
me —— = — F'u,. (1.7.11) 


ds Cc 
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1.8. Electrodynamics in Arbitrary Coordinates 


Before presenting Maxwell’s equations in arbitrary coordinates, we 
notice that the conventional derivative of a vector in these variables is 
no longer a tensor of the second rank, as was the case earlier, when 
we have only dealt with the coordinates for which all the metric coeffi- 
cients g;, of the pseudo-Euclidean space-time are constant. For our 
further discussion we will have to introduce covariant differentiations. 
We will define the covariant differentiation of a vector as a differen- 
tiation that yields a tensor of the second rank. 
The covariant derivative of a covariant vector will then be 


0A x 
V ;Ax = Ox! —Vy;As, (1.8.1) 
and of a contravariant vector 
k dA * KAS 
V ,A™ = axt + DA , (1.8.2) 


where Ix, are Christoffel’s symbols, which are given by expression 


(1.8.5). 
We define the covariant derivative of a tensor of the second rank 


for a covariant tensor as 


and for a contravariant tensor 


aT*! 
VT"! = > + Pers pl res, (1.8.4) 
These formulas for derivatives are easily generalized to tensors 


of any rank. 
Christoffel’s symbols are expressed in terms of metric coefficients as 


1 /a 0 ) 
Pim = 8°" Tsim Pn3im = 2 ea + - sar): 
(1.8.5) 
We will define covariant differentiation as the operation 
weve: (1.8.6) 
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We now compute the covariant divergence of a vector 
k 


v, Ake 28 + [P* 4! (1.8.7) 
k axk ki . OO. 


Ilere 


l O8m1 


kK _ mil _ 1 
Py, 8 Pisa = 5 8" ax! 


Considering that 
I OZ m1 ] Og 


= —- =, 1.8.8 
e ax’ g ox' ( ) 
where g isa determinant composed of g;,, we find 
k ] 7) 
Y= = 2 Vv: (1.8.9) 


\Ilsing this expression, we obtain 


«. 1. 2(Vv-84") 1.8.10) 
V,A = ——_ rs . ( “se 
/—-2g Ox 
We now turn to Maxwell’s equations in curvilinear coordinates of space- 
(ime and introduce the tensor of electromagnetic field 
0A, 0A, 


ax* ax! 


Fi, =V A; — Vi Ax = (1.8.11) 


We see that the terms containing Christoffel’s symbols cancel out and 
a not thus enter into the expression for F;, through the potentials. 
Hence the first pair of Maxwell’s equations can be written in the con- 
ventional form 


OF, OF y ’ OF 5, 


Vint Valu t+ ViFix = => + =. 1.8.12 
ikl kF ii ik i axk ax! ( ) 
Ile other pair of Maxwell’s equations has the form 
ik 4n , 
V,F™ = — — pou’. (1.8.13) 
C 


Ihe equations of the motion of charged particles can be deduced by 


58 Lectures in Relativity and Gravitation 


generalizing the equation (1.7.10) 


Po 
Uou* Vu; = Fu’, (1.8.14) 


where Uo is the density of the rest mass. 
The tensor F’“ being skew-symmetric, we find from (1.8.13) that 
the ‘vector pou’ obeys 


V ~(pou*)=0. (1.8.15) 
Likewise, the conservation equation is obeyed by the vector uu“ 
Vie(uou*) = 0. (1.8.16) 


The mass density  =./—g uUgu® is said to be conserved, since the 
integral of u over the volume is independent of time by virtue of 
(1.8.16). 

We now show that the covariant Maxwell equations can be obtained 
from the variation of the action over variables of the field and particles, 
if the action is written for arbitrary coordinates. The transition in the 
action from Galilean coordinates, in which the metric tensor is diago- 
nal (1, —1, —1, —1), the curvilinear coordinates, in which the metric 
coefficients are functions of coordinates, is readily performed using a 
simple change of variables in the integrant and an elementary tensor 
analysis. After this procedure we obtain the action function in arbitrary 
coordinates 


l 1 . l 
S=— sive dQ\ upc? + — pou'A; + oo Fin F™ . (1.8.17) 
Cc TT 


Note that under any coordinate transformations the quantity 
VJ —g dx° dx! dx* dx? (1.8.18) 


remains an invariant. 

We now proceed to derive, following Fock’s procedure, the covariant 
Maxwell equations and the equations of motion of matter on the basis of 
the principle of stationary action. To this end, we will have to compute 
the variations of the quantities u~, oo and Mo for arbitrary variations 
of the trajectories of matter particles. We denote by a, a2, a3 the initial 
coordinates of a particle, and by p the parameter characterizing time. 
We then express the coordinates of the particle in terms of the new 
variables 


x* =f* (—p, a1, 42,43), k=0,1,2,3. (1.8.19) 


These functions describe the motion of the particle with constant a,, 
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a2, a3 and variable p. Later in the book, when deriving the equations of 
motion of matter we will vary with respect to these functions: 


5x! = 8f"(p, a1, a2, 43). (1.8.20) 


In terms of the new variables, the components of the four-dimensional 
velocity will have the form 


of! 
ub=c 7 __ , (1.8.21) 
of’ of 
Sik ap” ap 

It is easily seen that 

u,u* =g,,uku' =c?. (1.8.22) 
We introduce the definition of the variations. We define 

§ ui =u" (x + dx) —u! (x). (1.8.23) 
The variation 5,u' is no vector. We introduce the variation 5u!(x) 

Su'(x) =u" (x) —u'(x). (1.8.24) 


It is easily seen that 
i 


, . Ou 
bu’ (x) =6.u' — 5x*. (1.8.25) 


ax* 
We now compute the variation 6, of the function 


af’ af 
P=V/e%—- =. (1.8.26) 
0p op 


We find that 


] fl Oger 05x! 
§. b= — ou'y* € —— $x! +2, 1.8.27 
Cc C2 9) ax! Eli ax* ( ) 
Using the formula for the covariant derivative 
adx* 
V 5x" = 5 +1 bx! (1.8.28) 
we get 
/ af’ af 1 / aft af* 
5.( Sik 7.  Q | 9 V &ik QT TT uju™” Vm 6x! 
0p Op Cc Op op 


(1.8.29) 
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Considering that 


dbx’ = af* d6x! 
“~p = ap ak (1.8.30) 
we obtain from (1.8.29) 
_ , 06x! 1, , 
6 uli =u ak oP ulu,u V;,5x". (1.8.31) 
x c 
By (1.8.25), we will have 
i , 08x! , du! li uk n 
bu’ (x) =u a7 — 5x ok ne u,u V, 5x", (1.8.32) 


or, in covariant form 
, , ; 1, 
bul (x) =u"V ,5x' — 6x" Vayu — > wuzu"V,, bx*. (1.8.33) 
Cc 
We see that the variation Su! is a vector. Using the continuity equations 


Vi(pou')=0, Vi (uou')=0, (1.8.34) 


we will find the variations 59 and 5yuo. By the definition of the 
variation 6 we have 


V ,5(pou') =0. (1.8.35) 


Taking into account the expressions (1.8.33), we find that 


5(pou')=1'| Sp, + V ,(0,5x") ~ re uu V 8x" | 
c 


+7, (pou" dx! — pou'bx"). (1.8.36) 
Substituting this expression into (1.8.35) gives 

v0 |5p3 + V,,(p96x") — = Po uu V,52*| = 0, (1.8.37) 
hence 

509 = —V,, (Po5x") + “ pyu,un"V bx". (1.8.38) 
Similarly, | 


] 
Sug = — Vp (uo Sx”) + a Uou,u" V bx". (1.8.39) 
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By (1.8.38) the variation of the current is 
5(pou') = Vz. (pou* bx! — pou!dx*). (1.8.40) 


Using the relation (1.8.10) we can write it in the form 


. 1 3 
5 (pou!) = T= [ V—2(pou* 5x! — pou'dx*)]. (1.8.41) 


Using the variations for 5po, duo, 5(pou'), we can readily find the gen- 
erally covariant field equations (1.8.13) and the equations of motion 


of matter (1.8.14). For this purpose, we will find the variation of the 
action 


1 | 1 
S= — = 5 V=#a01| oc + — pou'A; + lon rar (1.8.42) 
c ( TT 


and will assume the variations 5x’, 5A, on the boundary to be zero. 
We now proceed to compute the variation 


J l . 
6S = 8 J VE AO woe + pau! Ay + =— Fy. FI | =O. 
Lc 
(1.8.43) 


Using (1.8.39), we find the variation of the first term in (1.8.43) 
| . 
—5 fV—gdQuoc = — Spuodx! (UX Vuj)V—g dQ. (1.8.44) 
C 


From “ 8.41), the variation of the second term in (1.8.43) will be 


= = 6 f pou'A;,/—g¢ dQ = —s Lf pou! (5A; + Fy;5x")\/—g dQ. 
(1.8.45) 
We now find the variation of the third term: 
— ——i fFuF™ J—gdQ 
] _ f06A 056A 
__ p(t : a dO. (1.8.46) 
81c ox! 


Integrating in (1.8.46) by parts and taking account of the fact that 
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the tensor F'* is skew-symmetric, we obtain 


1 I . 
~ — 8 fF, F /—gdQ = - tae J Vi PM OA 8 dO. 
TC 


167 
(1.8.47) 
Combining (8.44), (8.45) and (8.47), we find 

] l ; 
6S =— fv —gZ dQ 5=4(uou' Tan — oF xi!) 

Cc Cc 

] ki l k 
— — V,F ‘+ — Pou 5A =Q. (1.8.48) 

4n Cc 


Since 6x! and 6A, are arbitrary, we find from this 


,; l ; 
Uou'V uk =-_— poF*!u;, 
Cc 


, An 
V,FYizs— — pour. 


Cc 

Thus, from the integral of the action written in arbitrary coordinates on 
pseudo-Euclidean space-time we have automatically obtained the gen- 
erally covariant field equations and the equations of motion of matter. 
Notice that since in Galilean coordinates we proceeded from the diago- 
nal metric tensor (1, —1, —1, —1) our derivation is purely mathematical 
in character. Although obtaining the generally covariant form of equa- 
tions is a mathematical procedure, it is however exceedingly useful for 
descriptions of physical phenomena. 

If previously the equations only allowed descriptions of electromag- 
netic phenomena in inertial reference frames (Galilean coordinates), 
then the generally covariant form of the equations enables electromag- 
netic phenomena to be described in noninertial (accelerated) frames. 
The special theory of relativity thus describes things both in inertial 
and in noninertial frames of reference. To be sure, these phenomena 
proceed in an essentially different manner in noninertial frames; how- 
ever, in this case, too, we can always indicate an infinite collection of 
Other noninertial frames, in which phenomena occur as in the original 
noninertial frame. And so the widely held opinion that the special 
theory of relativity is unapplicable to accelerated reference frames 
[8, 9, 11, 19, 64] is erroneous. We will look at this issue in more detail 
later in the book. 
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1.9. Equations of Motion and Conservation Laws 
in Classical Field Theory 


We have already seen that the Lagrangian approach enables us to con- 
struct all of Maxwell’s equations. This approach has a clear-cut general 
covariant nature. It allows the equations of motion of the field and the 
conservation laws to be obtained in the general form without explicit 
specification of the density of the Lagrange function. In this approach 
each physical field is described by one or multi-component function of 
coordinates and time, called the field function (or field variable). The 
field variables are quantities that are transformed according to one 
of the representations of the Lorentz group, e.g., scalar, spinor, vector, 
and even tensor representation. Along with the field variables an impor- 
tant role is played by the metric tensor of space-time, which defines 
the natural geometry for the physical field, and also the choice of one or 
another of coordinate systems for the physical processes to be described. 
The choice of the coordinate system is at the same time the choice of 
the frame of reference. Of course, not any choice of a coordinate system 
changes the reference frame. In a given frame any transformations 


x0 = fO(~9, x3) x2, x3), 


1.9.1 
x'* = f%(x!, x?, x9), a=1,2,3 ( ) 


always leave us in the same reference frame. Any other choice of a coor- 
dinate system is bound to bring us to another reference frame. Coordi- 
nate systems are selected from the class of the permissible coordinates in 
which 

200 >0, Bagdx*dx® <0. (1.9.2) 


The Lagrange formalism is derived from the action function. The expres- 
sion for the action function is normally written as 7 


] 
S=— f Qex®, x!, x7, x? )dx°dx!dx*dx?, (1.9.3) 
C2 


where the integration is over some arbitrary four-dimensional region of 
space-time. Since the action must be generally covariant, the density of 
the Lagrange function is*the density of the weight scalar +1. The density 
of the weight scalar +1 is the product of a scalar function by the quanti- 
ty V—g. The choice of the Lagrangian density is based on a number of 
requirements, realness and covariance among them. 

The realness of the Lagrangian density guarantees that the dynamic 
characteristics of a physical field, e.g., of energy and momentum of the 
field, will be covariant. In this theory the density of the Lagrangian is 
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a scalar density built out of the discussed fields y,, the metric tensor 
and the partial derivative with respect to the coordinates 


L=aL (G4, Wnva,.--, Bik» WnBix ---). (1.9.4) 


For the sake of simplicity, we will assume that the system under con- 
sideration consists of real scalar and vector fields. Suppose also that the 
Lagrangian of the system of fields contains no derivatives of order 
higher than one. This limitation has the result that our field equations 
will all be second-order equations 


gv =L(y, On, Aj, OnAj, Sik> On8ik» gi On8'’). (1.9.5) 


We will find the field equations from the condition that the functional 
variation of the action is zero, i.e., 


] 
5S = ce dS X (y, On, A, 0nA;, Sik» On8ik: giX Ong“) = 0. 


(1.9.6) 
The variation § & is 
dx ax 
5X = — y+ ——— 50, y+— 56A;+ 50,4; 
oy (0,9) 0A; 0(0,A;) 
(1.9.7) 
or 
5k 5X 0g ax 
52 = — p+ ——5A;+9, 5y +——— 6A, | = 0. 
by 6A; 0(0n9) 0(0,A;) 
(1.9.8) 
We have here denoted in Eiler variational derivative by 
62a ( ag \ 4.99) 
ap ap” NAG ny) J - 
In deriving (1.9.8) we have taken into consideration that 
50, A; = 0,54;. (1.9.10) 


Substituting (1.9.8) into (1.9.6) and using the Gauss theorem, we obtain 
1, (82 88 
&S=— fd*x(——5y+——_ 5A, 
c 2 by 5A; 
] 


dL dx 
+ — fas,| —5y+— A] =0 
c dn) 0(0,A;) 
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Since the variation of the fields on the boundary is zero, we have 


l 5X 5x 
5S=— fd*x(—S5yt 
co by 5A; 


bi) = 0 (1.9.11) 


Since the variations 5y and 6A; are independent and arbitrary, by the 
main lemma of calculus of variations we derive equations for the fields 
5x 5x 
—— =0 = 0. (1.9.12) 


? 


In addition on the field equations the Lagrange technique allows to 
obtain differential conservation laws. It is customary to differentiate 
two types of the differential laws of conservation: weak and strong. 

Strong conservation is the differential relation that holds since the 
action is invariant under coordinate transformations. Weak conscerva- 
tion laws follow from the strong ones if in the latter we use the field 
equations (1.9.12). 

It should be emphasized that the differential conservation laws in 
the general case do not establish conservation of anything, locally or 
globally. For our case, the action has the form 


] ; 
S = Cc [PxXGe, On, Aj, 0,A;, Sik: On&ik> glk dng"). (1.9.13) 


We will effect the infinitesimal transformation of the coordinate system 


x +8xF (1.9.14) 


where 5x’ is an infinitesimal four-vector. 
Since the action is a scalar, it remains unchanged under this trans- 
formation, and hence 


] l 
§6.S=— f d*x’2'@')—— f d*xQ(x)=0, (1.9.15) 
CQ’ C2 


where 
Lea')=LY'e@'), 9,9'@'), 4;@'), 9,4;@), 
£5, ), Onin ) g*(x'), dng * (x')). 
The first term in (1.9.15) can be written as 
f d*x'Q' ee") = f Id*x@V@'), (1.9.16) 
Q' 2 
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where the Jacobian J is 


0(x'9, x’! x’? x’) ; ax’? (1.9.17) 
oo ae = et JY, 
0(x°, x! x?, x9) k 


Under the transformation (1.9.14) the Jacobian becomes 
J=1+0;5x!. (1.9.18) 


Expanding £’(x') into a Taylor series gives 


OX 
Wx!) = Lr) + 5x! +... (1.9.19) 


x! 


From (1.9.16), (1.9.18) and (1.9.19), we can rewrite (1.9.15) as 
| 0 . 
§6.S=— f a*|6, 26) + —— (6x'X(x)) ]. (1.9.20) 
C2 ax’ 


Here we have introduced the notation 


5 L(x) = L' x) — Lx). (1.9.21) 


This variation is generally known as the Lie variation. It is commutative 
with partial differentiation, i.e., 


5,9, = 0)6,. (1.9.22) 
The Lie variation of the density of the Lagrange function is 
50-28 5 y+ 5 ay poe sa, 
Oy 9(On¥) 0A; 
+ oF is a Apt rey + ———— 6, 0ng;, (1.9.23) 
0 (0,A)) 0 Fix 9(9n8jx) 
O85 gm, 22 gs im 


—__ re) g +_ ————uuo- 
agit "8 Rng") 
The Lie variation of the contravariant components g'™ is dependent 
on the variation of the covariant components g,,,,. Since 
1 ’ 
81,8" = 83, 
we readily find 
6g! =—gilg*™5 2... (1.9.24) 
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After elementary rearrangements, we find 


1 | SL 


52, 5k 
+ — gilgkm im 8 834 + Dad” | = 0, (1.9.25) 


yn -Q5x"4— eg yt 5, 
L¥? L“4 i 
) (0, ~) 0 (0,,A;) 


dx 0x 
Sng Oe ne™ 
Since J” is the four-vector of weight +1, we have 
a,J7% =D, J", (1.9.27) 


6,g/™ (1.9.26) 


where D,, is a covariant derivative in pseudo-Euclidean space-time. 

It is to be noted that the Lie variations 6; y and 6, A; that enter 
into the expression (1.9.25), unlike differential variations, are not 
independent of each other, since they come from the coordinate trans- 
formation (1.9.14). They can all be expressed through the four compo- 
nents of 5x”. The variation of the metric tensor 5; g,, is also generated 
by the coordinate transformation and can also be expressed through the 
four-vector 5x’™. Since a coordinate transformation can never change 
the nature of geometry, our entire treatment holds good both for a 
pseudo-Euclidean geometry and for a Riemannian geometry, but for 
the sake of simplicity we only discuss the pseudo-Euclidean case. 

We now find the Lie variation with respect to the field variables 
due to the coordinate transformation. According to the laws governing 
the transformations of a covariant vector 


k 
Aix’) = Ag (x) — (1.9.28) 
Ox 
we have 
k 
A; (x + 6x) = Aj(x) — Axx) —, 
ox! 
hence 
8, A,(x) sxk 24i 6x" (1.9.29) 
(x)= —8x ~ — 9. 
pe -axk OK ay! 
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or, in covariant form, 


5, A,(x) = —5x *D,A; — A, D,8x". (1.9.30) 


Since under coordinate transformation a scalar quantity is transformed 
by the law 


p(x )= p(x), (1.9.31) 
we have 
6, p= —8x*Dxy. (1.9.32) 


We now find the Lie variation of the metric tensor g,,. By the law of 
transformation of a tensor 


, Ox™ ax! 

£ in (X = a Dyk Fim) 
we will get 

Bip (X + 5X) = 8, — 80K 5X' — 8, 10;5X', (1.9.33) 
hence 

5 Big = Bj 9K OX! — 8,1 0;5X' — 5 x'0)8,,. (1.9.34) 
From the equality 

818i = SxsVit t isl ia (1.9.35) 
we can write expression (1.9.34) in terms of the covariant derivatives 

5, Sin = Bj De OX" — By Dj 5x". (1.9.36) 


Substituting expressions (1.9.30), (1.9.32) and (1.9.36) into the action 
(1.9.25), we obtain 


] 4 , 5x 5X 5x F 
5. S=— fd°x|-6x'|— D,yt —— D,A; ] -—— A,D;5x 
CQ by 6A; 


5A; i 
(62 ge 8L 
— (gj,D,5x'+ 8,,D;5x ) — gikgk™ ——_\ + DJ” |.(1.9.37) 
5 8x bg” 
We introduce the following notation 
5k . 5X 
Ti* = -2( ~ gigkm ——_ ) (1.9.38) 
58K b5g°° 


It will come out later, that this quantity, first introduced by Hilbert is 
the energy-momentum tensor for a system of fields. 
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Integrating by parts in (1.9.37) gives 
ly, (ox 62 bx 
6.S= — fd x —§x — Dip+—— DA; — D; —— A, 
CQ bp 5A; 5A; 


, 5k 
+ D(T** g,)+Dp (” Ard + ritg,5x!)| (1.9.39) 


n 


Substituting into (1.9.26) the values of the variations 5, y;, 5, A;, and 
5,8, according to formulas (1.9.30), (1.9.32) and (1.9.36) and com- 
bining the terms at x! and D;,5x', we have 


5x 
J” —~—— A,bx! = 17 8x! — of" Dy dx". (1.9.40) 
5A, 
We here denoted 
toh ag ag 
rm = 25" + Djy+———— D|A;+——- A. (1.9.41) 
d(0n~) 0 (0, Aj) 6A, 


This quantity is generally referred to as the canonic tensor of energy-mo- 
mentum, and the quantity 
ax ax dL 
ont = 2g, + ——___ A, - 2 2"™_— (1.9.42) 
9 (9n8;x) 0(0,Ax) dng) 


as the spin tensor. 
Using (1.9.40) we will represent the covariant divergence in (1.9.39) 
as 


5x 
Dy (2 7 A,6x'+T; 5x!) 6x! [D,T; — Dnt, | 
n 


+ D,5x"[T,' 1 — Dy oy" |] — 07 Dy Dy 5x. (1.9.43) 


Using this expression, we can write the (1.9. ne in the form 


1 5k 
§.S=— fd*x}-&x! — Dy + —— ~ Did, 1)+D; iT) 
c 2 by 


+ D,5x!'[T," —1; — Do; "| - eaclea = 0. (1.9.44) 


Because the volume of integration is arbitrary, it follows that the inte- 
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grant is zero throughout, Le., 


5x1 oe + oe pa, —D,(2% 4,) + Dy 
- by 1p 6A, EIN Gg OU it 


+ [Ty — 1" — Dor" ] Dad x! — 0)” Dy Dy 5x! = 0. (1.9.45) 


This expression vanishes for arbitrary values of &x!, whatever the choice 
of the coordinate system. By virtue of the tensor law of transformation, 
if the expression vanishes in one system of coordinates, it does so in 
any other system of coordinates. It follows that 


, 8 52 52 
Dt, + ra ary idee + D; rie = 0, (1.9.46) 
i i 


n n kn 


. . . . . k . 
As to the last term in (1.9.45), it must vanish since the quantity o; is 
skew-symmetric in upper indices. Since the spin tensor is skew-symmet- 
ric, we have 


D,T,, = Dyt),. (1.9.47) 
Using (1.9.47), we can write the first identity (1.9.46) in the form 
p,Ti+2= p ot D 4,-D(——a,)= 0. (1.9.48) 
ty" 6A, SNA, 


Identities (1.9.46) are called the strong laws of conservation; they are 
valid because the action is invariant under coordinate transformations. 

If we take into consideration the field equations (1.9.12), we will 
obtain the weak conservation 


k k k k 
D,T, =0, TT, —t,; =Dyo>, (1.9.49) 


where the quantity rT according to the field equations and (1.9.41) will 
be 


ax 
——— Dy + ———— D 
0(0n9) 0(0;A;) 


The canonic energy-momentum tensor in the general case is skew-sym- 

metric in its indices. With weak conservation of the symmetric tensor 

of energy-momentum the angular momentum tensor is conserved. 
Defining the angular momentum tensor 


Mikn =x kin _ yigkn (1.9.51) 


Aj. (1.9.50) 


k k 
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we can easily establish, from (1.9.49) and definition (1.9.38), that 
D,,M'*" = 0. (1.9.52) 


These weak conservation laws for the tensors of energy-momentum and 
ungular momentum do not yet suggest the conservation of energy- 
inomentum of angular momentum for a closed system of physical fields. 
The existence of integral laws of conservation for a closed system is 
predetermined by the properties of space-time, namely with the exis- 
tence of a definite group of motion of space (metric). Without the presence 
of a definite group of motion of space the integral laws of conservation 
af energy-momentum and angular momentum cannot exist. These ques- 
lions are discussed in some detail in Chapter 2. 

The canonic energy-momentum tensor is conveniently found in 
‘oordinates in which the metric tensor is diagonal (1, —1, —1, —1). 
In this case, the density of the Lagrangian has the form 


L=L (v(x), Inv(x), Aix), 0nA;(x)). (1.9.53) 


Ihe density of the Lagrangian does not depend explicitly on x, it rather 
epends on the coordinates through the field variables, and so we have 


dX 6k dx 


dx 
0;90n¥ + —— 0,A; 


=——-9 + ————— 
ax! by © aw) aA; 
dx 
+ ————— 0,0, Aj. (1.9.54) 
0(0,A4;) 
Ditferentiating by parts gives 
ax oe += a1Ac+q| d)yt 0,A 
—— = ——_ . —_———_—_—_—— Yp —_—_—_—_—_— 1. 
ax’ by 6A, "lL a@ny) | QnA) | 
(1.9.55) 
Applying to this identity the field equation (1.9.12) gives 
0 26 + —— ay + aad |=0 (1.9.56) 
" ,  8(n%) 0(0,4;) 


(Inder the sign of differentiation we have the canonic tensor of energy 
momentum in Galilean coordinates 


ax 


tT, =—25; + +———— 9 
0 (0, A;) 


——— 0 
dn) 


ty virtue of the stationary action principle the field equations will not 
ihuange, if instead of the density of the Lagrangian %’ we take the density 
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of the Lagrangian 2’ 
Q'= 24D, F*. (1.9.58) 


Since we only consider the Lagrangian that contains derivatives of 
fields of order not higher than one, the density of the vector f* must 
be build up of the fields y, A; and the metric coefficients g;,, git 
It is easily seen that 


—_ pF =0 D,f* =0 
by 5A, 
if we use the expression 
af! af* af* 
D,f* =d,f* = - 0)8,, + ——- 0,» + 0,4; 
k kf 2g, 18ik ay KY? 3A, kA 
af* 
tn One (1.9.59) 


We will now find out how the canonic energy-momentum tensor will 
change under such a change in the density of the Lagrangian 


ke ik OR a’ | 
7, = —2'5, + ———_D A; + —— Dy. (1.9.60) 
0(0;A;) 0(0x¢%) 
From (1.9.58) and (1.9.59), we have 
aL’ AL | aL or* 
ag Dyf? = +—-— (1.9.61) 
0(0x~) O(0nYy) AO«KY) 0(0,y) dy 
and from (1.9.61) and (1.9.57) 
ey or* 
1). = r, + a D,A; + ST Dw — 8) Din f™ |. (1.9.62) 
Since 
of* ar* 
D,f* = —— D,A,;+—— Dyy, 1.9.63) 
if aA, 1A; ay 1p ( 


we will find 
' k mk 
mk kin . . 
whereh, =—h,  isaskew-symmetric tensor of rank three 
mk 


he = 8 fk Br gm. (1.9.65) 


Thus, if to the density of the Lagrangian we add the covariant diver- 
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yence, the canonic energy-momentum tensor will change by the diver- 
wence of a skew-symmetric tensor of rank three. 

Let us now see how this will change the symmetric energy-momien- 
(um tensor defined according to Hilbert: 


5x 5X 


— gim kl 
584 5gm! 

Adding to the Lagrangian density of the covariant divergence will mean 

adding a tensor of the form 


(1.9.66) 


T'*=—2 


APq = D, f*. (1.9.67) 


D; f* — gP?™ g@ 


9 8pq 5g 


Using (1.9.59), we will obtain, for instance, 
of! a7 f! 
Dx f* =. 98, + “9 
98ap 98 pq 98ik O8pq9P 
of! o7f* 
+ ——— 0, A; + ———; 0x8". (1.9.68) 
08,q94i 085498 
l'rom (1.9.59), we also have 
98 en OF" 
Nn , 
mpg) 9 Eq 


(Ising this expression gives 


(1.9.69) 


i) ( D r*) i 7) 
—_—_ - g. 
0? m Qo? m 02 m 
Seay ag bam Gg agit Ome 
Enq? 98pqP4i 98pq98 


Comparing this expression with (1.9.69), we see that 


6 0 ) 
(Dy, f") =———— (Dn /")—m(<—"—p,t") = 0. 
88nq 98nq 9 (9m 8pq) (1.9.70) 


Similarly, we can show that 
6 k 


Iherefore, when we add the covariant divergence to the density of 
the Lagrangian, this does not change the symmetric energy-momentum 
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tensor. The symmetric energy-momentum tensor differs from the ca- 
nonic one by the divergence of the spin tensor 

k ok lk 
T. —T; =D,9,; ° (1.9.72) 


I 

If the density of the Lagrangian changes by the divergence of the density 
of the vector, the divergence of the spin tensor will change as well, but 
the sum of the canonic tensor and the divergence of the spin tensor will 
remain unchanged. This can also be checked by direct calculation. 

We will now find the expression for the symmetric energy-momen- 
tum tensor of the electromagnetic field. It is well known that the densi- 
ty of the Lagrangian for this field has the form 


l 
Q=-——V/-gF, Fi”. (1.9.73) 
lon 
We write it through the variables F;, and the metric coefficients 


l 
VJ—-eF Fg gee”. (1.9.74) 
l6n ml” pq 
We see that the density of the Lagrangian depends on the covariant 
components g,,, which enter into the determinant g, and on the contra- 
variant components, which appear as two factors. Since 


0V-g 1} —— 


Qa — 


= —/-ggi* (1.9.75) 
O8;% 2 
then 
dx l . 
5 = - V-ge'F, FI. (1.9.76) 
Sik us 
Similarly 
ag age™ ag'4 
_ l 
Bett om Veh mil pg [aos 8 tee ee 
Since 
og?™ 4 
pei Os 8 +5185), 
using the property that the tensor F),,, = —F,,) is skew-symmetric, we 
will find that 
a2 ta 
ei -— —8 Fo Pye. (1.9.77) 
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wice the density of the Lagrangian of the electromagnetic field does 
ut include derivatives of the metric tensor, the density of the symmet- 
k energy-momentum tensor will be 


aibstituting expressions (1.9.76) and (1.9.77), we obtain 
] 
ene i|- Fim Fly mit 78 oi F. nm | (1.9.78) 


‘Widing this by /—g, we will obtain the energy-momentum tensor of 
he electromagnetic field 


] ] 
ri =—— r E Fimpkl, mit 78 gi F, nem | (1.9.79) 
T 


#xt, we find the canonic energy-momentum tensor 


0x 


i i 
Tr, = —6, 8+ ——— 0, Ap. (1.9.80) 
“" 8@Ap) ~ ? 
aibstituting the Lagrangian of the field, we will have 
— _F'?,A, + —6.F, pin | (1.9.81) 
An 4 m 
‘1 in casily seen that 
pik oe pki (1.9.82) 
Ihe spin tensor of the electromagnetic field is 
pi—séOt! l 
O, =——— Ay = -—— FPVA,. (1.9.83) 
0(0,4;) an 


\iling the spin divergence to the canonic tensor, we will obtain the sym- 
wtric energy-momentum tensor of the electromagnetic field (accor- 
‘ing to Hilbert) 


io ae , 1; 
tT, + 8p % =I — -F?F, +28 Fig Fm | (1.9.84) 
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or, multiplying both parts of this by g*”, we will have 


; l . 1 , 
red Gi ed cre ; (1.9.85) 


which agrees with (1.9.78). 

Before we leave the section, we will construct the tensor of energy- 
momentum of matter. As is known from Section 1.8, the density of the 
mass conserved is 


dm l 
w=—=V-gupu®—. (1.9.86) 
dV c 


Since the quantity dm/dV is independent of the metric tensor, and the 
four-dimensional velocity u’ is 

; cu! _ dx 

| —_ t _ (1.9.87) 


u'= —, v ; 
VE] U VU dt 


the variation of (1.9.86) in the metric tensor will be zero, i.e., 


= (J/g. Jz, club, ~0 9.88 
bg =U dg (V—-8U0) —V—-8 Uo 2g,,,™ "32 = 0. (1.9.88) 
It follows that 
u'u* 
bg(V—-& Uo) = V—-8 MoT 2 O8ik: (1.9.89) 


Since the density of the Lagrangian of the action of matter is 
=-—-V—-8 Moc? ’ 


the density of the energy-momentum tensor for matter will be 


=—2 =/—guoutu®. (1.9.90) 


Considering this and also the formula (1.9.85), we will write the total 
tensor of the energy-momentum of matter and electrical field as 


1 f°. 1. 
t** = woulu* +— [_rieetg + —s'*F, im (1.9.91) 
At Pp’ | 
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(.10. Belinfante Energy-Momentum Tensor 


In Section 1.9 we have constructed the Hilbert energy-momentum 
tensor using infinitesimal displacements 5x! in an arbitrary curvilinear 
coordinate system. This way of constructing the energy-momentum 
tensor is general; however, it is rather complicated. The problem of 
constructing the energy-momentum tensor can be simplified, if we 
confine ourselves to the displacements 5x; that obey the Killing equation 


57 Sik = —D,6x; _ D, 8x x = 0. 


Since space-time is pseudo-Euclidean, this can always be done. More- 
over, we can always construct all 10 independent Killing vectors and use 
them to find the integral conservation laws. The conservation laws for 
energy-momentum and angular momentum for a closed system are a 
direct consequence of the existence of 10 Killing vectors. For these 
displacements, from (1.9.25) and (1.9.26), we find 


] 4 5x 5x 
6.5 = — fd"x(— 56, p+ ——56,4;,+D,,J" J, (1.10.1) 
Cc dy 5A; 
dL dx 
J” = 5x" + ——— 8, p + ————5, Aj. (1.10.2) 
d(On¥) 0(0,4;) . 


If the fields y and A; obey the field equations (1.9.12), then 
l 
5.S= — fd*x(D,J") = 0. (1.10.3) 
C2 
Because the volume of integration is arbitrary, we thus find 
D,, J" = 0. (1.10.4) 


Substituting into (1.10.2) the expression (1.9.30) and (1.9.32) for the Lie 
variations 6, A; and 5, y, we find 


J” = —8x!r" oD, x", (1.10.5) 


where the canonic energy-momentum tensor has the form 
n 


. ag 
rT, = 25) +——— Dip 


+ ——— D,A,, (1.10.6) 
0(9n¥) 0 (0,A;) 


und the spin tensor is 


ag 
7% =—__ 4, (1.10.7) 
0(0,Ax) : 
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Substituting the expression for the current (1.10.5) into (1.10.4) gives 

D,,J" = ~6x,D,7"! — [r”! + D, G'*"] D, 8x; 

~ 6 "*D, Dy, 5x, = 0. (1.10.8) 
By the Killing equations, we have 

D,D,5x,= 0. (1.10.9) 
In a Galilean coordinate system, (1.10.8) has the simplest form 

~6xX,0_77! — [77 + 0,07 *"] 0, 5x, = 0. (1.10.10) 
In a Galilean coordinate system, the Killing equations 

0;,5x; + 0;5x;, =0 (1.10.11) 
have the general solution in the form of a linear function of x! 


5x, = 6; + wx", (1.10.12) 


where €; is a constant vector, and w,, is the skew-symmetric matrix ol 
order four 


Wi + Wy = O. (1.10.13) 
Substituting into (1.10.10) the displacement of the form 

5x) = €), (1.10.14) 
we have 

0,77 =0. (1.10.15) 


Similarly, for displacements of the type 


6x, = Wx” (1.10.16) 
we have 
(r+ 3,05 *")w, =0. (1.10.17) 


The tensor w,, being skew-symmetric and arbitrary, we find that the 
quantity 


rag glikn (1.10.18) 
is symmetric in indices” and/. Hence 

rt _ gins a, (Gb kn _ gn kl), (1.10.19) 
Introduce the notation 

HK = giv kn _ gms kta _pyink (1.10.20) 
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We now find the quantity that is antisymmetric in indices k andn 
gi kn = - (HME 4 ppnkl _ pp kiny. (1.10.21) 
According to Belinfante, we will then find 


! 
Tht = _nl + 5 ORM + HO — HE), (1.10.22) 


\ubstituting the expression (1.10.7) for the spin tensor into the defi- 
nition (1.10.20), we obtain 
ox ax 
Hk = —______ 4! _ —_____ gn (1.10.23) 
0(0xAn) 0(0xA;) 


lt can easily be seen that by (1.10.19) and (1.10.20) the energy-momen- 
lum tensor obeys the conservation law 


0,77 =0, 90,7" =0 (1.10.24) 


and is symmetric. 

We now show that the Belinfante tensor is nothing else but the 
Hilbert energy-momentum. The Hilbert tensor can be found either by 
‘omputing the Euler variation in metric coefficients (to this end, it is 
necessary to write the density of the Lagrangian in the curvilinear coor- 
dinate system), or, using the expression for the canonic energy-momen- 
(um tensor and the spin tensor, by formula (1.9.49). The second tech- 
wique can be realized while still remaining in a Galilean coordinate system. 
Ihe Belinfante method, as we will see, is the construction of the Hil- 
bert tensor in this way. Indeed, we have earlier obtained in (1.9.47) and 
(1.9.49) the weak conservation laws, which, if we raise the indices on 
the tensors and change to a Galilean coordinate system, can be written as 


0,7 =0, Te —r*!=a,0'P*, a,7*'=0. (1.10.25) 


(he Hilbert energy-momentum tensor T*! is symmetrical by the defi- 
nition (1.9.38). By the second equality the quantity 


gkly apalipk = TK! (1.10.26) 
ia symmetric as well, and hence 

pel pik = 9 (gli _ gkiply, (1.10.27) 
Denoting 


H*!P = ghiPk _ gkipl (1.10.28) 
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we find 
1 
giPk = 5 (HEP + AP! _ pypiky (1.10.29) 


Substituting this expression into (1.10.26), we will represent the Hilbert 
tensor in the Belinfante form 


1 
1 iad _ 7k + 5 On [H*!P + AP! — HP®) . (1.10.30) 


In a Galilean system of coordinates the expression (1.9.41) for the ca- 
nonic energy-momentum tensor has the form 
ag 
0,9 + ———— 0,A,. 1.1031 
aw) OA Gast 
Comparing (1.10.22) with (1.10.30) and taking account of (1.10.31) 
and (1.10.23), we see that the Belinfante tensor is nothing else but 
the Hilbert tensor in a Galilean coordinate system. 

Let us come back to the foundations of the theory of relativity. 
Unfortunately, there is much confusion in the literature concerning these 
issues. It is our aim here to clarify the picture and at the same time to 
expand the applicability of the special theory of relativity. We have 
already broached some of the questions earlier in the book. 


kK _ k 


1.11. Coordinate Velocity of Light 


We will now determine the coordinate velocity of light. It is well known 
that the motion of a light signal is described by the isotropic interval 


ds? =0. 
Introducing the notation 
dx® 


dt 


for the coordinate velocity of light and considering that the tensor in- 
dices of this velocity are raised and lowered using the tensor K yg (1.4.14) 


Ug = Kggv, v* =Kggv%V®, 


we will represent the interval for this case as 
2 


2 Soa” 2 
C“|V800 Ft —u* =0. (1.11.1) 
CV S00 
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Writing the velocity vector v% in the form 


v™ =ve™, (1.11.2) 
where e° is the unit vector in the direction of the velocity v%, 
Kapere’ = 1, (1.11.3) 
we will have by (1.5.1) 
Soae™ v 


v=C Soo + 
E00 c 


Solving this equation for uv, we obtain 


Cc 
_CNVS00 (1.11.4) 
_ Soae~ 


V S00 


The magnitude of the coordinate velocity is thus dependent on the 
metric coefficients and also on the direction; the expression in the de- 
nominator (1.11.4) is always positive and it does not vanish. 

To see this, we multiply Kgg by e%e® By the definition (1.11.3), 
this is unity. On the other hand, we will have 


_ ap a,B Soae™ ° 
] =Kgge'e” =—S,ge°e" + | ——— | - (1.11.5) 


V 800 


For permissible coordinate systems, the quadratic form g,,dx Ax 
and hence the quadratic form Bypere? , is negative definite 


agente’ < 0. (1.11.6) 
From (1.11.5) and (1.11.6) we will then get 
VE 


In consequence, the denominator in the expression (1.11.4) never 
vanishes. 

When the metric coefficients g;, are constant, the velocity v will 
wlso be constant, though different for various directions of motion in 
space. It was using this definition of the light velocity that Einstein, 
Pauli, Reichenbach, Mandelshtam, and others, accomplished clock 
synchronization at different points of space in the inertial frame of 
reference. We see that the synchronization, defined in this manner, 


v= 


2 
| =1+g,,e%e? < 1. 
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depends on the choice of a coordinate system of space-time in an inet. 
tial frame of reference, and therefore is an event of no physical import. 
tance whatsoever. In Galilean coordinates this velocity is c and doc 
not depend on the direction of the motion in space. Stressing this cir. 
cumstance, Pauli wrote about the postulate of the constancy of the 
velocity of light [19]: “Any universal constancy of the velocity ol 
light in a vacuum is out of the question, if only because the velocity 
of light is only constant in Galilean frames of reference*.” But this 
conclusion is based on the definition, as we now see, of the coordinate 
velocity of light, rather than the physical velocity of light. Now then, 
we cannot make any inferences from nonphysical concepts. How can 
one possibly define the concept of physical velocity, specifically, o! 
the physical velocity of light? 

To do so, we will need to know, first, the distance between points A 
and B in space and, second, the length of time needed for a signal to 
come to B from A. But to determine both requires a knowledge ol 
space and time or, more precisely, a knowledge of the geometry ol 
space-time, which only became possible after Minkowski had discovered 
his pseudo-Euclidean geometry of space-time. Up to now, however, Min 
kowski’s discovery has been interpreted formally or misunderstood, 
which in turn obscured relativity theory. Testimony of this is to be 
found in a host of textbooks, monographs and treatments of various 
authors. 

We have earlier (see (1.4.12)) derived an expressiv. of physical 
time in terms of the coordinate variables of space-time 

a 
dr = dt./Zoo + Soa 
CV S00 


Similarly, we have expressed (See (1.4.13)) the infinitesimal distance 
between two points in space through space variables 


dl? = (~t.5 + Sete) dx%dx8. 


&00 
Hence the physical velocity is 
_ dl 
= a ; 


For a light, signal the interval is zero, and so the physical velocity of 
light in an inertial frame of reference in any permissible systems of 


*Here Pauli, following Einstein, has in mind Galilean coordinates. 


Space and Time 83 


coordinates of space-time is always c and is independent of the direction 
of motion, i.e., 
dl 


=—” = C 


dt 


It follows that the postulate of the constancy of the velocity of light, 
as we have established, is valid in an inertial frame of reference always, 
irrespective of the choice of permissible coordinates of space-time. 
The fallacy was thus due to the fact that the treatment dealt with the 
coordinate velocity of light, not the physical velocity of light. In the 
special case of Galilean coordinates the coordinate velocity of light 
coincides with the physical one. In any other coordinates in an inertial 
reference frame the physical velocity of light is always dissimilar with 
the coordinate one. The latter, generally speaking, can be as large as 
you like. 

The definition of the physical velocity of light which follows from 
the pseudo-Euclidean structure of the geometry of space-time enables 
us uniquely to synchronize clocks at different points of space in an iner- 
tial reference frame in any permissible coordinates of space-time. It is 
the introduction of the physical velocity of light instead of the coordi- 
nate one, which was nearly always involved in calculations, that com- 
pletely removes all questionsof ambiguity that have allegedly emerged 
earlier in describing physical events. And so the postulate of the con- 
stancy of the velocity of light can be formulated in an inertial frame of 
reference in any permissible coordinates of space-time as a special con- 
sequence of the pseudo-Euclidean structure of space-time on the basis 
the concept of the physical velocity we have just introduced. But even 
formulated this way, this pcstulate has a limited meaning since in an 
arbitrary (accelerated) reference frame it does not hold true, although 
physical phenomena can be described in any reference frame, since 
relativity theory is a theory of space-time. It is thus obvious that the 
postulates of the constancy of the velocity of light in principle do not 
allow us to venture beyond the domain of inertial reference frames in 
the special theory of relativity. 

On the other hand, the idea of the pseudo-Euclidean geometry 
of space-time is more general and fundamental. It affords a unified 
approach to the formulation of physical laws in inertial and noninertial 
(accelerated) systems alike, thereby extending the scope of the special 
theory of relativity. This is however not only of fundamental but also 
of applied value. Let us trace the history of the question. 

In 1907 Einstein [8] analyzed gravitation: “... in what follows 
we will also assume the total physical equivalence of gravitational field 
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and the corresponding acceleration of a frame of reference.” He goes 
on the expand on the idea, which he formulated as the equivalence 
principle, and writes in 1913 [8]: “Conventional Relativity only permits 
linear orthogonal transformation.” In his next paper of the same year 
[8] he writes: “In the original relativity theory the independence of 
physical equations of the special choice of a frame of reference is based 
on postulating the fundamental invariant ds* = Xdx?, and we have to 
I 


construct a theory (he means the general theory of relativity — A.L.) 
where the role of the fundamental invariant is played by the linear ele- 


ment of the most general type ds* = D g;,dx,;dx,.” Einstein proclaims 
i,k 


the quantities g;, to be characteristics of the gravitational field. These 
views of Einstein’s on the special theory of relativity narrow down its 
scope dramatically. This alone goes to prove that Einstein failed to grasp 
the profound physical content of Minkowski’s discovery. 

As we know, Poincaré and Minkowski discovered pseudo-Euclidean 
geometry and established the unit of space and time. This suggests that 
the interval between events in an arbitrary permissible system of coor- 
dinates of space-time can in the general form be written as 


ds? = ¥ g,,dx'dx*. 


In the special case of Galilean coordinates we have 
S$. =C7(t2 — t1)? —(%2 — ¥1)? —(¥2 — 1)? —@2 - 71)’, 


or, in the differential form, 
ds? =c?dt? — dx? — dy? — dz’. 


And so in the special theory of relativity we no longer deal with postu- 
lation of the interval in the form 


ds* = Ydx?, 
i 


as Einstein believed, but rather with the pseudo-Euclidean geometry of 
space-time given by the interval] 


ds* = g., dx'dx* 


with the metric tensor g;, for which the Riemannian curvature tensor 
Rixkim is zero. Why then has Einstein failed to see this? This seems to 
be due to the fact that he perceived the special theory of relativity 
only through the postulate of the constancy of the velocity of light in 
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Galilean coordinates, and he identified accelerated reference frames 
with gravitation on the basis of the equivalence principle. Even in the 
current literature we often encounter misunderstandings of Minkowski’s 
discovery, and hence of the essence of the special theory of relativity. 
Without creative assessment of even great inheritance of the past science 
simply cannot exist. This truth is perfectly well known, though not 
always followed, since this requires much time and effort. After all, 
it is simpler just to retell than to rework. It is especially important to 
study fundamental works, because in them one can trace the inception 
and evolution of great ideas. 

As I have already mentioned, one should generally distinguish two 
types of quantities: coordinate and physical ones. Coordinate quanti- 
ties are sensitive to the choice of the coordinate-time grid used to de- 
scribe an event. They are defined by a definite measuring technique. Physi- 
cal quantities are quantities that are objective characteristics of space, 
time and matter. Therefore, to construct physical quantities, along with 
coordinate quantities it is necessary to employ the metric tensor of 
space-time, which permits to get rid of arbitrariness in the choice of 
coordinates. So, for instance, the physical quantities dr and d/?, given 
by (1.4.12) and (1.4.13), are independent of the choice of a coordinate 
system in a given inertial reference frame, since they are invariant with 
respect to a group of transformations (1.9.1). 

It is to be noted here that when describing a phenomenon we for 
the most part chose the coordinates (x, y, z, t) arbitrarily, based or the 
choice of a coordinate-time grid. In other words, the choice is based on 
the arithmetization of points in space-time, just as on a conventional 
plane we can introduce various systems of coordinates: oblique-angled, 
curvilinear, or even Gaussian. 

It should be stressed, however, that the procedure of constructing 
a coordinate grid, ie., placing into correspondence to cach point in 
space-time of a set of four numbers (x, y, z, ¢) is an operational one. 
It presupposes an arbitrary, although definite, choice of the physical 
way of arithmetization of space-time. 

It is important to note that, although the coordinates are chosen 
in an arbitrary manner, they must be permissible, i.e., they must allow 
the corresponding coordinate system to be realized using real physical 
processes. To do so, it is necessary that the component go of the met- 
ric tensor be positive, and the quadratic form constructed using the 
space components gy. of the metric tensor be negatively definite, i.c., 


800 > 0, 
°° (1.11.7) 


Bygdx*dx® < 0. 
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For the latter condition to hold, it is necessary and sufficient, 
by Sylvester’s criterion, that 


&11 812 813 


&11 812 
811 < 0, g g > 0, 821 822 8&23| < 0. 
7h 822 831 832 833 (1.11.8) 
We also note that, by conditions (1.11.7), the quadratic form 
dx 2 
Kapdx %dx? = yg ax dx? + (oadx ) (1.11.9) 
§00 


will at all times be positive definite, and so the determinants 


K K Ki, Kya Ky3 
11 Ki2 
Ay, =Ky;, 42,= , Ag = | Ky2 K22 Kg 


Ki12 K22 


K13 K23 K33 


will also be always positive, ie., A; > 0, A, >0, A; > 0. This enables 
us to carry out the following transformations 


1 
dx'! = Kade” 
VA) 
dx? =f D2 yr 4 Masti Kiakia) oy 
A; V4241 
A 
dx’? — dx}, 
A 


where dx’~ in a Riemannian space are not total differentials. This trans- 
formation reduced the quadratic form (1.11.9) to diagonal form 


dl? =k dx “dx? =(dx'!)? + (dx’?)? + (dx'?)’. 


To summarize, when we assumed that unified space-time features pseu- 
do-Euclidean geometry and considered coordinate systems accordingly, 
we could cast a new glance at the principle of relativity and, most impor- 
tant, substantially expand the applicability of the special theory of 
relativity. 
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1.12. Generalized Inertial Reference Frames 
Let us consider now an arbitrary linear transformation from Galilean 
coordinates (X, Y, Z, T) to some coordinates (x, y, z, f) 
T = aot ta,xX +azny +a3Z, 
X = gt tasx tagy +a7Z, 
Y = dgt tagX tayoy +412, 
Z = Qyot +a,3X tay4y + ay 52. 


(1.12.1) 


Without loss of generality, we require that the space axes of the 
new system (x, y, z) be orthogonal to one another. Then, up to a turn 
of the space coordinate system, transformation (1.12.1) will be equiva- 
lent to the transformation 


T = qxtpt, X = axtodt, 
Y=y, Z=4Z, 


where a, b, p, g are some constants. 
Taking differentials of the right- and left-hand sides of the relations 


and substituting into (1.2.13), we get 


(1.12.2) 


ds? =c* go dt? + 2089, dtdx +g) ,dx? — dy? —dz?*, (1.12.3) 
where 
, b? ab 
Soo =~ P ~ “7° 801 ~ ©\ PA-~ “ZY 
c Cc 
&11 = c?q? —a’, 822 = §33=-1. (1.12.4) 


For the transformation (1.12.2) to be permissible, we must ensure 
that the following conditions are met: 


2 
p?>—-—>0, c’q’?-a’<0. (1.12.5) 
c 


Metric (1.12.3) desctibes an arbitrary. inertial frame with coordi- 
nates that are slightly different from Galilean ones. 

We now define the coordinate velocity of a light wave. For the 
wave the interval is zero. 

We now introduce the notation 


dx dy dz 
U U 


for the components of the coordinate velocity of the light signal. Expres- 
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sion (1.12.3) then becomes 
£11(u~)? + 2cgo1U* +c7S90 — (v”)? — (v7)? =0. 
Solving this quadratic equation for v~ gives 
2 (v7)? +(v7’ 
—801 + V 801 — 811] 800 — ——-_ 
C 
&11 


We have thus two roots: one positive and one negative. If the light signal 
travels along the x-axis, the expression is simplified 


‘ —801 — V8b1 — 800811 


Cy =e — >? 0; 
&11 
A (1.12.6) 
—§ V 801 — §008 
C =e 01 01 00811 < 0, 
&11 


where c, is the coordinate velocity of light along the positive x-axis, 
c, is the coordinate velocity of light in the opposite direction. 

The magnitude of the coordinate velocity of light, as we have 
seen, is defined by (1.11.4), and the unit vector e~ obeys (1.11.3). In 
the case at hand the components of the metric tensor that enter into 
these expressions are | 

801 


; £00 
801 FO, B00 > 0, Ka2= 1, K33=1, Kag =O, at B. 


8o2 = 0, 803 = 0, Kia = —811 + > 0, 


Substituting these into (1.11.3) gives 

Kis(e!)? + (2)? +(e3)? = 1. 
Therefore, the unit vector e~ for the velocity of light will have the com- 
ponents 


sin 6 cos 
el = a— e? =sin@siny, e°? =cosé. (1.12.7) 


Ky4 


From (1.11.4) we can now find the magnitude of the coordinate ve- 
locity of light to be 


CV 
y= ——“VSo0 (1.12.8) 


i_ 


) 


01 . 
— sin@ cosy 
So0K11 
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Since the quantity 291://ZooK11 is always less than unity, in the space 
of velocities the expression (1.12.8) describes an ellipsoid of revolution 
(see Fig. 2). The cross-section of the ellipsoid by the xy-plane (@ = 7/2) 
has the shape of the ellipse 


CV 800 


§01 
| — —— cosy 


V800K11 


with the eccentricity e = 89,;/V8ooK11 < 1 and the parameter p = 
= CV 209; and the cross-section by the yz-plane (y = 7/2) is the circle 


of radius v=cvV/ 200. 


Fig. 2. The ellipsoid of the coordinate 
velocity of light 


Y 


Therefore the magnitude of the coordinate velocity of light in any 
direction is determined by the metric of space-time. 
In the general case of an inertial coordinate system we have 


C1 F-C2, 


i.e., the velocity of light along the positive x-axis is unequal to the ve- 
locity of light in the opposite direction. 
It follows from (1.12.6) that 


&01 » 00 
Cy +¢C, =—2c —>» C1C2z =C  —: 
&11 &11 
fence 
c? 1 1 
811 = S00, 2801 = C800 — + — }: (1.12.9) 
C1C2 Cy C2 


Therefore, by expressions (1.12.7)-(1.12.9), the components of the 
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coordinate velocity of light uv = ve“ can be written as 


' 2€1C,Sin 8 cosy 
UV = ae, 
Cy — C, + (cz +1) sin cosy 


5 CV £o0Sin 8 siny 


v* = ’ 
C4 +Cy . 
+ ———— sin 6 cosy 
C2 — Cy 
CV 890C0898 
y= —______—__.. (1.12.10) 
C2 +C, ; 
1 + —— sin@ cosy 
Cy —Cy 


We can see from (1.12.10) that the values of the coordinate velocity of 
light in the forward (0 = 05, y = Yo) and back (0 =17—-859, p=Yo +7) 
directions are in the general case unequal. In particular, at 09 = 7/2, 
Yo = 0 in the forward direction we have v' = c,, and in the opposite 
direction v! =c,. 

Making use of the relations (1.12.9) between various components 
of the metric tensor we. can write the expression (1.12.3) for the inter- 
val as 


73 ; 1.1 dx? 
ds =C 800 dt —{— + — dxdt + 
Cy C2 C1C2 


— dy? — dz’. (1.12.11) 


Interval (1.12.11) describes a sufficiently arbitrary inertial system, 
in which the coordinate velocities of light in opposite directions are in 
the general case unequal. For the case of the equality c; = —c, =c, the 
interval (1.12.11) assumes the Galilean form (1.2.13). 

To sum up: in an arbitrary interval reference frame Einstein’s 
postulate of the constancy of the velocity of light (as formulated by 
him) does not hold, but nevertheless this circumstance has no influence 
on the possibility of describing physical reality in these frames. To be 
sure, knowing the pseudo-Euclidean structure of space-time, as we have 
seen, we can give a general formulation of the postulate of the constancy 
of the velocity of light in an inertial frame of reference and for any 
permissible coordinates of space-time. 
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1.13. Transformations Between Different Generalized 
Inertial Frames 


Consider some inertial frame of reference in which the interval has the 
form (1.12.11). We will now find an eigengroup of coordinate transfor- 
mations such that they leave the metric form-invariant. 

As we know, in the case of the Galilean metric (1.12.13) this eigen- 
group, i.e.,a group of coordinate transformations with a Jacobian equal 
to +1, is a ten-parameter one and includes three eigensubgroups, namely 
a four-parameter subgroup of translations of the time and space coordi- 
nates, a three-parameter subgroup of three-dimensional turns of the co- 
ordinate system and a three-parameter subgroup of Lorentzian rotations. 

We now show that in the case of the metric (12.11) there will also 
be a ten-parameter group of inertial frames of reference, such that in 
them the coordinate velocity of light is unequal to c and is direction- 
dependent. What is more, transformations corresponding to a transi- 
tion from one inertial frame to another in this group leave the metric 
form-invariant. Accordingly, all the equations in physics will in any of 
these frames have the same functional dependence on coordinates; 
therefore, no physical experiment can tell us in which of a given infinite 
collection of frames we reside at the moment. Description of various 
physical processes in these inertial frames yields results that coincide 
with experiment. 

To begin with, we determine the three-parameter subgroup of 
transformations that corresponds to the transition between different 
inertial frames of reference and that leave the metric form-invariant. 

Since in expressions (1.12.11) for the interval the x-axis is distin- 
guished, one should expect that the desired transformation would have 
the simplest form when the relative velocity of two inertial frames of 
reference is along the x-axis. Therefore, we first consider this special 
case, for it enables us, using the least cumbersome calculations, to show 
in the most graphic manner all the possibilities available here. A gener- 
alization to the case where the relative velocity of two inertial frames 
has an arbitrary direction is achieved trivially and provides nothing 
radically new. 

It is quite obvious that in this case the required transformation 
is linear: 


Xoid = Bnew t Dtnew, loid = GXnew + Plnew 


Yoid — YVnew> Zoid ~ Znew: 


(1.13.1) 


The requirement that the metric (1.12.11) be form-invariant under 
transformation (1.13.1) implies that under this transformation the 
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metric (1.12.11) must become 


2 
aAXnew 


ds? = 2g50| dt2ew — (—- + —)dtnewd + 
S C’S00| 2lnew fnew WX new 
Ci C4 C1C2 


_ dynew — dziew- (1.13.2) 


On taking differential of both sides of (1.13.1), we substitute them 
into the expression (1.12.11). A comparison of the resultant expression 
with metric (1.13.2) shows that the requirement of form-invariance is 
equivalent to the conditions that 


l 
®,P,;=1, Q:Q0.= ee 
7 ? (1.13.3) 
Q:9, +Q.P, --(— + —): 
Ci C4 
where we have introduced the notation 
a a b 
Q,=q- » On=q--—> 0, =p- ; 
Cy C2 Ci 
b 
®, =p- —- (1.13.4) 
C2 


The solution of the system (1.13.3) corresponding to the transformations 
with a Jacobian equal to +1 has the form 


b, = ] 0, = P; 0, = l 
? ®, Ci ? CP, 


Finding from (1.13.4) and (1.13.5) the parameters a, b, p, gq and substi- 
tuting them into (1.13.1), we will have 


LG — C2 Pi) Xnew +0102 (Pj — 1) thew 


(1.13.5) 


Xold — 


J 


Pi (Cc; — C2) 
1 —?)x +(c,;P? —c5)t 
Ina = (=i) ¥new * (C1 Pi ~ C2) fnew | (1.13.6) 
Pi (cy — C2) 


Transformations (1.13.6) must describe a transition from one inertial 
frame to another, and so we have to require that some point in the 
“old” frame (e.g., the origin of coordinates) and the “new” frame 
would move with the. coordinate velocity uv against the x-axis ac- 
cording to the law x = —ut. 
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Substituting into the first of (1.13.6) xo;qg =O and Xpew = —Utnew, 
we will get 
Cy(utc 
p2 = £1 tea) 
C2(u+cr) 
Transformations (1.13.6) will then become 


Xnew + Ulnew 


Xo\d = } 
V(1 —v/e1) (1 + v/e2) 
U U UV 
(1 +— + —) 7 Xnew 
C1 C2 C1C2 
(gM IUOOEDOED=LD=IDWTTwrw>Dwro————————_ > 
V(1 +v/ce1) (1 + fez) 
Yold = Ynews ~~ =Znew- (1.13.7) 


The inverse transformations have the form 


VU VU 
( I+ + )X oid — Uloid 
Cy C2 


ee Jaren tien) 


U 
fold + X old 
C1C2 


bpew OL 
V(1 +u/ce,) (1 +0/e2) 


Ynew — Void? Znew — Zold: (1.13.8) 

Consequently, in the case of the metric (1.12.11) transformation 
formulas corresponding to transition between different inertial reference 
frames differ markedly from the Lorentz transformations. In the special 
case that c; = — cz =c, the transformations (1.13.7) and (1.13.8) change 
to the Lorentz transformations. It is also worth noting that if the direct 
and inverse Lorentz transformations are related rather simply by 
changing uv for — v, in the general case there is no such relation between 
transformations (1.13.7) and (1.13.8). 

Transformations (1.13.7) leave the expression (1.12.11) for the 
interval form-invariant and substitute for the Lorentz transformations 
in generalized inertial reference trames. In the case we have just consid- 
ered the relative coordinate velocity v (the parameter of the transforma- 
tion group) of generalized inertial frames was aligned along the x-axis. 
If the relative velocity of inertial reference frames has components along 
other axes as well, then the transformation formulas become markedly 
nore complicated. 
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For instance, if the relative (physical) velocity of inertial frames 
with parallel and similarly directed space axes has the components 
V = [V~, V”, 0], then transformations that leave the metric (1.12.11) 
form-invariant and that correspond to the transition between different 
generalized inertial frames will be 


Xold = 


2c Cy —C Vy? V2 
= | snow | - + — =) 


C2 —- C4 2c V? V2V1 V2] 
C1 +2 y~* 

, new | (cp —c,)V*V” ( 1 -1) 
V-811 2cV* V1 —V?/c? 


2c? Jl — V? |e 


+t pao = ( Vy ye ) 
new 4c y? v2, _ V? |e 
ci — ¢3 C10, V% | | 


4eJ1 —V7/e? ce? 1 — V? fe? 
V*V” 1 
you = V=8n | Sew pa | a | 


y? 1—V?/e? 7 
Ynew Vy Vy 
V- 811 ra a | 
C1 —C2 vy 
+ thew — 


2c V1 —V?/c? 


+ 


C1 + Cy y~ yy 1 
7 2 (SS - | ’ (1.13.9) 
2 V . / _ V? fc? 
2¢ | Xnew V~ Vnew V” 


load = OOOO SDD. DO. 
(cy —@)V1-V? Jc? 
C1 —C2 (Cy te.) V% 
+ fnew a, nn or ; 
Cc 2c 


Zold ~ Z2new: 
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At cy = Cc, = the transformations (1.13.9) go into corresponding Lo- 
rentz transformations 


y2 v2 
= — + 
Mots Koen | Ve v2.1 —V? fc? 
wy ew | 1 | _ Tew 
we | oe | ae 
yay ee? 
oid = Xnew 73 SF 
y? y? VT 
+ Yoow os | Trew 
V V2S1 — V2 /e? V1 —V?/c? 


XnewV~ + YnewY” +¢? Trew 
Told = —  —STStt~—<is—isWN ’ Z.=ZLnew- 
c*V1—V"/e 

And so in the general case of arbitrary inertial reference frames 
there exists a three-parameter (whose parameters are three components 
of V) subgroup of coordinates transformations that leave the metric 
form-invariant and that correspond to a transition from one inertial 
frame to another. 


1.14. Translation and Rotation Subgroup 


' 


We now show that in generalized inertial frames there exist subgroups 
of translations and three-dimensional rotations under which the metric 
(1.12.11) remains form-invariant. 

We can easily see that with respect to the subgroup of translations 
of the time (i = 0) and space (i = 1,2, 3) coordinates 


Xo1d = Xnew +a! (1.14.1) 


by a constant vector a‘ the metric (1.12.11) remains form-invariant. 
Indeed, from (1.14.1) it follows that 

AX o14 = AX pew: 
Using this and considering that the components of the metric tensor 
in (1.12.11) have no explicit dependence on the coordinates, we can 
rewrite the metric in form (1.13.2), which proves that it is form-invariant 
under the transformation (1.14.1). 

We notice further that the metric (1.12.11) in the yz-plane coincides 
with the metric of a Euclidean plane and so we conclude that the metric 
(1.12.11) also remains form-invariant under rotation of a three-dimen- 
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sional system of coordinates about the x-axis by an arbitrary constant 
angle. 

Let us find further two transformations that describe in the same 
generalized inertial reference frame rotations about the y- and z-axes 
by arbitrary constant angles such that they leave the metric (1.12.11) 
form-invariant. A rotation about an arbitrary axis in a generalized inertial 
reference frame will be described by a corresponding product of rota- 
tions about x-, y- and z-axes taken in a definite order. We also note 
that we just have to find the transformation of rotation about one 
of the axes, say, the y-axis, since by a rotation about the x-axis we can 
always achieve a coincidence of any rotation axis in the xy-plane with 
the y-axis. 

It is common knowledge [14] that the most general transformation 
or coordinates under which the reference frame does not change has 
the form 


x'% = f%(XP), xe" = HOOF x), 


The problem being symmetric, we write the required transformations 
of coordinated as 


Xoid =F (XnewZnew)s Zold = POnew: Znew)s 14.2) 


lold = V (tnew>*new> Znew)s Void ~J new: 
Since in this case the components of the metric tensor (1.12.11) have 
no explicit dependence on coordinates, the conditions for the metric 
(1.12.11) to remain form-invariant under the coordinate transformation 
(1.14.2) will, by the tensor law of the transformation of the metric 
tensor 


l m 
OXo1d Ox old 


c 
Si (Xnew) = Eim (Xold (Xnew)) 


OXnew OX new 
take the form 
Foo — VY? 800 , 
Bo. = CVV 800 + VF, 801, 
0 =cU WV, 00 + VF, 801, 


(1.14.3) 
811 =C7 W? go + 2cW, Fy 801 +8117 % — PY, 


0 =c? WW. 200 +c(W,F, + WV, Fy) 801 +211F,F, — ’,®,, 


—1 = 07 W2 go9 +2c¥, 801 +811 F2 — &, 
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where we have introduced the notation 


ov _ of _ ow 
 Atnew  * new” Anew | 
F. = oF B= oF | 
OX new OZnew 
_ 0 _ Oo 
* OXnew OZnew 


From the first of (1.14.3) it then follows that 
VY =thew tU(Xnew>Znew): 


‘rom the second and third equations we have 


u,=—F, £01 
CE00 
w= 1 F,). (1.14.4) 
C£00 


Substituting these into the fourth and sixth equations, we obtain 


2 
§01 
v-2V/1—F2( -a1). 


£00 
/ £o1 

®,=+ (1 -FD(e -a). (1.14.5) 
00 


rom (1.14.4) and (1.14.5) the remaining equation of the system 
(1.14.3) then becomes 


2 
F? -1 +F2 ( S01 =#11 )=0. (1.14.6) 
§00 
We will seek the solution of this nonlinear differential equation by the 
Lagrange — Charpy method. 
Introducing the notation P,= F’,, P, = F, and compiling the char- 
ucteristic system corresponding to the equation (1.14.6), we will obtain 


aX new _ dZnew dF aP, dP, 
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It follows that P, and P, are constants, i.e. 
F,.=P,; =a=const, F, =P, == const. (1.14.7) 


Constant P,; and Pz are not independent, however; substituting 
(1.14.7) into (1.14.6) gives 


2 2 £51 2 
l—a’ =8 2 — 811 )=B° Ky. 
00 


This relation will be valid if we assume that 


From (1.14.7) we then find that 


_ ZnewSin q 
F=+tXpjewcosq + ———— +X. 
Ky 


Since we are not interested in the inversion of the sign of the coordi- 
nate and in three-dimensional translations, we have 


Zz sin 
F =x ewC0S q — Jnewst (1.14.8) 


VKi1 


Substituting (1.14.8) into (1.14.4) and (1.14.5) and solving them ina 
similar manner, we obtain 


DP =XnewVKi1 SING +ZnewCOS Q, 


8o1S8in q 


CBo0VK11 


Transformations of rotation about the y-axis, such that the metric 
(1.12.11) remains form-invariant, will thus be 


_ S01 
u -Xnew (1 — cosq) + Znew 
CS00 


8 01 &o Sin q 
lold = lnew + Xnew (1 — COS q) + Znew ’ 
CE00 CooVK 11 
sin q 
Xold =~ XnewCOS I — Znew ’ 
Ki1 
(1.14.9) 


Zold ~*newVK1 1SiIN g + ZpewCOS q, 


Y old —Vnew- 
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The inverse transformations are given by 


S01 8o01Sin q 
(1 — cos q) — Z914 —————_, 
CRooVK11 


tnew =loid tXold 


sin q 
Xnew =XoidCOSG +Zo14 ——, 
Ki 
Znew = —XoidVK11SiNg +Zoyqcosq, 
Ynew ~Yold: (1.14.10) 


As is seen from the expressions (1.14.9) and (1.14.10), when the coordi- 
ate system is rotated about the y-axis, this transformation also influ- 
ences the coordinate time t,since the variables t and x are not orthogonal’ 
here. 

We have thus found by direct calculation that in arbitrary per- 
missible coordinates of a pseudo-Euclidean space-time there also exists 
a ten-parameter group of transformations under which the metric of 
this space-time remains form-invariant. 

It is hardly a surprise, then, since the presence or absence of such 
n group is wholly dictated by the structure of space-timeand is in no 
way conditioned by the choice of permissible coordinates. In any 
permissible coordinate system and with any arithmetization technique 
Minkowski’s space-time always remains plane and its curvature tensor, 
which characterizes the internal structure of space-time, will always be 
‘cro. 


1.15. Composition of Coordinate Velocities 


let us now establish the law for the composition of coordinate veloci- 
‘les under the transformations (1.13.8). Suppose, for instance, that in 
an old” coordinate system the components of the coordinate velocity 
uf a body have the form 


v* = dx/dt, 
v” =dy/dt, 
v” = dz/dt. 


We now find the components of the coordinate velocity of the 
hody in the “new” system, which moves relative to the “old” one with 
a coordinate velocity v. We will divide the differentials of the coordi- 
nates ax, dy, and dz by the differential dt. As a _ result, 
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we will have 


Unew 


dt new 4 vue 
C1C2 
U v 
; V(r )+2) 
Y C1 C2 
Unew =o eS, (1.15.1) 
Atnew 1+ UU 
C1C2 
v v 
IED 
ry _ dZnew _ Ci C2 
new dt new 14 UUe , 
C102 


We are thus led to conclude that the law of the composition of the 
coordinate velocities (1.15.1) in transition between different reference 
frames (1.13.8) differs markedly from that for the Lorentz transforma- 
tions, although at c} = —cz = c the laws coincide. We also note that 
the velocities c; and c, are limiting velocities of motion along the 
positive and negative x-axis, respectively. Indeed, examining the first 


of (1.15.1) for extremum when cy > u> C2, we can see that voy, has 


a minimum at Vojq = C2 (C2 <0) and a maximum at Unew: = C1. More- 
over, it is of interest to note that on substituting into the first of (1.15.1) 


Void = C1 we will find that Unew = C1 as well. If we assume that votd = 


= .¢,, we will find new = C2. Consequently, in any inertial system 
(1.15.8) the coordinate velocity of light along the positive x-axis is 
c,, and in the opposite direction c2 , which was to be expected. 

We now consider the law of composing physical velocities under 
the coordinate and time transformations (1.13.8). We will denote the 
physical velocity by V and the coordinate velocity by v. 

As we have already mentioned, the components of the physical 
velo. ity are determined through the ratio of the physical time (1.10.12) 
and the physical distances (1.10.13). Using the metric (1.12.11) we 
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find that in our case 
2 2 
ce“ (cz -— Cy) 


Ki1 =800 , Ka2 =1, K33 = 1, 
4(c;c,)° 
801 =— (c; +C2)Z00. (1.15.2) 
2€1C2 
We can then write the expression 
dl ~* /K1 10x V/K11U~ 
V*= oe NN (1.15.3) 
aT &o idx §01U 
dt/Zo0 + £00 + 
CV 800 £00 
in the form 
Cy — C; )u~ 
ek (1.15.4) 
2€1C2 —(c, +c2)v* 
Solving this for v* gives 
2€1C2 V x 
v~ = (1.15.5) 
c(cz —¢,) +(cy +e.) )V~ 
Similarly, from the expressions 
y y 
yy = dl = 
dt (c; +c2) 
V800 1 — ——— _u* 
2¢1€2 (1.15.6) 
dl? U" — 
V2 =— — 
dt 


Véoo | 1 


we can find the remaining components of the coordinate velocity 


c(c2 — C1 W800V ” 

[(e, +e.) V* +e(e, —¢1)] 
c(cz — C1) V800V" 
ye (C2 ) VEo0T (1.15.7) 

[cr +e.) V~* +e(c2 —c1)] 
Suppose now that a body in the “old’’ reference frame has a physi- 
cal velocity V,;. We would like to find the physical velocity V2 in 
n “new” frame that travels along the x-axis with a velocity V rela- 
tive to the “old” one. 


(Cc; +¢2) ‘| 
—————v 


2C1 C2 


y= 


? 
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It follows from the expressions (1.15.4) and (1.15.6) that the 
components of the physical velocity V(2) are related to the compo- 
nents of the coordinate velocity v2) by 


c(c2 - C1) ¥(2) 


V 02) ON? 
2¢1C2 —(c1 +2) U(2) 
v(2) 
Yow 
V2) = (1.15.8) 
x 
V8o00 | 1 —-——_ vi | 
2€1C2 
Zz 
Zz U2) 
VQ) - Cy +C2 x 
V£00 | | U(2) 
2€1C2 


On the other hand, the components of the coordinate velocity w2) in 
the “new” reference frame are related to the components w) of this 
velocity in the “old” system by (1.15.1). If now we substitute (1.15.1) 
into (1.15.8), take into consideration the relations (1.15.5) and (1.15.7) 
between the components of the coordinate velocity wy) and physical 
velocity V¢,), and recall that 


dx 20102V 
y= —-——ee = — (1.15.9) 
dtnew [(cy +e, V +e(c, —c)] 
we will obtain formulas for composing physical velocities 
x 
x _ Va) + V 
V2) = VVe. 
(1) 
oe 
y _ kini- Vc? 
Vi2y = = ; (1.15.10) 
VV) 
1+ 
c 
z Vayvl —V? fe? 
(2) = yx 
1+ ray 
c? 


We thus find that physical velocities are composed here in the same 
manner as in the coordinate system where the metric is diagonal. Con- 
sequently, we see that, although a description can be given in arbitrary 
coordinates and it differs somewhat from the case of the diagonal metric, 
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for physical quantities we will at all times have expressions that coin- 
cide with that case. 

Further, it follows from (1.15.4) that the physical velocity of light 
along the positive x-axis (v* = c,, v® = v’ = 0) has an absolute value 
equal to the opposite velocity (v* = c2, v” = uv’ = 0) and coincides with 
the electrodynamic constant c. 

We also note that although the coordinate velocities of bodies can 
have arbitrary magnitudes (but not higher, of .course, than the coordi- 
nate velocities of light c,; and cz), the physical velocities can never be 
higher than c,i.e.,V<e. 


1.16. Examples of Generalized Inertial 
Reference Frames 


Consider some examples of generalized inertial frames. As we have seen, 
to construct a generalized inertial reference frame we should change 
from Galilean coordinates (7, X, Y, Z) to new coordinates (ft, x, y, Z) 
related to the Galilean coordinates by the relations (1.12.2). Since 
(1.12.2) is a linear transformation, in the general case it describes the 
rotation of the x- and ft-axes in the X7-plane. After the rotation the 
x-axis may end up nonorthogonal to the t-axis. And so rotations of either 
of the x- and t-axes in the X7-plane in an arbitrary manner through 
angles that need not be equal are generators of the general transformation 
(1.12.2), therefore it would be instructive to consider the transforma- 
tions separately. 

(1) Rotation of the x-axis without changing the orientation of 
the t-axis is described by a Galilean transformation 


X=x-ut, T=t. (1.16.1) 
The components of the metric tensor can be derived from (1.12.4), 
if we take into account that in our case p =a=1,q =0,b=—u We thus 
have 

2 u 
Boo =1—~Z 811 = £22 =£33 =—1, for (1.16.2) 


The -condition for the transformation (1.16.1) to be permissible will 
then be 
2 


foo =1-— >0. 
c 


Hence the limitation on the value of the parameter that appears in 
(1.16.1). 


ur <c’. 
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Using the expressions (1.16.2) for the components of the metric 
tensor, we then find from the relations (1.12.6) the values of the 
coordinate velocity of light along the x-axis and in the opposite 
direction 


C1; =c tu, C2 =-—CcCtU. 
If for definiteness we put u > 0, we will then obtain by the condition 
2 2 
ue <c 
2¢>¢C;2c, 0>ce,2-C¢. 


Coordinate transformations under which the metric tensor (1.16.2) 
remains form-invariant and which correspond to a transition from one 
inertial frame to another will then assume the form 


uV u? 
1 +—> }Xoi t1 1 -— —> ) Mtoia 
C C 


xnew © Oo 
V1 —V? /e? 


t ee =>» 
new JI V2 /e2 


where V is the physical relative velocity of the two frames under con- 
sideration. 

(2) Rotation of the t-axis without changing the orientation of the 
x-axis in described by the transformation 


wx 
X=x, T=tt+—_. (1.16.3) 
c 
The components of the metric tensor will then be 
w w? 
800 =1, 8o1 = o! 811 = — 1 » 822 =833 = —1.(1.16.4) 


The condition for the transformation (1.16.3) to be permissible yields 
the inequality 


w? <c’. | 
From (1.12.6), the velocity of light along the x-axis will be given by 
¢? ¢? 
cy =——, a = - 


Cc —-W ctw 
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If we assume that w20, then 
6 
CSC < 00, —-—>C z= —C. 


2 


The coordinate transformations that leave the metric tensor (1.16.4) 
form-invariant and that correspond to transition from one generalized 
inertial frame to another will then be 


Vw 
L+—Z }*o1d + Vtoid 


Xnew — ’ 


V2 
1 
oe 
Vw w? 
I 2 [o +X, | 2 
tnew = = 
] __ 
Cc 


We are thus led to conclude that in an arbitrary inertial reference 
frame Einstein’s postulate of the constancy of the velocity of light in 
the forward and reverse directions does not hold, but nevertheless this 
in no way affects our possibility to describe physical processes in these 
reference frames. | 


1.17. Clock Synchronization at Different Points of Space 


(Consider clocks with the same rate of time flow located at diffe- 
rent points in space. To bring their indications into correspondence 
with each other they have to be synchronized. Synchronization using 
light signals was first suggested by Poincaré [15] and was later used 
by Einstein [4]. 

The process occurs essentially as follows. An observer at a point A 
ta time ¢ = ¢t, (by his clock) sends to another point B a light signal. 
The clocks at points A and B will be synchronized, if the clock at B is 
started by the arrival of the light signal, the initial indication of the 
clock t' must take into account the time of the propagation t, p of the 
light signal from A to B: t’ =f, +¢4,. But the clock at A cannot mea- 
sure the duration of the propagation of the light signal t, 5 from A to B, 
since the beginning of the process (the sending of the signal) and its 
end (the reception of the signal) occur at different points in space. 

We can use the clocks to measure only the duration of the process 
that begins and terminates at the same point, ¢g., the total time taken 
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by the light signal to travel from A to B and back: 


tapA ~tapttp, ln —-th, 
where the moments f = f, of sending the signal fram point A to point B 
and of its return t = t2 from B to A are timed according to the observer 
at A. 

Assuming the velocity of light in the forward and reverse directions 
is the same (t4 3 = tga), the clocks at points A and B will be synchro- 
nized if when the light signal arrives at B the clock there will show 


; ] 
tf =t, + 5 —t,). 


Without this assumption we will have 
t'=t, +€4 (to —t,), (1.17.1) 


where €,4 , is a parameter characterizing the fact that the velocities of 
light in the opposite directions are unequal, i.e.,O <eé€43 <1. 

Einstein [8] in 1917 admitted that the value e = 1/2 for clock 
synchronization is not obligatory, although in his works he used no other 
value. 

Later on, in 1928, Reichenbach (see e.g. [10]) returned to this 
issue and looked at the possibility of synchronizing clocks for e # 1/2. 
Since in the Einstein — Reichenbach. approach nothing predetermines 
the magnitude of the velocity of light in the forward and reverse 
directions, Reichenbach concluded that the choice of the quantity 
0 < e€ <1 is not predetermined as well, and it is rather a convention. 
This suggested that such mechanical concepts as simultaneity, and 
mechanics itself for that matter, are conventional in nature. 

These inferences are erroneous, however. As we have seen, the 
magnitude of the coordinate velocity of the light signal in various di- 
rections is no subject of convention, and it wholly predetermined by 
the choice of a coordinate system, i.e. of the metric of space-time. 
Therefore, the choice of the value of € in (1.17.1) will be totally pre- 
determined by the metric. On the other hand, if we take account of 
the metric, we construct physical quantities reflecting the behavior of 
space-time. 

Indeed, consider, for instance, the synchronization of clocks 
aligned along the x-axis in an arbitrary inertial frame of reference with a 
metric given by (1.12.3). Without loss of generality, we will think that 
X4 < Xp; then, light will propagate from A to B with the velocity 

+ /P, op 
1 = $21 *VE1 08H 9 (1.17.2) 
—~ 611 
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in the opposite direction with the velocity 
~ J, ~gookii 
5 = 20} 801 §00811 <0. (1.17.3) 
— 811 

Suppose that an observer at a time ¢; sent from a point A to a point B 
a light signal that was reflected there.and returned to A at t,. The world 
lines of these points and the light signal are represented schematically 
in Fig. 3. 


ig. 3. The world lines of the 
abservers and the light signal at 
clock synchronization 


The signal travels from A to B with a velocity dx /dt = cz. Since c, = 
= const, we can change in this expression from differentials to finite 


increments 


lap =Citap, 
where 1,3 is the distance covered by the signal as it travelled from 


point A to point B. 
Since 143 =lp4 =Xp —X,4, We Obtain from the above expressions 


Cc 
tap =—— tea. (1.17.4) 
Cy 


The total time for the light signal to cover the distance ABA is 


C2 — Cy C1 -- C2 
tgBpa —f2 —t1 =typttpa OO CAB TO tBaA- 
2 1 
Hence 
C2 
tap =—— (fr - 61), 
€2 —-Cy 

C1 

{RA = ———~ (ta — t1). (1.17.5) 


C1 — CoQ 
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By definition, the clocks at A and B will be synchronized, if at the 
moment the signal arrives at point B the clock there shows 
ti=ty +tap at) +éap(te — t1). 
Substituting into this the first of (1.17.5), we will obtain 
en) . 
€4B >= — :; (1.17.6) 
C2 — C4 
Likewise, we can find that 
C1 
€BA = 
Ci — C2 


It is easily seen also that when the velocities of light in the Opposite 


directions are equal, i.e., when c, = —c, we have 
l 
€AB ~ €BA ~ ~. 
2 


We would now like to find e for the special cases of inertial reference 
frames we have discussed in Section 1.16. 
For the. metric (1.16.2) the expressions (1.17.2) and (1.17.3) yield 


C, =ctu, Cy, =-ctuU. 


Therefore, from (1.17.6), 


] u 
Capiz ( ~ “), (1.17.7) 
2 Cc 
For the metric (1.16.4), we have from (1.17.2) and (1.17.3) 
c? c? 
Cc; = ? C2 = - : 
c—Ww ctw 


Then, by (1.17.6) 


| WwW 
EAB = ~(1 — ~). (1.17.8) 
2 Cc ; 


It follows from (1.17.7) and (1.17.8) that the parameter €, , is the same 
(up to notation) when clocks are synchronized in the above two 
absolutely different inertial reference frames. 

We next consider the synchronization of clocks aligned along some 
direction that is not coincident with the x-axis for the case of an arbi- 
trary inertial reference frame (see Fig. 4). To be more specific, we will 
take points A and B lying in the xy -plane. 
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We will denote the slope of the straight line AB to the x-axis by k, 
1.€., dy 
dx 


When a light signal travels along the direction AB, the interval (1.12.3) 
will be 


ds? =c*gy)dt? + 2cgy, dxdt + (g,; —k*) dx? =0. 


=k, |Ik|<o, 


From this, the projections of the velocity of light on the x-axis will be 


_ Zor tV801 + (kK — 811) 800 


Uix = > 0, 
* k* — gi, 
801 ~— V801 t(k? — 811) 800 
Vay = Cm 0. (1.17.9) 
kK* — 841 


Using similar arguments for clocks located along the x-axis, we ob- 
tain 


AX4p =Xgp-—X4q = Vyxtap = —V2xlBy. 
Hence 
— V2x . 
tAB = — [BA- 
Vix 


The total time interval it takes the light signal to travel from point A 


Dy ZR Xx 


Fig. 4. Clock synchronization along an arbitrary direction 


to point B and back will be 


_ _ Vix 
tapa = ty—-t, = tapttpa = tap 1 
2x 


From this relation we can express the time interval t4, through the 
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total time interval 


Using the definition 
' . 
t=t, t+tag=t, téegp(t, —%1), 


we will find the expression for € in this case 


UV 
€4g = ———. (1.17.10) 
U2x — Vix 


And so the choice of the value of € when synchronizing clocks at dif- 
ferent points of space is not subject of convention or some principle of 
relativity theory, but is rather a particular manifestation of the spe- 
cific choice of a coordinate system. 

Physical events can, however, be described in any other permis- 
sible coordinates. One should only remember that the coordinate velocity 
of light, the value of € at synchronization and also the relation of 
the coordinate quantities with physical quantities are completely deter- 
mined by the choice of the coordinates, and hence by the metric ten- 
sor of space-time. . 

Meanwhile, Einstein in formulating the theory of relativity did not 
analyze this connection, he rather pursued the nonunique way of syn- 
chronization proposed earlier by Poincaré. As a result, as we know 
now, Einstein’s postulate of the constancy of the velocity of light, 
ashe formulated it, reflected only a particular selection of coordinate 
systems, for it relied on the concept of the coordinate velocity of light. 
At the time, he did not realize that one could define the velocity o1 
light as a physical velocity only when there is a definition of length 
and time. We have also seen that the definition of time and length 
is bound to include the components of the metric tensor and the coor- 
dinate variables (see (1.4.12) and (1.4.13)). Einstein, as he noted in [16], 
understood this only in 1912. Galilean coordinate quantities coincide, 
Or are connected in a simple manner, with the physical quantities d7 
and dl?: 

dr=dtT, 


dl? =dX2+dY? +dZ?. 
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1.18. Generalized Principle of Relativity 


As we know now, Poincaré and Minkowski discovered that space-time, in 
which all physical processes occur, is a single whole and its geometry 
is pseudo-Euclidean. However this discovery divested the principle 
of relativity of its fundamental role and turned it into a particular 
consequence of the fact that all physical processes occur in space-time 
with pseudo-Euclidean geometry. This space-time retains its form- 
invariant metric under the transformations describing transition from 
One inertial reference frame to another, so making all inertial reference 
frames equivalent for the description of all physical events. Therefore, 
the fundamental role is now played by the geometry of space-time. 

We will now see that the statement that all physical processes 
Occur in space-time with pseudo-Euclidean geometry is much richer 
than the content of the principle of relativity, since this statement 
enables us to formulate the generalized principle of relativity that is 
valid not only in inertial but also in noninertial reference frames. It is 
to be noted in this connection that in the literature one often comes 
across the statement that the special theory of relativity is confined 
to description of phenomena in inertial frames of reference, where 
as to describe things in noninertial frames is the task of the general 
theory of relativity. , 

These statements are erroneous. If follows from Poincare’s and 
Minkowski’s fundamental discoveries (that the geometry of space-time 
where all physical processes occur is pseudo-Euclidean) that to describe 
physical phenomena we can make use of any class of permissible 
frames of reference, inertial as well as noninertial. Therefore, within 
the framework of the special relativity theory it is possible to give 
a complete description of physical phenomena even in noninertial 
reference frames. 

Since a transition between various reference frames does not change 
the geometry of space-time and it remains pseudo-Euclidean for any 
frame, inertial and noninertial alike, there exists a ten-parameter group 
of coordinate transformations under which the metric tensor remains 
form-invariant. In other words, in pseudo-Euclidean space-time for 
uny reference frame we can indicate an infinite set of other frames such 
that transformations between them leave the metric form-invariant. 

This implies that in pseudo-Euclidean space-time holds the gen- 
cralized principle of relativity, which can be formulated as follows: in any 
physical frame (inertial or noninertial) we can always indicate an infinite 
st of other reference frames in which all physical events happen simi- 
larly as in the original reference frame. So we have no, and cannot have, 
experimental means to tell experimentally in which of the infinite 
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set of the frames we really are. If then we define for an arbitrary per- 
missible reference frame coordinate transformations under which 
the metric remains form-invariant, we thereby find the entire infinite set 
of reference frames that are physically equivalent to the original one. 

It should be stressed that any physical process permits to deter- 
mine whether we are in an inertial or noninertial reference frame. Still 
no physical experiment can give an answer to the question: in which 
of the infinite set of frames with a form-invariant metric we reside? 
The discovery of the pseudo-Euclidean geometry of space-time enabled 
physical laws to be formulated both in inertial and in noninertial ref- 
erence frames, thus disproving the erroneous statement concerning 
the inapplicability of special relativity to accelerated frames. 

We will now take an example of a relativistically accelerated ref- 
erence frame to illustrate how we can find all the sets of reference 
frames whose metric is form-invariant with the metric of the original 
frame. 


1.19. Relativistic Uniformly Accelerated Motion 


To form a relativistic uniformly accelerated reference frame we will 
have, above all, to make it clear what relativistic motion should be regard- 
ed as uniformly accelerated. 

It is common knowledge that in classical mechanics uniformly 
accelerated motion of a material point is a motion under the action 
of a force constant in magnitude and direction, i.e., 


f™ = const. (1.19.1) 
If we translate this definition to the relativistic case, it is only natural 
to associate the term “relativistic uniformly accelerated” only with 
a motion that occurs under the action of the force (1.19.1) such that 
it obeys the equations of relativistic mechanics 


du! , 
Myc— = F", (1.19.2) 
. ds ° 
where u’ = dx'/dx is the four-vector of the velocity of the particle 
. I uy 
yi = | —_____ , ——_—____— ], (1.19.3) 
Vi—v fe? eV —v? /e? 


F' is the four-vector of the force 


fv f% 
Fi = | ———___,_- _~_____-] , (1.19.4) 
cr VJ —v"/c? cV1 —v*/e? 


f~ is the conventional three-dimensional force. 
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In Galilean coordinates the interval for a moving particle, as usual, 
has the form 


ds? =c*dt? — dx? — dy? — dz?. (1.19.5) 


Considering that for a particle that moves according to the law 
x=x(t), y=y(t), 2=2(t) 


the differentials dx, dy, dz are not independent, but are related to 
the differential dt by 


dx =vu*dt, dy=v’dt, dz=v"dt, 


the interval (1.19.5) becomes 


vp 
ds? =? dt? (1 - <=). (1.19.6) 


Note that the quantity dt = dt./1 — v?/c?_ is known as the proper 
time of the moving particle. 

The equations of motion (1.19.2), using (1.19.3), (1.19.4) and 
(1.19.6), become 


d 1 fv 


ny — —————— 
dt JI —v? /c? Cc 
(1.19.7) 
Vv * 
My — ———__ = Ff. 
at V1 — v*/e? 


These equations are due to Poincare [3], although it is widely believed 
that it was Planck [17] who was the first to derive them. It is obvious 
that for small velocities (v/c < 1!) the equations (1.19.7) change to 
the conventional equations of Newton 

d mov? f dv 


— = V, Mo _ = 
dt 2 dt 


We now show that the first of (1.19.7) is a consequence of the others, 
and so it can be discarded. To this end, we write the three-dimensional 
“uations of motion (1.19.7) in the form 


Mo dv . MoV € ~ P (1.19.8) 
Jiawe dt (1 —v?/c?)3/2 \c? dt i 
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Multiplying the equation (1.19.8) scalarly by u/c? , we will find 


Mo v dv _ Vv 
(3 —j}= =z ft. (1.19.9) 


(1 —v?/c?)P? \c? dt C 


Rearranging the left-hand side, we will obtain the first of (1.19.7) 
d ] Mo ( v dv ) Vv 

mM, — — oo od) CS. 
dt awe (1 — v*/c?)3? \ cc? dt ¢? 


We also note that by virtue of (1.19.9) the relativistic equations of 
motion (1.19.8) can be written in quasi-classical forin 


Mo = |f - ay (ot) | VI oT, 


Therefore, relativistic uniformly accelerated motion must obey the equa- 
tion 


d Vv f 
— ——_—— = = w = const. (1.19.10) 


dt jvc Mo 


Let us now find the law governing the time variation of the coordi- 
nates of a particle moving relativistically and with uniform acceleration. 
Integrating (1.19.10) with respect to time gives 
Vv v(0) 

————— =wtt+w, vo = ——————. (1.19.11) 

J/1 — v? /c? V1 —v?(0)/c? 
We now divide this by c, square both sides and add to both sides a uni- 
ty. Asa result, we will have 


1 (wt + Vo) 
re 


__ 1.19.12) 
| —v?/c? c ( 


From (1.19.11) and (1.19.12) we will then have 


dr witvo 
dt / (wt + vo)” 
1+ 
Cc 


Integrating this differential equation, we will obtain the law of rela- 
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tivistic uniformly accelerated motion 


we? [ft / (wt + Vo)? 
r=f,) + 5 1 + er ae l 
w C 
C (Vow) wt Vo W (wt + vo)? 
+ (vo -w— a as +J1+ ——— |. 


w? C cw C 
(1.19.13) 
The proper time of the particle will then change by the law 


c wt Vow (wttv)) ]? 
r=to+ —In|—— + +JV1+—— |. 1.19.14) 
wW C C 


Cw 


1.20. Group of Relativistic Uniformly 
Accelerated Frames 


Suppose that an inertial relativistic and a uniformly accelerated ref- 
erence frames have their axes aligned, and the latter one moves without 
an initial velocity (i.e., Vo =0) along the x-axis of the inertial frame. 
Then, if we take the origins to coincide at t = 0, we will obtain by 
(19.13) the law of motion of the origin of the relativistic uniformly 
accelerated reference frame 


C w? t? 
x= —| 1 + — 1). 


Therefore, formulas of coordinate transformations in passing to the 
relativistic uniformly accelerated frame (x, ¢) will have the form 


ce 


c? w? T? 
x=X—-—X9 = X - — 1 + — 1]. 
wit 
The time transformation can be defined arbitrarily. Consider two 
cases Of special interest: 
(a) Time remains the same in both frames, i.e., 
t=T; 


(b) We take time to be the proper time of some point (e.g., of 
the origin) of the accelerated frame 


+1 +t 
Cc Cc 


C wT Cc wT wT? 
t = — Arsinh | . 
Ww Cc w 
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For (a) we have 


c? w? T? 
vie 


x=X — — 
w c 


Notice that without acceleration (w = 0) this transformation turns 
into the identical transformation 
x=X, (¢t=T. 


Under the transformation (1.20.1) the metric of pseudo-Euclidean 
space-time becomes 


3 c* dt? 2 wt dt dx ; ; ; 
ds? = EE = gy? gy? ~ az? (1.20.2) 


— |), t=T. (1.20.1) 


c 
We will now find out which coordinate transformations leave the met- 
tic (1.20.2) form-invariant. It is well known that in pseudo-Euclidean 
space-time there exists a ten-parameter group of infinitesimal motions 
for which the metric of that space-time remains form-invariant. The pre- 
sence of the ten Killing vectors guarantees that there are ten conserva- 
tion laws in any reference frame of pseudo-Euclidean space-time. 

In this case, however, we will have to examine a group of finite 
coordinate transformations that leave the metric (1.20.2) form-in- 
variant, but not of infinitesimal motions, characterized by the Killing 
vectors. 

It is evident that the transformation of translation of the space 
coordinates 
x'* = x% +4 
by the constant vector a~ leave the metric (1.20.2) form-invariant. 

Indeed, since the metric tensor y,; is independent of space coordi- 
nates, and the factors ax’ / ox % form the three-dimensional Kronecker 
symbol 


it follows from the tensor law of transformation of the components 


of the metric tensor 
yn P 
np, Ox Ox im 
x)= yi" (x(x 
Y (@) axe ax (x(x )) 


that the form-invariance condition for the metric holds: 


yy = y"(X'). 
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It is easily seen also that the metric (1.20.2) is form-invariant event 
under the transformation of rotation about the x-axis 


y = ycosa —zsina, 
z = ysinat+z cosa. 


Let us now consider the coordinate transformations that corre- 
spond to transition between different noninertial reference frames and 
that leave the metric (1.20.2) form-invariant. For the sake of sim- 
plicity, we will first consider the case of the relative motion of the 
noninertial frame along the x-axis. 

The problem being symmetrical, the required coordinate trans- 
formations can be written as 

loid = V (tnew; Xnew); 


Xoid = Cf(tnew, Xnew), (1.20.3) 


Yold = Ynew> Zold ~ 2new- 


Under coordinate transformations the metric tensor of space-time 
transforms according to the law 


l m 
OX o14 OXo14 


old 
—_——_  ——__—_ Xo1g (Xx 1.20.4 
axto. axk Ymi & old new)) ( ) 


new _ 
Vik (Xnew) = 


where Vin (x) and void (x) are respectively the new and old func- 
tional forms of the metric tensor. The form-invariance condition for 
the metric requires that the functional form of the metric tensor under 
the coordinate transformation would remain unaltered 

new 


Vie” CO) = Vie ()- (1.20.5) 


In the case under consideration the condition (1.20.5) requires that 
the metric tensor would have the form 


ynew - I ynew = _ Winew 
W? ft? ow or W? thew 
1+ —] cv 1+ — 
Cc Cc 
old _ old _ w (1.20.6) 
Yoo ” 2 2° Yo1 ~~ oo > 
w W 2yy2 
1+ W 
c2 al +—; 
Cc 
old — .~ new — new —,_ old — new — _old — 
Yin =~ Vin) Fl, Yo2° FY22 =-1, 133° =733 =7-1. 


Because of the tensor nature of the transformations of the tensor 
(1.20.4) the form-invariance condition (1.20.5) under the transforma- 
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tion (1.20.3) can be written otherwise: 


Yoo” =i Yoo + 2Ui fever — fe, 
Yo. =cW,V, ven +oyor (Wee +Wfi] -—chh, 


(1.20.7) 
~1=W2 volte? +20, fy else? 


22 
01 Cc he Cc, 
where 


V. = ow ow fh _ of 

‘ar ax 7’ "at * ax | 
From the first and the last of the equations of the system of nonlinear 
partial differential equations (1.20.7) we have 


fr =¥, 704 ta? [volte + oi 


o!l-—Yoo'> (1.20.8) 
1 
fe = Vx vor tOVURCONY + 100] + > 


where a and BD are the sign functions 


a=+t], b=#1. 


Substituting (1.20.8) into the second equation of (1.20.7) gives 
[W? + 2eygr Wiehe — 99" C? Wz Myo) + Y00 | 


new 


-Yoo — (Yor) =9. 


(1.20.9) 
From (1.20.6), we write (1.20.9) as 
cw? 2wtW,W,. 
14 wt w? t2 
c2 ] + 


c? 


The system (1.20.7) has thus been reduced to one nonlinear partial 
differential equation (1.20.10). Solving this we can readily obtain the so- 
lutions of the equations (1.20.8). 


According to the general theory of nonlinear partial differential 
equations of the first order (the Lagrange —Charpy method) equations 
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(1.20.10) have the following characteristic system (P; = V,, P. = W,.): 


dt 
2 P, wtP, 
w? t? 
1 + 
oe? 

_ dx 

Pic? wtP, 
242 
14 wt w? t2 
c? 1+ x 
wv (1.20.11) 
= ——__ 1.20.1 
2 
7 dP, _ 4P, 
2wP, wtP, O- 
24.2 7 3/2 1 
f . wt | wp? 

c? ] + x 

Combining the last term with the first two terms yields 

Do 
P, = —, ©, =const. (1.20.12) 
Cc 


Dividing the penultimate term of the characteristic system (1.20.11) 
by the first term and taking expression (1.20.11) into account, we ar- 
rive at 


dP, woe | vey 


dt C c? 
Integrating this ordinary differential equation gives 


Po wt 
P, =, + eee ®, = const. (1.20.13) 
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It follows thus from (1.20.12) and (1.20.13) that 
Py. wt 


vw w? t? 
Cc + 
c? 


(1.20.14) 


Substituting these expressions into (1.20.10), we find that ®o is re- 
lated to ®, by 


6? =1 +42. (1.20.15) 


Integrating the system of linear partial differential equations of the first 
order (1.20.14), we will have 


By C wt? ~ 
w= —x+O,t + —®Py 1+ 2 + Wo, 
c w c (1.20.16) 
Wy = const. 
Substituting (1.20.14) into (1.20.8) gives 
c (OO w? ®, wt 
f= -T TT + 7 «(Ot a Bo t+ , 
w dot w? t2 
cv lt 5 
Cc %) w? Ww? b®, 
f= -— Vit + 
w Ox c? C 


Integrating this system, we will get 


C wo? W? x 
f=—-—vJlt +b®, — + aPot 
Ww Cc Cc 
w? t? ~ 


The coordinate transformations under which the metric (1.20.2) remains 
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form-invariant, will have the form 


0 Cc w? t2 
new ~~ 
loid = — Xnew +, fnew + — Dy 1 + — + YW, 
Cc w C 
2 2 42 
oo w? t (1.20.17) 

Xoid =OPi Xnew + CAPO tnew + ff, Bike = 

Cc 


+ foc. 


‘or these transformations to be meaningful at w = O as well, we will 
have to redefine the integration constants 


~ Cc ~ c c 
Wo =Vo — Po, fo= —fo - —P1 + —. 
w Cc Ww Ww 
We will then have 
® C w? t2 
told = —Xnew + Pi tnew + al 1+— | + Wo, 
C Ww c 
Xold =b®, Xnew + caPo tnew 
c? w? t2 
+—,|JV1+—™ - 1 
Ww Cc 
c? w? Do 
-_ — 1 + as — Xnew +, fnew (1.20.18) 
Ww Cc Cc 


242 2 | 1/2 
Cc wt 
+ <o,( i+ Mee 1) ev, | 1] 
Ww Cc 


where ©? = 1 + 2. These transformations contain three arbitrary pa- 
tameters Py, Wy, fo (the parameter w in the expressions (1.20.18) 
is given by the metric of the space-time (1.20.2) and is, therefore, no 
arbitrary parameter of the transformation) and two sign functions 
a=+] and b= +1. It is quite obvious that the sign functions describe 
(he inversion operations for the coordinates x and ¢. Since later in 
the book we are only going to be interested in the proper group with- 
out inversion, we will put a= b= 1. 
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The transformations (1.20.18) are thus a three-parameter group 
of coordinate transformations, such that the metric (1.20.2) remains 
form-invariant. We will now clarify the meaning of the group pa- 
rameters. The parameter fo describes the translation of the coordinates 
x we have already discussed above. It is easily seen that the parameter 
Wo describes the time translation transformation. 

Indeed, putting ®, = 1, By = 0, we will have 


told = fnew + Wo. 


7 c7 | / w? ft? ow 
Xold = Xnew + 1+ —7— — 1 


Cc 


2 TT Pane 
C w’ (t + VW 

2 [i + lot OF i] a, 
Ww 


c 


Unlike Poincare’s group, to provide form-invariance in a relativistic 
uniformly accelerated reference frame time translation requires that 
coordinates be changed as well. 

Parameter ®o describes the motion of one noninertial reference 
frame relative to another one. To derive the expression for this pa- 
rameter in terms of the physical velocity V of the relative motion, we 
will make use of the following circumstance: in an infinitesimal neigh- 
borhood of the initial moment for both reference frames, i.e., when 
the conditions 


w? t? 
c? 
w? [ ®@ Cc / w? t? 

~ = — xXnew + stew + Bol 1 + —— 1) <1, 
c Cc w ¢ 

w? t2 

—— €1, WW =f = 0 (1.20.19) 
Cc 


are met, the transformations (1.20.18) must be Lorentz transforma- 
tions between instantaneously comoving inertial reference frames. 

If then we take accotnt of the estimates (1.20.19), we will obtain 
by (1.20.18), 


Do 
loid = Xnew + Pitnew, Xoid = PiXnew + CPotnew- 
Cc 
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Ilence 
V 1 


o = ———=——,  o, = ———— 
© el — V2 fe? © ST — Ve? 


which is in agreement with relation (1.20.15). 

The transformations under which the metric (1.20.2) remains 
form-invariant and which describe transition between relativistic uni- 
formly accelerated frames will thus be 


VXnew V Ww fnew 
Inew + 2 +—\|vV1 + a 
_ Cc Ww Cc 
ford © JI — Ver 


2 242 
C w? ft? . 
Xnew + Vtnew + <( 1 + 2 — — 1) 


+ Wo, 


c? w? 
— —|{1 + ——|t 
w | eo _ p | new 
V V w 72 J V2 yy1/? 
’ face 7 / n pen ay, I-—; —1 |+fpo. 
Cc Ww Cc Cc 
(1.20.20) 


The inverse transformations have the form 


Vx V w? t2 Vf. 
su — 8 LE) ye 


fnew = 


2 242 
Xold — Vooid + —( 1 + 7 1) 


= 
“ew V1 — V2/c? (1.20.21) 


c? w? VXo1d V J W' fold 
- =] 414+-——] toa — = 1+ — 1) 
Ww Cc 


c? — yp? c? 


Ww 
J V2 2 1/2 fo — V®q 
Cc 


V1 — Vise? © 
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Accordingly, in this case at Wy = O and fp = 0, just as in the case 
of Lorentz transformations, the expressions for the forward and re- 
verse transformations can be derived from each other by changing 
the sign of the relative velocity V - —V and changing thew @ fod 
and Xnew © Xold- 

For the second case the formulas transformations from an iner- 
tial frame to a relativistic uniformly accelerated frame have the form 


c? w?T? 
xox <| Lt-> -1], 
Ww Cc 


(1.20.22) 
Cc wl 

t = — Arsinh——. 

: w Cc 


In the relativistic frame given by (1.20.22) the metric will be 
wi 

ds* = c?dt* — 2sinh— dxcdt — dx? — dy* — dz*. (1.20.23) 
C 


We will find the coordinate transformations of the form (1.20.3), for 
which the metric (1.20.23) remains form-invariant. In the case under 
consideration the nonzero components of the metric tensor of space- 
time in the old and new coordinate systems must be 


wt wv 
yoe™ =-sinh—, yi? = —sinh 
Cc c 
new — new — new — 
Yi1 = Y22. = ¥330 = -l, 
old — .old — old _ new — old — 
Yi1 = Y22 = Y33 = -!l, Yoo = 1, Yoo = 1. 


Therefore, the form-invariance conditions (1.20.7) for the metric 
(1.20.23) under the coordinate transformations of the form (1.20.3) 
will be fulfilled, if the functions f and W obey the equations 


wt wy wt 
Wwe - PW de, Vain | cosh —— — cosh? — = 0, 
c c c 
Cc 3 wl . wT 
f, = — — ~~ cosh—— + VWicosh* —— — 1, (1.20.24) 


w ofr Cc Cc 


c 0 wW 5 wv 1 
fi, = — — —cosh + bV Wi cosh? +>. 


w Ox Cc Cc Cc 
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To solve these equations we will use the substitution 


Cc wu 
W = — Arsinh—, (1.20.25) 
w Cc 
C Wr e w? 7? 
t = —Arsinh— = —Arcoshv 1 + 
Ww c Ww c? 
Equations (1.20.24) will then be 
2.2 
Cu WT 
220 ee = 
ur . w2 72 2u;u, A ee 1 _ 0, 
+ 1 + 
c? c? 
-c O ' w? u? 5 1 
= — — + + avvuz — —————., (1.20.26 
Ir w OT c? ‘ w?7? 
1 + 5 
c 
P c O J w? u2 » Jy? | 
= — — —4/] + + bVu2 + —. 
* w Ox c? a 


Hience, equations (1.20.24) are reduced by substitution (1.20.25) to 
the equations discussed in the previous case. This will enable us to 
write the desired transformations in the form 


fold 
Cc wt Vx V Wine 
— sinh —— — = (cosh 2 — 1 
c wiw C Cc w Cc 
« — Ar sinh — | eS + Wo, 
w c V1 -—- Vc? 
cV wt 
Xnew + —— sinh aw + —(cosh sd 1) 


y2 72 1/2 
A | _ J + fo. (1.20.27) 
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The inverse transformations have the form 


fnew 
c Wiold VXo1d V Wloid 
— sinh —— —_ — — —(cosh ° — ] 
Cnn | c c w c 
= — AT sinh — a 
w c V1 — V?/c? 
Yu Vfo 
o 7 
c? 
V1 — Ve? 
cV Wlold c? Whoid 
Xoia. — —— sinh —— + < (cosmo —] 
Ww Cc Ww C 


xX —_ 

nem Tia vie 

c? ; w? Cc h Wloid _ Vxo1a 
"@_p 


— sin 2 
Ww 6 c 


¥ f “| " fo _ VW, 
° ¢? 7 V1 — Vf 
It should be emphasized that in space-time both with metric (1.20.2) 


and metric (1.20.23) there can be no synchronization of clocks. 
We will illustrate this by the example of the metric (1.20.23). 


The interval of the proper time will now be 


~ dx wt 
dr = dt — —sinh—. (1.20.28) 


Cc c 
It is easily seen that this expression is no total differential. Indeed, 
the necessary and sufficient condition for the expression (1.20.28) 
to be a total differential is 


077 O77 , 
= . (1.20.29) 
oxot orox 


This guarantees that the mixed partial derivatives will be independent 
of the order of differentiation. 
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In this case, if the expressions (1.20.28) were a total differential, 
the partial derivatives of the first order would be 


OT OT ] wt 
— = 1, = — —sinh—. 
ot 


Ox Cc Cc 

Differentiating the first of these with respect to x, and the second 
with respect to t, we will have 

077 077 Ww wt 

= 0, = — — cosh—. 

Oxdt Otox Cc c 
It follows that the condition (1.20.29) does not hold. 

Since the expression (1.20.28) is no total differential, the inte- 
grals of the form 


Bw 
T= fdr 
A 


will not be single-valued functions of points A and B, but will also be 
influenced by the shape of the integration path and the law of motion 
of the particle along this path. The integral along a closed contour 
will also depend on the integration path. That is why there is no way 
(o achieve clock synchronization in this case. 

We have thus discussed the relativistic uniformly accelerated ref- 
erence frame, and have then posed the question of whether there 
exist other accelerated frames whose quadratic form is form-invariant 
to the quadratic form (1.20.2) of the original ‘reference frame. Then, in 
ull of these frames all equations of physics will be form-invariant and 
ull physical processes in them will occur in a similar manner, so that 
the generalized principle of relativity will be fulfilled. As we have seen, 
there appeared to be infinitely many such reference frames. It is also 
clear that these transformations form a group: if each transformation 
does not change the form of the metric, then two successive transfor- 
tations (or their combination) will not change it either. These trans- 
formations include the inverse and identical (unit) transformations. 

That explains why we cannot formulate the generalized principle 
uf relativity: for any noninertial reference frame we can indicate an 
infinite set of other noninertial frames in which the metric has the 
wime functional form, as a result of which all the equations of phys- 
ics in these frames are form-invariant. Therefore, no physical exper- 
iment can show in which of such accelerated reference frames we re- 
slde. So, if we stick to the viewpoint that unified space-time features 
pscudo-Euclidean geometry and consider from this viewpoint coor- 
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dinate systems, we could look quite differently at the principle of 
relativity and, most important, substantially expand the scope of spe- 
cial relativity. 


1.21. Clock Paradox 


Let us consider two inertial reference frames moving at a velocity V 
relative to each other. We will agree that one of the frames is at rest, 
and the other in motion. Suppose now that in each of them there is 
an identical clock. We will use them to time the interval between some 
two events that occur at the same point in the moving reference frame. 
Then, as follows from the expression (1.4.1) the clock in the frame 
at rest will show more time than the clock in the frame in motion. This 
effect has been experimentally confirmed (one of the confirmations 
is the growth of the lifetime of the moving y-mesons as compared with 
the lifetime of the w-mesons that are at rest relative to the observer) 
and at the present time this is not questioned any more. But since all 
inertial frames are identical, the effect is reversible, because the clock 
moving in the original frame will in the comoving inertial frame appear 
to be at rest, and the clock at rest will be in motion. 

Suppose that at t = O the origins of two inertial reference frames 
coincide. If two observers in these reference frames checked their clocks 
at the origin at tf = O, and then parted, and met again after some time 
at the same point of space, what will their clocks show? The answer to 
this question is what is known as the solution to the so-called “clock 
paradox”’. 

But the two observers in different inertial reterence frames, having 
checked their clocks at the same point of space, will be unable later 
on to meet at some other point of space, since for this at least one of 
them would have to discontinue his inertial motion and for some time 
to transfer to the noninertial reference frame. And since this would 
violate the equality of the clocks, it is quite natural that when they met, 
the clock that had moved in a noninertial manner would run slower 
than the clock that had moved in an inertial manner all the time. 

In the literature (see, e.g., [8, 11, 14, 18, 19, 64] ) one can often 
encounter the opinion that gravitational fields and fields of force exert 
the same influence on the course of physical processes, with the result 
that a transition to a noninertial reference frame is equivalent to ap- 
pearance in it of a gravitational field. 

Therefore, it is allegedly possible to describe all phenomena in 
noninertial reference frames (including the solution to the clock paradox) 
applying only the general theory of relativity. This is not the case, how- 
ever. Inertial forces and gravitational forces are absolutely different 
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in nature, since the curvature tensor for the former is identically zero 
al'd for the latter nonzero. Accordingly, the influence of the former 
on all physical processes can be completely removed throughout space 
(globally) by a passage to an inertial reference frame, whereas the influ- 
ence of the latter can only be removed locally in space and not for 
all physical processes, but only for the simplest ones, such that their 
equations do not contain the curvature of space-time. That is why the 
description of all physical phenomena occurring in noninertial reference 
frames comes under the heading of special relativity and does not re- 
quire a resort to the general theory of relativity. 

This means, specifically, that the clock paradox can be solved 
within the framework of the special theory of relativity. 

We will illustrate this by specific calculations. Suppose that we 
have two identical clocks at the same point of an inertial frame of re- 
ference. We will assume their indications to be coincident at t = 0. 
Suppose further that one clock is at all times at rest at the initial point 
und is thereby inertial. The other clock under a force begins at t =0 
to move relativistically and with uniform acceleration a = w > O and 
does so till t = T, according to the clock at rest. The force then stops 
to act on the second clock and during the time interval T, < t< 7, +T, 
it moves uniformly. Then it gets exposed to a braking force and begins 
to move relativistically with uniform acceleration a@ = —w, and does 
so till t= 27, + T,, s0 that its velocity relative to the first clock be- 
comes zero. The cycle reverses then, and the second clock arrives at the 
point where the first clock lies. 

We will now work out the difference in the indications of the clocks 
in the inertial reference frame in which the first clock is at rest. Because 
the problem is symmetrical (four accelerated sections and two uniform), 
according to the clock at rest the clocks will meet at 


T=4T, +2T.. (1.21.1) 
For the second clock we similarly have 
T'=47;,+2T3, 


where JT, is the time span between the beginning and end of the as- 
celeration as measured by the clock in motion, T, is the time span in 
proper time for the second clock during which it moves uniformly 
between the first and second accelerations. 

Since the accelerated motion of the second clock can be represented 
us a continuous transition from one instantaneously comoving inertial 
reference frame to another, then by (4.1) we will have 


T, 277), 
r= ffi- 2 a (1.21.2) 


0 Cc 
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In the first phase the motion of the second clock is relativistic and uni- 
formly accelerated without an initial velocity, and so from(1.19.12) 
for0 < t< T, we have 


2 2,2 ]-1/2 
v(t wt 


Since for T; <t < T, + T, the second clock moves uniformly at 


wl, 
y= ————_ 
w?T? 
1 + , 
c 
we have from (1.21.2) 
T 
T; = : 
t+ w*T? 
o 


- (1.21.3) 


, 4e wT; wt 
T'=—In +J1+4 


Subtracting the expression (1.21.1) from (1.21.3), we will find the 
difference AT = T' — T of the indications of the clocks when they 
meet each other: 


AT=T'-—T 
4c wT) - wT? 
= —ln + 1+ — 
e Cc 
1 > 
~4T, +2T,] —————- - 1] - 
w?T? (1.21.4) 
1 + 
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It is easily seen that for any w > 0, T; > 0, T, > 0 the quantity 
AT will be negative. This implies that at the meeting the second clock 
will run slower than the first one. Consider now the same process in the 
reference frame in which the second clock is at rest all the time. This 
frame is not inertial since the second clock for some time moves non- 
uniformly relative the inertial reference frame associated with the first 
clock, and the remaining time it moves uniformly. In the first phase 
the second clock moves relativistically with uniform acceleration ac- 
cording to the law 

c? | . wt? 

Xo = — 1+ — 1]. 

w c 
As follows from the expression (1.20.1), the coordinates (x, t) of the 
second observer in this section of the path are related to the coordinates 
(X, T) of the first (inertial) observer by 


c? w? T? 
x=X-x)=X- “| 1+ ~ i]. (1.21.5) 


Ww 2 


Cc 
Therefore, in this section the metric of the noninertial reference frame 
ussociated with the second clock will have the form 


c* dt? 2wt dx dt 
ds? = ——— a — dy? —dy? — a? 
w? t* w2T? 
1+ (1.21.6) 
C2 1+ 5 
Cc 


In this frame the second clock is at rest all the time at point x = 0, and 
the first one moves along the geodesic 


du! i m,,l 

rn Pinu’ =0. (1.21.7) 
We will now find the law governing their motions. Using the relation 
(8) = 5, we will have 


wt 
goa] pol a gt=—fis : 


cV 1+ 


c 


It follows from (1.21.6) and (1.21.8) that the only nonzero compo- 
nent of the Christoffel symbols will be 


W 


1 = — - e 
c7i1+ 5 


Cc 
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Therefore, the equations of motion (1.21.7) for the first clock assume 
the form 


du® du' t 0.0 
— = 0, “ds” + Pool ue =U. (1.21.9) 


Since u’ = (u°c)dx/dt, using the first of (1.21.9) and also the relation 
d/ds = (u° /c)d/dt, we will reduce the second of (1.21.9) to 


d*x 


dt? 


+ c°TO0 = 0. 


Substituting the explicit expression for T$o gives 
d*x w 
+ ———— Ci 
dt? w2 t? 3/2 
f ' 


Solving this ordinary differential equation with the initial conditions 
x(0) = 0, x(O) = 0, we will obtain the law of motion of the first clock 


2 


c w? ft? 
x= —|1-J1+——]. (1.21.10) 
w C 


We have thus all we need to determine the indications of both clocks 
by the end of the first stage of their motion. The proper time dr of the 
first clock is at this stage related to the coordinate time ¢ by 


; ls ar| 2 dx 1 (2) 
T=— as=at} 890 t — 801 — -— Z\ 
C eo eo at ce? \ dt 


Substituting into this relation the expressions (1.21.6) and (1.21.10) 
gives 
dt = dt. 

In the first stage the proper time of the first clock thus coincides with 
the coordinate time, therefore, using the second formula of (1.21.5), 
we find that by the end of the stage the indication of the first clock 
7, will be 7; = T,. Since the second clock is at rest relative the noniner- 
tial reference frame, their proper time can be found from the expression 


( T = -V/ S00 dt. 


Since the first stage lasts through the interval O << t < 7, in the coor- 
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dinate time, by the end of it the second clock will show 


; T, T, dt 
1 = fV800 at = f§ ——_—_— 
0 0 


i+ wit? 
c? 
C wT) wT? 
= — In + 1+ —> (1.21.11) 
Ww Cc Cc 


At the end of the first stage, once the velocity 
wl 
v= ——=— > 
w?T? 


c? 


1 + 


has been reached, the action of the accelerating force of the second 
clock discontinues, and it moves one uniformly. Therefore, at the second 
stage the law of motion of the origin of the system associated with the 
clock will be 


X=vt. 


Since at this stage the motion of both clocks is uniform and rectilinear, 
both associated reference frames will be inertial. Therefore, it might 
appear that the coordinates and time in these frames should be related 
by the Lorentz transformation (1.3.9). But here in the second stage 
the metric of both reference frames will be Galilean 


ds? =c? dt? — dx? — dy? — dz’, (1.21.12) 
und so at ¢ = 7, the metric tensor in the reference frame associated 
with the second clock must abruptly change from the value 

wl; 


811 =—1, 822=-1, &13=-1 
to the value 
Soo=1, 801 =90, 811 =822 =833=-—1. 


Since the metric tensor of space-time must be a continuous quantity, 
we must match the coordinates in the first and second stages. There 
ure two ways of doing this. The first one is traditional and consists in 
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changing by some law t¢ = F(x, t') the origin and the rate of time flow 
of the coordinate clock in a noninertial reference frame associated with 
the second observer so that the metric of the frame should become 
diagonal and its space coordinate should be time-independent. Such 
reference frames are known in the literature as rigid ones. There can then 
be a rigid reference frame with a certain set of integration constants, 
such that the component ggg when the frame is in noninertial motion 
would take on the value go, = | at least at two predetermined moments 
of time. If we take the first of them to be the origin of noninertial mo- 
tion, and the second its end, then the metric of the rigid frame can go 
into the Galilean metric (1.21.12) in a continuous manner in inertial 
motion sections. Such a path is rather complicated, however. Moreover, 
there is no telling a priori that an appropriate transformation r= F(x, t’) 
can be found for any noninertial reference frame. 

Therefore, for the metric tensor to be continuous when the ref- 
erence frame passes from noninertial motion to inertial one we will make 
use of the new possibilities that have opened up when we have expanded 
the class of inertial reference systems up to that of generalized inertial 
frames. The generalized inertial reference frames, as it has been shown 
in some detail in Sections 12-16, are absolutely equal as far as description 
of physical phenomena with Lorentzian inertial reference frames is 
concerned, and they can have nondiagonal metrics. We will therefore 
require that at ¢ = 7, the metric of a noninertial frame associated with 
the second clock would pass continuously into the metric of a general- 
ized inertial reference frame. For this purpose, it is sufficient in the 
second stage to relate the coordinates and time of the second observer 
(X, T) to the coordinates (x, t) by 


x=X—xo(T)=X-—VT, t=T, 


where 
wl 
V = C= 
/ w?T? 
1 + 
¢? 


In this case, in the interval of coordinate time 7, < t< T, + T, the 
reference frame of the second clock has the metric 


2 


V2 
ds? = ¢? (1 — =; ae ~ 2Vdxdt — dx? — dy* —dz*. = (1.21.13) 
c 


It becomes obvious that at ¢ = 7, the metric (1.21.6) of a noninertial 
frame goes into the metric of a generalized inertial reference frame 
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(1.21.13) in a continuous manner. Using the equation of geodesics 
(1.21.7), we will find the law of motion of the first clock relative to 
the second one. Since in the reference frame with the metric (1.21.13) 
all the components re , = 0, we will find, using the initial condition 
-~x=V at t=T, that 


ax 
— = -V. 
dt 
Therefore, in the first stage too the proper time d7 of the first clock 
1. 2 dx 1/2 
dr=* ds=dt| g00+ = #01 - —(“ =a) 
Cc dt 


coincides with the coordinate time: dr = dt. 

Since in this phase of motion the coordinate time t¢ varies in the in- 
terval 7, < t < T, + T,, we will have by the first clock 7, = T,.On 
the other hand, the second clock is at rest (dx/dt = 0) relative to the 
reference frame we have chosen, and hence their proper time is 


dr’ = [go odt. 


Hence 
T,+T 
, T, 


2 
= Sf Veo0dt=T2V/1 — V?/c? = 
T, 


By the symmetry of the problem, these data are sufficient to determine 
what the clocks will show when they meet after tne motion cycle is 
over. Indeed, the indication of the first clock, 7, in the frame of the 
second clock can be found from the relation 

T= 0 a + 272 . 

Likewise, the indication of the second clock 7’ in the same reference 
frame will be 

7 = 47, +273. 


Substituting into these relations the expressions for 7,, 72,7; and 73, 


we get 
, 4c a w*T? 2T> 
r= —In +J 1+ — | + ————_., 
Ww C c? / w?T? 
1 + 5 
C 
r = 47, +27. (1.21.14) 
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It follows that the difference in the indications of the clocks when they 
meet, i.e., Ar =7'—7, in the frame of the second clock, will be 


1 + 5 


4c | wT w*T? 
+ 
C C 


1 
— 4T, +2T,| —————_. — 1]. (1.21.15) 
1+ 


Comparing the expressions (1.21.14) and (1.21.15) with the expres- 
sions (1.21.1), (1.21.3) and (1.21.4), it is evident that calculations 
in the reference frame associated with the first clock yield the same 
result as in the frame of the second clock: the second clock, after it 
completes the entire’ cycle and meets the first clock, will appear to run 
slower. 

The value of the difference in the indications of the clocks depends 
on w, 7, and 7,. In the special case where the acceleration w tends 
to infinity, and the time of the accelerated motion 7, > 0, so that 
the flow rate of the second clock 


w? T? [ 
C2 


yewn,| 14 


after the acceleration would be a finite quantity, from the expression 
(1.21.15) we have 
2 


V 
Ar=2M%[V 1- —- 1]. 
C 


This relation shows that the clock that undergoes an instantaneous 
acceleration, and then moves inertially indefinitely is not identical 
with the inertial clock. We have thus shown that both in the reference 
frame of the first clock and in the frame of the second clock the calcu- 
lation of the difference in their indications gives the same result. This 
implies that the slowing of the clock that has moved noninertially 
relative to the clock that has moved inertially is an absolute effect, 
which is independent of the choice of the reference frame. 
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1.22. Relation Between Coordinate 
and Physical Quantities 


As it has already been mentioned repeatedly throughout the book, all 
physical phenomena can be described equivalently, physically and 
mathematically, in arbitrary permissible coordinates. When we describe 
physical phenomena, in arbitrary coordinates, two kinds of quanti- 
ties emerge, coordinate and physical ones.We have already encounter- 
ed them when we discussed the coordinate and physical velocities in an 
arbitrary inertial reference frame. 

To understand the difference between these two kinds of quanti- 
ties and to learn how to correlate physical and coordinate quantities in 
an arbitrary permissible reference frame, we consider a simple case: we 
will see how in an arbitrary inertial reference frame the coordinate time 
and length are related to the physical time and length. Since these two 
concepts — time and length — play a fundamental role in physics (all 
physical processes occur in space and time), the law that puts into cor- 
respondence to the coordinate quantities of the physical ones will not 
be just a special case, it will rather be a general law, one that holds for 
all physical-quantities. 

In an arbitrary curvilinear system of coordinates of pseudo-Eucli- 
dean space-time we will consider the interval 


ds? =g.,dx'dx*. (1.22.1) 


This quantity is an invariant under all permissible transformations of 
the coordinates of space-time. Isolating in (1.22.1) the terms with 
zero indices, we will obtain 
ds? =c* godt? + 2g,,cdtdx® + £gdx dx? 
a+2 
2 Soa B 
= C°|VZ99dt + ——— — Ky pdx “dx ; (1.22.2) 
CV 800 


where Kyg = —8ag + 8q80g/800 is the three-dimensional metric tensor. 
Since the expression for ds? is invariant under all permissible coor- 
dinate transformations, the division of ds? into two such parts will be 
invariant as well: under all permissible coordinate transformations the 
quantity 
- Bog dx" 
dT= V/8o09at + — 
CV S00 


has a time-like character, and the quantity 
dR? = kygdx%dx® (1.22 4) 


(1.22.3) 
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has a space-time character. These quantities are physical, therefore the 
quantity (1.22.3) can quite naturally be referred to as physical time, 
and the quantity (1.22.4) as the square of the physical length. They 
are directly connected with the interval (1.22.1) by a relation similar 
to the expression (1.2.13) for the interval in Galilean inertial reference 
frames 


ds? =c? dr? — dR’. (1.22.5) 


It is worth noting that in the general case the expression (1.22.3) is not 
a total differential. The condition for the expression (1.22.3) to become 
a total differential, as it has already been mentioned above, is closely 
linked with the possibility of clock synchronization in a given reference 
frame: clocks can only be synchronized in reference frames in which 
dr is a total differential. 

Reference frames in which the interval has the form 


ds? =¢?dT? — dX? — dY? — dZ?, 


give the simplest connection between physically measurable quantities 
dr and dR and the coordinate quantities dT, dX, dY, and dZ: 


dr=dT, dR* =dX* +dY? +dZ?’. 


In other reference frames the connection is more complicated. 

We have thus established that the physically measurable time d7 is 
a linear combination of the coordinate time dt and the coordinate 
differential dx%, the coefficients of this combination are built up of the 
components of the metric tensor. The square of a physically mea- 
surable length dR? is a quadratic form of the coordinate differentials. 
Then, taking cdr to be the zero component of the measurable differen- 
tial dX’ and dR? a quadratic form composed of its space components, 
we have 


ax is ni dx? 
where Ni are some basis vectors dependent on the metric. In the lit- 
erature the sixteen components NY are called the tetrad. 

The interval in physically measurable differentials is a diagonal 


quantity, and so to define the components of the basis vectors rj we 
have the following equation: 


2 _ iayk —,i,* Lym — Lym . 
ds" = y~,dX dx =i Am] pO = 81m tea”. 
Hence the metric tensor g,,, is related to the tetrad by 


Sim = MARY = (1.22.6) 
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In consequence, to determine the sixteen components of the basis 
vectors A we will have only ten equations. How are we to derive them? 


Recall that we have already established the relation between the physi- 
cal time dr and the coordinate quantities dx’: 


dx 


Bo _ 
dt=¥ £ooat + _—* = AP dx! 
CV &00 


‘rom this we can now determine the four components no 
01 
V800 
Substituting this expression into (1.22.6) gives 
(Ag)? + (93)? +03)? = 0, 
ALAL +A2ZA2 +A3A2 = O, (1.22.8) 
Kog = MARY 


do = , 1=0,1,2,3. (1.22.7) 


BD 
‘rom the first of these. we have 
db =d2 =d3 =0. 
The second equation of (1.22.8) will then be satisfied identically. 
Therefore, to determine the remaining nine components rN we have 
six equations 
Keg = MAB, 5 (1.22.9) 
These equations, however, are equations of the second degree in the 


unknowns Aon therefore the count of the number of equations and of 
the number of unknowns gives us yet no clue as to the number of their 


solutions. To determine the components dp we will proceed as foilows. 


We consider the segment at rest aligned along some axis, say, the x-axis. 
Since then dy = dz = 0, the square of its length dR? can be written as 


(dX1)? = dR? =k ,dx%dx?. 
(‘onsidering that dX is Al dx at dy = dz = 0, we get 
Mo=VJ7ki1. (1.22.10) 


Aligning in succession the segment being measured along the other 
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axes, we will find 

M2 =VJSko2, 3 =V kaa. (1.22.11) 
The remaining six components SG will then obey the six equations 

(AT)? +L)? =0, (2)? +03)? =0, (43)? +03)’ =0, 

MEAL +702 +0303 = 0, 

MLAS + AF AZ +AFAZ_ = O, 

MEAL +202 +2303 = O. (1.22.12) 
It follows from the first three equations of the system that 2 = 3 = 


=i = »3 = )j = 2 = Q. It is easily seen that the remaining three equa- 
tions of the system (1.22.12) also hold identically. We have thus found 


all the components re 


As we have established, the physical time and length are a local 
four-vector; they are related to the coordinate differentials dt- and 
dx™ by 


dX! =rF dx! 
Space and time are fundamental concepts; it follows therefore that this 


relation has a general nature. It is a law by which the coordinate four- 
vector a‘ is put into correspondence to the physical four-vector 


Ab = ni gl (1.22.13) 


Generalization of the law to the case of the tensor of arbitrary valence 
is a straightforward exercise. Let q’”---" be a coordinate tensor, then 


the physically measurable tensor Q’?---* can be obtained by the law 
Qi PK QiQP | yk gine n (1.22.14) 


Covariant physically measurable quantities will be 


A-=17; A", 


I 


ie., to raise and lower their indices we can use the Galilean metric 
tensor y— —. 
SOT YF k 


Since to the invariant four-volume 
d§t = /-gc dt dx dy dz 


we put into correspondence the physical four-volume in Galilean coor- 
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dinates 

dQ=c dT dX dY dZ, 
whence it follows that the determinant of the metric tensor sk is 
unity. 


1.23. Equations and Relations of Mechanics 
in Arbitrary Inertial Reference Frame 


We now write the equations of mechanics in arbitrary inertial reference 
frame whose metric has the form (12.11). Since in this case we have 


y* y* vy’)? +(y7/ 1/2 
ds=c Exe — ~)(1 — “)- ory +e) dt, 
Cy C2 Cc 


cat 0 


uv u 
u9=——, u®*=—y®, FrC=fe—, (1.23.1) 
ds 6 _— 


c 
we will obtain from the generally covariant equations (1.18.2) 


3 


(1.23.2) 


Using the definition of the four-momentum of a particle p’ = mycu! 
we write these equations in the form 


d 
dt p® =f%, (1.23.3) 


Solving the equations (1.23.2) or (1.23.3), we can determine all 
the coordinate quantities of interest as functions of any other coordi- 
nate quantities x(t), y(t), z(t), v(t), p(t), p'(x, y, z), and so on. 
We can also find the relation between the coordinate time and the 
physical time (the proper time of an observer), and then express all 
the resultant physical quantities as functions of physical time. Thus, 
lescription of mechanical phenomena in an arbitrary inertial reference 
frame enables us to obtain all the information of interest concerning 
mechanical motion. 

We now show that the formalism presented above, which allows 
ls to put into correspondence to coordinate quantities some physical 
quantities, leads to relations that are in perfect agreement with ex- 
periment. 
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We know from experiment that the energy and momentum of a 
particle are related to its physical velocity V by 


2 a 
Moc — moV 
E= ih ae = 0 (1.23.4) 


’ P 7 ’ 
JV 1—V?/e? V1 — Vc? 
and these quantities constitute the four-vector P’ = (E/c, p®), Solving 


(1.23.3), we will obtain the coordinate four-vector of the particle's 
momentum, when the particle moves with the coordinate velocity u*: 


P'= mycu’, (1.23.5) 


where 
wis (= yo -). 
ds ° ds 


Using the definitions (1.22.5), (1.11.7), and (1.4.13), we will find 


cdT _ 1 _ 1] (1.23.6) 
ds  V1-—(dR*Ve2dr? JS1—V?/c?- —_ 
From the coordinate four-vector u! of velocity we have 
0 1 dt « ] dx * (1.23.7) 
i ————————— rr | i 20. 
JV1—V2/c? dr eV 1-V2/c?_— dr 
From (1.23.14) and (1.23.5) we can then write 
E= cP® = mo cui n?, po = mocu! A&, (1.23.8) 


Since in this case the nonzero components of the tetrad X/ have the 
form 


> . 80i 1.5 2 3 
A? = ) er = Ki1, 4 = 3 = I, (1.23.9) 


the relations (1.23.7) and (1.23.8) yield the following expression for 
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the energy: 
2 a 
= Moc dt — dx" — 
E= m czu'nr® —  PeIeQQQeVea————=S= | 7 rn? + 2 
° ‘1 — V2 /c? |< © cdr 


aad 
V B00 dt + —“—— 
? [Vie cV 80} — moc’ 


JV 1—V?/c? dt V1—V?/c? — 


We have thus derived for the energy the well-known expression, which 
agrees with experimental results. In much the same way, we can obtain 
expressions for the components P® of the momentum 


on — Mo V Ki, dx 
oF ° ‘  J1—V2/e? — dr 


_ Moc 


Mo y2, 
Vv 1—V2/c? ’ 
p? = mocu'r? = mocu? r3 
Mo dY Mo VY 


—— — — 


P? = mocu'dA? = mocu? 3 
Mo dZ Mo Vy? 


—V1-V7/e? dr J 1-V2/c? | 


In our case the law of construction of physical quantities thus leads 
(o correct expressions for the energy and momentum of the particle. 

As we have seen, physical quantities are determined not only by 
corresponding coordinate quantities but also by the metric, which is 
here included into the tetrad of the representation. This again stresses 
the close link of physical quantities with the geometry of space-time. 
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1.24. Equations of Electrodynamics in Arbitrary Inertial 
Reference Frame 


When handling a wide variety of problems of electrodynamics we 
can also use any permissible coordinate systems. 

The generally covariant equations of the electromagnetic field in 
arbitrary coordinates are 


, 4n 
V,Fe = — — j* 
C 
Vii t+ ViFea + Va = 9, (1.24.1) 


where F;, is the tensor of the electromagnetic field, j' is the four-vector 
of the current. Because the tensor of the electromagnetic field has the 
property of antisymmetry, its relation with the four-vector of the po- 
tential A; retains the normal form 
0A 0A, 
Fin = ViAy — VyAi= — a , 
Ox' Ox 
By virtue of the tensor F;, being antisymmetric, the equations of the 
electromagnetic field (1.24.1) can be written in another form 


l 0 . An + OF 0) OF); 
m= py lV-eF™) = iS — +— 
—g Ox Cc Ox Ox Ox 

(1.24.3) 


(1.24.2) 


= 0. 


As we see with allowance for (1.24.2) the last equation of the 
system is valid identically; therefore, in what follows we will often 
omit it. 

Before constructing the generally covariant four-vector of the 
current, let us recall some properties of the Dirac delta-function (for 
more detail see [20-21] ). 

When generalizing the concepts of mass density and charge den- 
sity as applied to particles, physicists found it necessary to introduce 
into treatments generalized functions. And since these functions be- 
haved unlike conventional functions, mathematicians were suspicious 
about them. But the necessity and usefulness of the generalizations 
of the concept of the function was proved with time, and so mathc- 
maticians soon constructed a theory of generalized functions. Among 
generalized functions the most widely used in physics is Dirac’s delta- 
function. 
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The unidimensional Dirac’s delta-function is defined by the re- 
quirements 


co 6COrl at (Gs x«= *O0,7 
6 (x) = 
0 at x #0, 
5 1, Xo E (a, b), 
f 8(x—X9) dx =4 1/2, x9 =a or Xp =5, 
a 
0, xo ¢ [a, d]. 


From these definitions follow the properties of Dirac’s delta-function 


{ f(x) 8 (x—a)dx= f(a), a&(b0), 
b 


5(x) 5(x—x,) 
5(-x)= 6(x), d5(@x)= ——, f6(f(x))= 2 ———, 
a n (af 
ax 
(1.24.4) 


where f (x,,) = 0. 
Generalization of Dirac’s delta-function to three dimensions gives 


5 (x) =5 (x!) (x?) 5 (x3). 


Therefore, in any curvilinear system of coordinates we have 
f 5(x) dx1 dx? dx? = 1. (1.24.5) 


It follows that the three-dimensional delta-function possesses the 
properties of the scalar of density weight 1 under three-dimensional 
coordinate transformations. To prove this it is sufficient to change 
the variables in the integral (1.24.5) and use the last of the proper- 
tics (1.24.4) of the delta-function. 

In arbitrary coordinates, the four-vector of the current, as we have 
xcen, has the form 


f'= pocu'. (1.24.6) 


This four-vector obeys the continuity equation 


, 0 
A;j' = bx [V-gj"] =0. (1.24.7) 
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This equation can be written as 


—z (p == (pr) |= 0 (1.24.8) 


This relation is a generally covariant one. By this equation, the quantity 
= fpdV =const 


is time-independent. In arbitrary coordinates we thus have 


pe pu 
j'= ; ). (1.24.9) 
V—-8& V—-8 
In a three-dimensional space with the metric kg it is more convenient to 
use the charge density p* related to the conserved density p by 


p*=—. (1.24.10) 


In this case the relation between the charge de at the element of the 
three-dimensional volume </ k dV and the density p* assumes the three- 
dimensional invariant form 


de= p* «dx! dx? dx?. (1.24.11) 


For the point charge we then have 


* 
I 


Giga 2 3 
Wren ) 5 (c* )5 (x? ). (1.24.12) 


And so, on the physical side, the density p* is the charge per unit inva- 
riant volume in a three-dimensional space with the metric kyg. By defi- 
nition (1.24.10) the four-vector of the current (1.24.6) can be written 
in terms of p* 


jt | co | (1.24.13) 
j'= , 24.13 
V 800 WV 800 


Since we are rather free in our choice of coordinates, we can select 
the most convenient for the solution of any particular problem. In 
solving these equations, we can define all the coordinate quantities of 
interest to us as functions of the coordinate quantities x, y, z, t. Using 
the relations of Section 22, we can then find the dependence of phys- 
ical quantities on the physical coordinates X, Y, Z and time 7. Cor- 
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respondingly, description of electromagnetic events in arbitrary coor- 
dinates enables us to obtain all the information about a phenomenon 
that is of interest to us. 

We will now show for an arbitrary inertial reference frame that 
such a description yields a relation between the physical quantities 
in full conformity with experiment. 

We will first find the expression for the components of the physi- 
cal four-vector of the current. As we know already, the physical four- 
vector of the current, just like any other four-vector, is related to the 
coordinate four-vector by 


= ij”. (1.24.14) 


Using the expressions (1.23.9) for the components of the tetrad A', 
we will get 


_ dx' — dt Poc 

0 = p% cuid® = ppc— °° = pype — = = 
] p i Po ds Po ds (7 _V2le2 — V2 Jc? 
= pc, 

_ dx* poV 


= op cytn® = Se = pV (1.24.15 
| Po ij ~ Po dt J1—V2/c? ( ) 
The components of the physical four-vector of the current thus obey 
the well-known relation 


We now find the law of coordinate transformation for the four-vector 
of the current (1.24.9) in transition from one inertial reference frame 
(1.13.8) to another. Under coordinate transformation, the four-vector 
is known to be transformed by the tensor law 


ax! 
. _ new. .-/ 
I ew = ax! J old (Xo1d @new)).- 
old 
We get 
-0 Otnew -0 Otnew | 


J new or J ola + ax old’ 
c c 


1 OXnew -0 OXnew 1 


— + J] . 
old old 
c Otoid OXo1d 
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Using the formulas for the transformation of coordinates and time 
(1.13.8), we obtain 


0g l+—4+— ri ~ ;0 
o - J old c1c, 014 | 7 C1 C3 J oid fold 
Jnew ; y ; v i ie2) TO 
+ — + — +— +— 
( = =) =) =) 
(1.24.16) 


We now find the law of transformation of the physical components 
of the four-vector of the current. Using the expressions (1.24.14) and 
(1.24.16), and also the relation (1.15.4) — (1.15.7) between the coor- 
dinate and physical velocities of one reference frame relative to another 
one, we will arrive at the transformation formulas 


-O ___ ;l | _ _ ;0 
Joid J ola J oid J oid 
C T Cc 


J new 1 Ve V2 /¢? > J new J 1—-V2/e2 ? 


which are well known from experiment. 

Let us now reduce Maxwell's equations (1.24.3) to “vector” form. 
For this purpose, in a three-dimensional space with the metric Kyg we 
will introduce the unit skew-symmetric tensors E&87 and Ey: 


] 
E%8Y = VK er BY Eapy = VK €aBy, 


where k is the determinant of the metric tensor Kyg, 


Q when there are coincident indices, 
Ca By = 
+1 if all indices are different, 


Here €, 23 =—€2137> l. 

We will also introduce the notation for differential operations 
that generalize the operations curl A and div A to the case of a three- 
dimensional Riemannian space with the metric Ky: 


, 
(curl A)*= E%°Y — A, divA= 


5x8 = 5. 5 xe [Vk A®]. 


(1.24.17) 
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Using these operations we can write Maxwell's equations (1.24.3) in 
“vector” form. We introduce the coordinate “vectors”? of the mag- 
netic induction B and of the electric displacement D 


] 
B= — 5 BOY Fay , D*=—V go9 F°%, (1.24.18) 


und also the coordinate “vectors” of the electric and magnetic fields 


V 800 
2 


E,= Fou, Hy = — Eupy FP. (1.24.19) 


The “vectors” (1.24.18) and (1.24.19) are not independent: 


D= + [Hn], B= + [nE], (1.24.20) 
£00 £00 
where 
£0a 
Ng = — . 
£00 


Separating the space and time tensor indices in the second group of 
Maxwell's equations (1.24.3), we will get 


QoFyg + > Fo + Og Foy = 0. 

Hence 
Qo Fyg t dg By — dE = 0. 

We now multiply this by \/k E°%7 and take into account that 
On(/ kK E*8Y) = 9, e871 = 0. 


The resultant relation we can write by (1.24.17) in the form 


l te) 
— — KB] = curl E. 1.24.21 
rary [IV KB] ( ) 


Similarly, if we multiply by /« E%87 the equations 


Oo Fey + 06 Pye + 0-y Fag = 0 
and identically transform the result, we obtain 
div B =0. 
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From the first group of Maxwell's equations (1.24.3) at i = 0 we have 


div D= 47p"*. (1.24.22) 
Analogously, at ¢ = a we get 
| 0 An 
— kK D) —H = —— p* v. 1.24.23 
cV kK Ot [V« D cl ( 


In consequence, we can write Maxwell's equations (1.24.3) in “vector” 
form 


l 0 An 
curl H = —I[J/V«D] + — p*v, 
cV K Ot Cc 
divD = 4np*, div B=0, 
] 0 
curlE = — [Vv KB]. 


eK at 


Here it is worth stressing that the vectors E, D, B, H introduced above 
do not feature the properties of four-vectors. This holds good even 
in the case of special relativity, which follows immediately from the trans- 
formation laws for the “vectors” E and H on passing from one inertial 
reference frame to another. The components of the tensor of the elec- 
tromagnetic field Ff, are transformed by the tensor law. The compo- 
nents, according to the rules (1.24.18) and (1.24.19), are compared 
with the “vectors” B and E. This rule being noncovariant, the ‘‘vec- 
tors’’ B and E, as well as H and D, under transformations of reference 
frames are not changed by the tensor law, and therefore they are no 
four-vectors. Historically, however, it became more convenient to deal 
with these quantities than with the tensor of the electric field 
F;,, i.e., to perform all calculations in terms of the ‘ vectors” E and H, 
keeping in mind, however, that these “vectors” are not transformed 
by the tensor law in changing inertial reference frames. 

Using the definitions (1.24.18) and (1.24.19), we will find the 
components 79 of the tensor of energy-momentum of the electro- 
magnetic field 


1 1 (ED) + (BH) 
T% = _(-F F°X~ +—F pin) —_————_ 1.24.24) 
0 An Oa . 4 lm 8mr/ Zoo ( 
This includes 


Eupy Et = (5254 — 845"), 
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The energy flux of the electromagnetic field is 


pi= 73 =- — poe = _ p, pee (1.24.25) 
4n °F 4n PS “ 
It follows from (1.24.19) that 
| kel 
Foe = _. H,,. 
£00 


Therefore, the relation (1.24.25) can be written as 


l 
T¢ = ——— F*** Eo H,. 
4tV 00 
Since 
((EH])*= £°°" Egy, 


the momentum vector of the electromagnetic field is 


] 
P= ——— [EH]. 
4t V/ £00 


We now find the law of transformation of the coordinate “vectors” 
E, D, H, and B in passing from one inertial reference frame to another. 
We have the following relations: 


E, = Foy, EF. = Fo2, Es = Fos, 


D* = -V 800 F°', D? = —Vg00 F°?, D? = 800 F%?, 


F V F JS Zo 
Bis 2 = N80 pf pe 2 MEM 124.26) 


Ve V8 


pe = 12 = - Fin, Hy =~ Vg PF, 


A, =/-gF13, Hy = —/-gF!?. 


Since the components of the coordinate tensor F;, are transformed by 
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the tensor law 


OX cha ox™ 


Fnew - old Fold 
ik ax! ax * Im ? 
old new 


in passing from one inertial frame to another, the components of the 
coordinate ‘‘vector” of the electric field obey the following transfor- 
mation law: 


0 
° " Otnew Ox%, = 7, OXnew 
1 Oxeia XSi no 
- “old ““old_ pold | 
te ae Foe (1.24.27) 
new new 


Considering that 


Fyg = —EyypB", 
we find 
ERew = (a Oxe id _ OX oid Otoid yes" 
. Otnew Ox ew Otnew OX new 


1 OX¢14 axe 


— Boia 7 1.24.28 
vB old Cc Ot new ax% ( ) 


In a similar manner, the space components of the tensor of the 
electromagnetic field are 


v v 
Frew _ e( Otoid OX oid = Otoid OXo1d ) 
—- —_ Fold 


a OX ew ae OX ew Ox ow v 
Oxo ig 9X org 
— Eyyn B24 ~ (1.24.29) 
° 0x8 ow OX ew 


Since in passing from one inertial coordinate system to another the 
metric remains form-invariant, we have from (1.24.26) 


Bi. = 500 Fe pew Biew = £00 potw 


new /-2 ~ /-¢ 13 ) 


(1.24.30) 
Bo =— 


new J/-g 12 


Space and Time 153 


Expressions (1.24.28), (1.24.29), and (1.24.30) thus define the 
law of transformation of the components of B and E in transitions from 
one inertial reference frame to another. The corresponding formulas 
for the transformation of the coordinate vectors D and H can also 
be readilv obtained. 

We will now find the transformation law for the components of the 
physical vectors B, H, E and D in interframe passages. Note, above all, 
that the components of the physical vectors D and E, and also B andH 
coincide, if Maxwell's equations are considered in a vacuum (€ = u = 1): 

D“ =E_, B® =H_ 

a a 
This is immediate from the relations (1.24.26). For instance, we have 


D® = —-V8o5q F° *. 
Since 


Vesa 71, Fo% = 7° Oy 8 Fog = -Foa: 


then, by (1.24.19), 
D®“ = E_ 


a 
We find the relations between the components of the coordinate 
tensor and the components of the physically measurable vectors E_ 
and B@ . a 
_ Using the expressions (1.23.9) for the components of the tetrad 
x» we will find the components A” = y___ g’"* \” of the same tetrad: 
ln 
AL = —gi? Vv Ki, 7 = l, A> = l, 
2 3 


55 1.24.3] 
An = a Mo = EV Ky. ( 


0 £00 1 


— 


The components of the physical vector F_ will then be 


a4 
E_ = F__ =" X™ Fam = —E,g"! Jat 
1 01 0 Zoo 
(1.24.32) 
E E 
ko o=—>, g£ =— 
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Likewise, 


=—g!! V Ki1F\3-8°' V ki1 Fo3, (1.24.33) 


B_ = F- = (g*! Fi. + g°' Fo2)Vv Ky. 


3 1 


Using the transformation formulas (1.13.7) for passing from one iner- 
tial reference frame to another, we will find from relations (1.24.28) 


and (1.24.29) 


? 


snew — yold new — old 
By = £ Foy = Pag > 


2 12 


pnew -(<& —¢€,)—-V(c, +¢2) old 2c1C2V iit) 
; c(c2 —¢,) , c(c2—¢;) 


l 


JV 1—V2/c?’ 


[ce (cz —c,)-V(cy +e2)I ES" — 2€;€2 VFS 


entw - 
° c(c2 —¢1)¥ 1 — V?/c? 
(1.24.34) 
old old 
new . 2VE2" + [e(cr = er) +V Er tea)) Pia 
2 (cz -e1) V1 — V2 /c? 
,old Id 
new 2VE3° + [e(c2 -c1) + Vcr +2) Fis 


13 ~ 
e (cz —¢y)V 1—V?/c? 


where V is a physically measurable velocity of motion of one inertial 
reference frame relative to another. 
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We will also take into consideration the relation between the coor- 
dinate and physical components of the tensor Fj, 


EB, = Fo, = ho At Ff — =V 800 ki Fo-, 


EB, = Fo = do Ag F_ — = V 800 Fo2 ; 

EF’, = Fo3 = V 800 Fo: (1.24.35) 
1) 

Fyy === Foo t+ Veu Fis, Fras Fy =, 


£00 
‘rom the first of (1.24.32) we then have 
Bnew _ gi! / Kit Bnew, 
&00 
Substituting into the right-hand side of this the first of (1.24.34) gives 


Ky] 
E new _gll ~old 
_ g V— E, , 


1 £00 
But by virtue of the first of (1.24.35), we can write this expression as 
fnew = _gll Fold 
T § Ki 7 


Taking into account expressions for the components of the tensors 
Rik and Ky g, we have 
Bnew = Fold 
1 ra 
In much the same manner, we can find the transformation formulas 
for other components of the physical vectors B and E 
Brew — pold 


+) 


1 1 
peld _ V pold Bold 4 V' pold 
2 c..OU3 3 c. (2 
Bnew _ ; Buew _ 
; V1—V*/c? 3 V1—Visfe? ° 
y (1.24.36) 
Bolt + — pols fold _ " pold 
Bnew ° a Enew 3 c 2 


2 VV? J1l—V2e2 
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We thus arrive at the well-known rules of transformation of three- 
dimensional components of the physical ‘“‘vectors’’ of the strengths 
of the electric and magnetic fields for passages between inertial _ref- 
erence frames. 

Obviously we can describe physical events in any permissible coor- 
dinate systems, but we should always remember that, along with coor- 
dinate treatment, there must be physical quantities, since only they 
are directly related to the structure of space-time, i.e., to length and 
time intervals. If we do remember this, a transition from coordinate 
quantities to physical ones will not change all well-known physical 
results. It is therefore clear that the description is independent of a 
coordinate system. 


Chapter 2 


GEOMETRY AND PHYSICS 


All physical processes occur in space and time, therefore investigation 
into the geometry of space-time to reveal all of its properties plays an 
exceedingly important role. The connection between geometry and phys- 
ics is especially manifest when determining natural geometry for this 
or that physical field, exploring the possibilities for deriving the conser- 
vation laws in theory, finding reference frames indistinguishable from 
wime specified system in the course of any physical experiment. Answers 
to all these questions are largely dependent on the nature of a geometry, 
which enables us to give an unequivocal positive answer in some 
cuses and negative in others. Hence the need to dwell on these issues. 

Before we begin our treatment, however, let us recap the essential 
lucts of tensor analysis and Riemannian geometry [22-24] which 
will be needed thereafter. 


2.1. Tensor Analysis 


(‘onsider some set of m independent variables xe Cae, eran tal Oe 
Ihis set can be viewed as a coordinate system in n-dimensional space 
in the sense that each system of values for these variables defines a point 
in space. We now define a system of ” independent real-valued functions 
/ *x'), k=1,...,n of the variables x’, which are continuous to- 
wether with their partial derivatives up to order N. For these functions 
ti) be independent, it is necessary and sufficient for the Jacobian 


J = det i (2.1.1) 
dx! 
ti be nonzero. The collection of variables 
SPO a cet (2.1.2) 


will then represent another coordinate system in space: if into the right- 


157 


158 Lectures in Relativity and Gravitation 


hand side of (2.1.2) we substitute the coordinates x’ of a point A in 
space, these relations will give the coordinates x’ of A in the new coor- 
dinate system. 

Since the Jacobian (2.1.1) of the transformation (2.1.2) is nonzero 
at each point of space, the transformation (2.1.2) will be unique and 
reversible, i.e., in the neighborhood of each point the inverse transfor- 
mation 


x? = gla’! x’? 0 x”) (2.1.3) 


is possible. Different physical processes are described using different 
ordered systems of functions V7(a = 1, 2, ... , m) specified at each 
point of space or in some region of it, therefore we will have to explore 
the transformational properties of various systems of functions 
subjected to the coordinate transformations (2.1.2). 

We will define the field of a geometric object (or simply a geomet- 
tic object) of order P specified in an n-dimensional space (or in some 
region of it) as an ordered system of functions ¥7(x!, x7, ...,x”) 
of the coordinates of the space specified in each local coordinate sys- 
tem and varying under any transformation (2.1.2) by the law 


lan wal Ox" a7 x"! 

w'x y= V7 tx, Ox? Oxkiaxke 7 (2.1.4) 
oP x! > 

$$ _ , 

ax*saxks .. ax*p ° Oe »): 


(a,b=1,2,...,m). 


° ? 


It is worth noting that all the quantities on the right-hand side 
of the transformation law of any geometric object (2.1.4) must be 
expressed, using the inverse transformation (2.1.3), as functions of 
the primed variables x'' , x’? ... ,x'". Geometric objects are classified ac- 
cording to the type of the transformation (2.1.4). The simplest geomet- 
tical object is the scalar field defined in each system of coordinates 
Q and &' by a function W(x) or Y'(x'), respectively. When the coor- 
dinate system (2.1.2) is transformed, the scalar is transformed by the law 


W'(x') = W(x (x’)). (2.1.5) 


Expressions (2.1.2) and (2.1.5) make it possible to determine 
the transformation laws for the gradient of a scalar function 0 (x)/ax' 
and differentials dx’. Indeed, on differentiating the right- and left-hand 
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sides of (2.1.5) with respect to x‘, we obtain 


oW'(x’) ;) CeCe 
———- = — V(r )). 
ox’! ox’! Oe) 
Using the rule of differentiation of composite functions 
OW(x) ax* 


ax* ax!’ 


0 

—— W(x(x')) = 

5 (x(x )) 
we arrive at 

aW'(x) — ah(x) ax* 


ax"! ax* ax’! 
Recall that hereinafter the same co- and contravariant indices imply 
summation. Likewise, on taking differentials of the right- and left-hand 
sides of (2.1.2), we have 
ax"! 
ax* 
We see thus that there exist at least two types of geometric objects 
of the first order with one index, which under coordinate transforma- 
tions can vary by the laws (2.1.6) and (2.1.7), respectively. A system 
of ‘functions that are transformed as a differential came to be known 
is a contravariant vector. In each coordinate system the contravari- 


ant vector a'(x) is defined by a set of 7 real-valued functions a‘(x) = 


(2.1.6) 


dx'! = dx * (2.1.7) 


~ [a1 (x), a?(x), ... , a" (x)] taken in a certain order. It is transformed 
when passing to another coordinate system (2.1.2) by the law 
Vi 
a’'(x') = ; a*(x(x’)). (2.1.8) 
Ox 


Ihe covariant vector a;(x) is also defined by a set on a” real-valued 
lunctions a; (x) = [a,(x), a2(x), . . . , @,(x)] arranged in a certain order. 
Kut under the coordinate transformation (2.1.2) it is transformed like 
the gradient 0W/dx' of the scalar 

k 


Ox 
a; = —> a (x(*’)). (2.1.9) 
Ox 


Asx compared with the vector, a more general geometrical object of the 
llrst order is the tensor. The k-order covariant and /-order contravari- 


ant tensor T; m7 ? a '(x) is a geometrical object defined in each local 
pigee. 


‘oordinate system by a set of n'** functions taken in a certain order, 
which are transformed in passing to another coordinate system (2.1.2) 
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by the law 


Tiida -+ IQ’) 
rig... tk 


Ox71 Ox? Ox2k = =ax'h §=9x's: 
Oxf: gx'la °° ax'lke = gx): xn 
Ox'll | 
T 192 --- Pie (x')). (2.1.10) 
axl a,@,...a,z 


Obviously, the scalar (2.1.5), the contravariant (2.1.8) and covariant 
(2.1.9) vectors are special of the tensor at k=0, /=0; k=O, 
/=1, and/=0O, respectively. 

A tensor for any number of co- and contravariant indices is said 
‘to be zero in a certain region of space, if all of its components are zero 
in that region. It follows from the transformational properties of 
the tensor (2.1.10) that in a certain region of space it becomes zero 
invariantly with respect to a choice of a coordinate system: if the tensor 
is zero in one coordinate system, it is zero another nonsingular coordi- 
nate system: 

It should be emphasized that by the rules of differentiation of 


compound functions x! = x! (x'(x")) and x”! =x"'(x'(x)) we get 


ox! — Ox' ax’! ax"f ax"! ax"! 2.1.11 
ox’ ax’! ax"%”’ gx? ox’! ax? _ 
and the properties of the determinant 
ax” | ox” ox’ 
det | ——|} = || — < 
Ox Ox Ox 


for transformations of tensors under coordinate transformations form 
a continuous group. 
Before we leave the subject of the transformational properties of ten- 


sors, we will also note that the Kronecker symbol 6! , which is a ten- 
sor, in any coordinate system has the following components 


fk 


by = (2.1.12) 


O at i #k. 


Passing to tensor algebra, we will consider the basic invariant opera- 
tions with tensors. There are four of them: addition, multiplication, 
convolution, and assigning of indices. 

The operation of algebraic addition is applicable to tensors with 
the same number of co- and contravariant indices. To obtain an algebraic 
sum of two or more tensors in any coordinate system, the respec- 
tive components of tensors are algebraically added up at each point 
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of space. In the special case of the addition of tensors of the second 
rank we have 


S* (x) = A™* (x) + B(x). (2.1.13) 


Unlike addition, multiplication is valid for all kinds of tensors. For 
example, we will define the product of the tensor A‘* (x) by the tensor 


B(x) to be the tensor c,/*!(x) whose components at each coordinate 
system are obtained by multiplying the respective components of the fac- 
tors: 


clkl x) = AE (x) BE (x). (2.1.14) 


The convolution operation is only applicable to a tensor that has 
both covariant and contravariant indices. 
Convolution of the tensor B %:! %2 --:%p--- Y! by the pth contra- 
ip, ...tg ip 
variant and qth covariant indices is accomplished by multiplying the ten- 


sor by the Kronecker symbol 6 iq , which reduced by unity the numbers 


of covariant and contravariant indices. In the special case of the mixed 
tensor of the second rank B} (x) a result of the convolution operation 
for indices is the scalar B(x): 

B(x) = Bi (x) 8 = Bi (x). (2.1.15) 

The operation of assigning indices makes it possible from any given 
tensor that has two or more identical indices to obtain a new ten- 
sor by changing the order of two or more indices in the writing of 
the original tensor. Since the definition of a tensor includes the order 
of its upper and lower indices, the operation will yield a tensor that 
will differ from the original one. 


Suppose that we had tensor A”: 2 (x). After the assigning of in- 


I, 14 
dices we can obtain in the general case three different tensors 
BY: Y2 (x) = Ar" (x), 
i,i, i,i, 


C%1%2(x) =.A7172 (x), 
i,t, tat, 

Q™ Y2 (x) = AY: 1 (x). 
i, i, i,i, 

The assigning of indices is a composite part of the operations of 
symmetrization and alternation. Symmetrization in any AN identical 
indices of the tensor is accomplished in the following manner. To begin with, 
N! substitutions in these indices on the original tensor are performed. 
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Then the arithmetic mean of all the resultant N! tensors is taken. 
The most common symmetrization is in two indices. The indices to be 
symmetrized are put in parentheses 


a ] . ; 
ANI) Ma) = [Alia lige) t alah 11Q)), 
I 


Hyl, ... Ux QI i,ig... iz j,i... 
(2.1.16) 

Ala It A = fabs NG) +An i TD]. 

(i, i,). E,tg... t,t, ... ig 


We will say that a tensor that remains unaltered by any substi- 
tution of several identical indices is symmetrical in these indices. 

To carry out the operation of alternation in N identical indices 
of a tensor it is necessary to perform N! various substitutions of these 
indices, to change the signs of odd substitutions, and to take the arithme- 
tic mean of all the resultant NV! tensors. The indices to be alternated 
are then put in brackets 

A’ [i:fo)- 1) =< [Aish Mt (x) — Alahi --- U(x), 

.. i,t, ...i 
" _ (2.1.17) 
7 Cee =A Ay) —Alid2 --- NY]. 

J loi, ... iz 


[i,f,]... i,t... i,i, 


2.2. Riemannian Geometry 


A Riemannian space V,, is a real differentiable manifold M of class C% 
(i.e., one with continuous partial derivatives with respect to all argu- 
ments up to order NV > 1), at each point of which the field of the tensor 


Bix = Bix (x1, x", ..., x") (2.2.1) 
is defined that is, two times covariant, symmetric and nondegenerate: 
Sik =8xir & = det |l gj, || #0. (2.2.2) 
The tensor g;, = g;,(x!, x*, ..., x”) will be referred to as the 


metric tensor of the Riemannian space V,,, whose determinant (2.2.2), 
by the rule of the multiplication of the determinants under the coor- 
dinate transformation (2.1.2), features the following transformational 
law: g' =gJ~ 

It follows that the determinant of the metric tensor of a Riemannian 
space V,, is a scalar density of weight +2. 

Using the metric tensor in a Riemannian space we can introduce 
the invariant differential form 


ds? = g,,.dx'dx*, (2.2.3) 
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vulled the basic metric form of this space (or an interval in V,,), and 
yeneralizing the concept of the square of the differential of an arc to in- 
clude V,,. This allows us to give another, equivalent to the first one, 
definition of a space V,: a Riemannian space V, is a manifold M in 
which is specified the invariant quadratic differential form 


ds* =g,, dx'dx*, 
where g;; isa function of class C subject to the conditions 


det |lg;, |#0, Bin = 8xi- 


At each point of a Riemannian space V,, the expression (2.2.3) 


iu an algebraic quadratic form with respect to the differentials dx’. 
Under the coordinate transformation (2.1.2) the transformation of dif- 


lcientials dx’ at each point of V,, is a linear transformation with con- 
alunt coefficients; therefore, at each fixed point in V, we can apply 
the algebraic theory of transformations of quadratic forms. According 
to this theory, the metric tensor g;,, which in this case is a matrix, 
‘an be diagonalized at that point. In the general case, the diagonal 
‘omponents of the matrix g;, will not all be positive under real trans- 
lormations (2.1.2). But by the law of inertia of quadratic forms the dif- 
lerence between the numbers of positive and negative diagonal compo- 
nents will be constant under any real transformation that diagonalises 
quadratic form. This difference is called the signature of the metric 
tensor of V,, at that point. It is to be noted that the name “signature of. 
metric tensor’ is often applied to the set of signs of diagonal compo- 
nents Of the tensor at each point. 

Therefore, in an arbitrary Riemannian space V,, the interval (2.2.3) 
will in the general case have a fixed sign. We will say that the interval 
(2.2.3) is (a) time-like, (b) isotropic, and (c) space-like, depending 
wt which of the three cases below is realized: 


(a) ds? >0, (b) ds?=0, (c) ds? <O. 


Since the determinant (2.2.2) of the covariant metric tensor (2.2.1) 
is nonzero at each point of the Riemannian space V,,, we can construct 


the contravariant metric tensor g*! = g*!(x! x?,... , x”) that is co- 
vattant to the metric tensor g;,, i.e., a tensor subject to the conditions 
Bing! = 5. (2.2.4) 


The presence of contravariant and covariant metric tensors allows 
t define in V, a number of new operations with tensors. Specifically, 


using the tensors g;, and g*' in V, we introduce the operation of raising 
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the tensor index 
A? (x) = 2" P Ayn (x). (2.2.5) 


In alike manner, we can define the operation of lowering the tensor 
index 

A, (x)= 8mp A™ (x). (2.2.6) 
These operations have a tensor nature; from the original tensor they 
produce a tensor with other numbers of covariant and contravariant 
indices. 

Moreover, in a Riemannian space V, the presence of a metric 
tensor allows to construct in a natural manner the tools of covariant (or, 
as sometimes said, absolute) differentiation. The central role in the defi- 
nition of covariant differentiation is played by the notion of parallel 
translation of a tensor from an infinitesimally close point to a given 
point. The main linear part of the difference between the value of 
the tensor in the given point and its value obtained as a result of paral- 
lel translation from an infinitesimally close point will be the absolute 
differential which has a tensor nature in V,,. We will illustrate this 
by a simple example. 

Let us consider some contravariant tensor of the first rank. Suppose 
that at some point x’ its value is A’ and at an infinitesimally close 


point x! + dx! it is A’ + dA’. Since dA! is the difference of the compo- 
nents of the two tensors at infinitesimally close points, under coor- 
dinate transformations the quantity dd! = (0A'/dx')dx! is trans- 
formed not by the tensor law (2.1.10). 

We will now translate in parallel the vector A! from point x‘ to an 
infinitesimally close point x! + dx'. As a result of the parallel transla- 
tion the value of the vector at x! + dx! will be A’ + 8A’. The increment 
5.4‘ in parallel translation must be linearly dependent on the vectors 
A', dx' and the quantity ee which all characterize the Riemannian 
space V,, 

5A’ =P, A*dx!. (2.2.7) 
In this case, the result of the two successive infinitesimal parallel trans 
lations will coincide with the result of one parallel translation from 
the original point to the final one, and the result of the parallel trans- 
lation of the sum of two vectors will be equal to the sum of the incre- 
ments of each of them in this translation. 

The difference of the vector A' + dA! and the vector A’ + 5A! 
that '; translated from point x! to point x! + dx! will be 


DA'=dA' — 6A. (2.2.8) 
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It can be shown that this difference is a tensor. From the expres- 
ion (2.2.7) we have 
i QA' + i k d l 
DA’ = Ox Py, A x". (2.2.9) 
Since the quantities DA’ and dx! are tensors, the expression in paren- 
theses on the right-hand side of (2.2.9) is a tensor as well. It is called 
the covariant derivative of A‘ and denoted by 
. . aA! . 
V,Ai = AL, = — +1, A*. (2.2.10) 
Ox 
In alike manner, we can construct an expression for the covariant 
derivative of the covariant vector B; 
OB; k 
VB; = “aL —_— Dr. By. (2.2.11) 
Ox 
the expression for the Christoffel symbols of the second kind Ii, 
(or, as they are sometimes referred to, connectedness of a Riemannian 
ypace) can be obtained by considering that a parallel translation does 
not change the magnitude of a scalar 


- (gi, A'B*] = 0. 
Atter some simple calculation we obtain 
. 1. OLm1 , O2mk O£K} 
ry, = —gi™ (Cen + —_ —— }. 2.2.12 
kr 9 axe ax! ) ( 
lt follows from the definition (2.2.7) that the Christoffel symbols 
of the second kind are no tensors. For the coordinate transformation 


(2.1.2) the connectedness components ri of a Riemannian space are 
ttansformed by the law 


PO' =P? x(x’) 


ax’! ax™ axs Ox’! 92x? 
'k mi + '*k 7 
ax? ax” ax Ox? dx “dx 
(2.2.13) 

Ihe connectedness of V,, is thus a linear unhomogeneous geometrical 
object of the second order. 

We will also provide here some relations that will be useful for 
luter treatment 


1. OSim 1 dg 
mM. =—gi" — = — , 2.2.14 
2 ax* 2g ax* ( ) 

0 
Th =-— axe [V-ge"*], (2.2.15) 
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which follows easily from the expression (2.2.12), if we take into con- 
sideration that 


dg = ge""dg iy, =— gi, 48". (2.2.16) 

The expressions (2.2.10), (2.2.11) for the covariant derivatives 
of the contravariant (A') and covariant (B;) vectors can easily be’ gen- 
eralized to the case of arbitrary tensor density. 


The covariant derivative of the tensor density A‘: 2 --- 'k (x) 
Jy J. eee J] 
of weight w with respect to the coordinate x™ is defined as follows: 
to the conventional derivative of this density with respect to the coor- 
dinate x” for each contravariant index i, we add a term 
Ts Ali -+-fs—1 Pista. ++ tk 
MD fyda--- 


and for each covariant index j,, the term 
—7? . Abita ++ tk 


; ; : : . . -? 
Ns jy el ig Pisty +i 
whereupon from the resultant expression we subtract the term 


WIS, Alta ote 


I,J 2 --- J] 
We thus have 
Vm Abs le -oe EK x 
isda mer ) 


ii, ...i i pi, ...i 
—— Ar? Fqy)+T,,A.? K x) 
Ox™ fila. fifa eet 


i . : . ° . 2 
+ PmpAr?o "Ft... tT At? (x) 
Iyda---J Iida ee TI 
_ rp? gists -- tka yg pp gist --- tke, 
Leni, Pj .--d] (x) mM) j,p...30] (x) 
1p tii, ... tp 
Emi i ie ip ©) 
~wMihs Ailes ik (x) (2.2.17) 
ms . : ° ome a 
Iida eI 


Consider some special cases of covariant differentiation of tensor den- 
sities. . 

(1) The covariant derivative of a scalar coincides with the partial 
derivative | | 


oy 
V = 2.2.18 
Ke ax* ( 
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(2) The metric tensor of a Riemannian space V,, is covariantly 
constant: 


V.e'=0, Veen = 0. (2.2.19) 


(3) The covariant divergence from the density of the contravari- 
ant vector A’ of weight +1 coincides with the “conventional” diver- 
yence ; 
; 0A’ 

V,Ai' = ——. (2.2.20) 
ox’ 


(4) The covariant divergence from the density of the skew-symmet- 


tic tensor F’* of weight +1 also coincides with the ‘“‘conventional” 
divergence 
oF 
ki = 
V,.F f= ax . (2.2.21) 


(5) The result of the alternation of the covariant derivative of 
the covariant vector A, in a Riemannian space is independent of 
the metric 


0A, 9A, 


Vide Vas = Sr Gye 


Likewise, the result of the alternation of a covariant derivative of 
u skew-symmetric, k time covariant (kK > 1) tensor in Riemannian space 
V,, is also independent of the metric of the space 


0 
VijAiyi, ... i] = Oxlh Ai i, ... ij): 


(6) The covariant derivative of the Kronecker symbols is zero 


Vx ry = 0. 
(7) The determinant of the metric tensor is covariantly constant: 
V 7g = 0. (2.2.22) 


(8) The covariant differentiation of the sum, difference and pro- 
duct of tensors is accomplished according to the rules of conventional 
differentiation. 

(9) The values of continuous second partial derivatives are inde- 
pendent of the order of differentiation 

O° ghis ik 2? juin ++ ke 
OxP ax if, i OxtOxP fin eee ty 
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therefore, the result of covariant differentiation depends on the order 
of covariant derivatives 
V> Vg Alita tk = = V, Vy Abita ses Tk 
f,t, ... 0] [jig ...0 
+ [An : , Rig 5 t Alla . Tk ps 
in... is... iy i,qp * 


Iid2---JIk ps SJo.- Tk J; 
.+A Jk —|A i 
tis, , ina | ini, _ SqP 


4 giis---Sk pla ik gisda--- 4 
Ari pig... Re Rav 4, sect, (2.2.23) 


where Rim is the curvature tensor of V,,(the Riemann—Christoffel 
tensor) 

I — 

kim — ax! 7 ax™ t isl em - Dias kr (2.2.24) 


We discard the contravariant index in this expression and obtain the ex- 
Pp 
pression for the curvature tensor in terms of covariant components 
_ 0° mi 07 Bx) 0° 8:1 
Ritim = >\s Tak + Gyinpm ~ pyka ym 
2 \Ox' ax Ox’ Ox Ox” Ox 


O° Sim ° 
P aq 
~ Fyfax! + gop (Vp — Pim Vi) (2.2.25) 
Because of its construction the curvature tensor (2.2.25) possesses 
the following symmetry properties: 

(a) antisymmetry under exchange of indices in each of the pairs 
ik and Im: 


Rikim = ~Reitm = ~Rikmi= Reimis (2.2.26) 
(b) symmetry under exchange of pairs of indices ik and /m: 
Rikim = Rimik: (2.2.27) 


(c) equality to zero of the result of alternation in any three in-. 
dices (the Ricci identity): 


1 
‘Reixi}m “Sr (Rikim + Rukm + Rktim )= 0. (2.2.28) 


Furthermore, the curvature tensor (26.24) obeys the Bianchi—Padov 
identity 


Riim.p tRupt,m tRuemp.17 (2.2.29) 


kpl,m 
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Thus, by (2.2.26)—(2.2.28), the curvature tensor of the Riemannian 
space (2.2.25) has 
_ n(n? —1) 
12 
independent components, in terms of which all the n* components 
of the tensor can be linearly expressed. Obtaining the convolution 


of indices i and / in the expression (26.24), we arrive at the symmetri- 
cal Ricci tensor 


(2.2.30) 


Vim OV ei 
Rem = som tT isl im — Pins Pi (2.2.31) 


Raising one of the indices in the Ricci tensor (2.2.31) and obtaining 
its convolution with another one, we will get a scalar called the scalar 
curvature of a Riemannian space V,, 


R=Ri=g""R,,. (2.2.32) 


In Riemannian geometry an important role is played by the Hilbert 
tensor, which is a linear combination of the Ricci tensor and a scalar 
curvature 


1 
GK = RK _ 5 Or. (2.2.33) 


It is easily seen that the raising of the index k in the Bianchi — Padov 
identity (2.2.29) and the subsequent convolution of the indices i/ and 
km in the resultant expression lead to the covariant equation of conser- 
vation for the Hilbert tensor (2.2.33) 


VG; =0. (2.2.34) 


The curvature tensor is one of the most important characteristics of 
ua Riemannian space V,,, one that reflects the internal structure of 
the space. 

In particular, the condition for the quadratic form (2.2.3) to be 
reducible to diagonal form at all points of V,, simultaneously is the re- 
quirement that the curvature tensor be equal to zero: 


Ri im = 0 (2.2.35) 


The Riemannian space V,, is then said to be plain. 

A more general Riemannian space V,, is a space of constant cur- 
vature: at each point of it the curvatures in the possible two-dimensional 
directions are the same. 
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For a space of constant curvature the Riemann — Christoffel ten- 
sor (2.2.25) has the form 


Ripmi = K (im Spl — £ikpm)> (2.2.36) 


where k is the curvature. 
By the Schur theorem in a space V,,(n > 2) of constant curvature 
k remains the same at all points, i.e., 


k = const. 


It follows from the expression (2.2.36) that R = kn(n — 1), and there- 
fore forn > 1 ina space V,, of constant curvature we have 


R 


Ripmi = nal) 81 — 8:18pm): (2.2.37) 


where R is the scalar curvature. 

Depending on the sign of R the following three cases are possible. 
If R > 0, the space is called a space of constant positive curvature 
(Riemann space). This space has a finite volume but has no boundaries. 
At R = 0 the space V,, is said to be plain (Euclidean or pseudo-Eucli- 
dean). If R < 0, then V,, is called a space of constant negative curva- 
ture, or hyperbolic space (Lobachevsky space). The last two spaces are 
infinite, with an infinite volume. 

Let us now examine the behavior of the curvature tensor of a Rie- 
mannian space V, atn=1, 2,3. If n=1, a Riemannian space is uni- 
dimensional and each index in the expression (2.2.25) for the curvature 
tensor can only assume one value. Consequently, the curvature tensor 
of the space is identically zero, since we cannot construct even a single 
component of the space that would satisfy the conditions of skew- 
symmetry (2.2.26). The unidimensional Riemannian space V, is thus 
of necessity plain. 

In the case of a two-dimensional Riemannian space V, the tensor 
indices can take on two values: 1 and 2. Therefore, the metric ten- 
sor g;, Will have three components: g;1;, 812, and g 2. The curva- 
ture tensor (2.2.25) in this case can have a nonzero component Rj 12, 
and hence other components as well, which are obtained from it by sub- 
stituting indices taking into consideration the symmetry properties 
(2.2.26)—(2.2.27). Since the Riemannian space V, only has one inde- 
pendent component of the curvature tensor, this tensor can be expressed 
through the scalar curvature R and the metric tensor g;,. Indeed, 
considering that 


R= 2Ry212[g'1g7?? —(g!?)7], 
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we will get 
R 


2[gt!g?? —(g!?)7] ° 
Since in a Riemannian space V, we have 
[g'te?? —(g'?)?]! = 2 = 811822 —(212)’; 


we can write the component R,.,,, in the form 


Ri2a12 = 


R 
Ri212 ~ y 6811822 — £12812). 
In V., we thus obtain 
R 
Rikim = FZ GiSim — Sim Bik). (2.2.38) 


Accordingly, V, is of necessity a space of constant curvature. We can 
easily see that the Hilbert tensor (2.2.33) of this space is identically 


7Cro 


Gi, =0. (2.2.39) 


In a Riemannian space V3 the curvature tensor has six indepen- 
dent components. The Ricci tensor and the metric tensor of the space 
have also six components each. 

In complete analogy with the case of the Riemannian space V2 
we can show that the curvature tensor of V3 can be expressed in terms 
of the Ricci tensor and the scalar curvature 


R 
Rikim = — 5 (i&km — &kiSim) 


+ (RiiSkm + RemBit — Reiim — Rim8&k1) - (2.2.40) 


In what follows we will only be interested in the Riemannian space V,. 
The metric tensor g;, and the Ricci tensor (2.2.31) of this space have 
ten independent components each, whereas the curvature tensor has 
twenty independent components. Therefore, in the Riemannian space 
V, the curvature tensor in the general case cannot be expressed 
through the scalar curvature (2.8.32) and the Ricci tensor (2.2.31). 

As we know, all physical processes occur in space and time. These 
processes are often described using the four-dimensional space of events, 
whose points are elementary events. It is obvious that in the general 
vase the space of events is a Riemannian space V,. Experience shows, 
however, that one of the coordinates of this Riemannian space, namely 
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time, is distinguished. The coordinate is distinguished by the fact that 
after the quadratic form (2.2.3) is reduced throughout the space to 
diagonal form, the square of the time differential will have a sign oppo- 
site to the sign of the squared differentials of the other (space) coor- 
dinates. If we suppose for definiteness that the squared differential 
of time has the positive sign, we then obtain that the signature of the 
metric of the space of events is — 2 and it has the form (+, —, —, —). 

To stress the fact that time is a distinguished component we will 
refer to the space of events as the pseudo-Riemannian space V4 (or 
simply a Riemannian space-time), assuming time to be a zeroth coor- 
dinate of the space: 


x° =ct. 


If the curvature tensor of the pseudo-Riemannian space V4 is equal 
to zero, this space is known as pseudo-Euclidean (or simply plain space- 
time). We will agree also that the Latin indices assume values 0, 1, 
2,3 and the Greek ones 1, 2,3. We then have 


x! = [x° x%] = [er,r]. 


It should be noted that in the pseudo-Riemannian space V, we may 
no longer carry out arbitrary coordinate transformations (2.1.2), but 
we must instead, because time is a distinguished coordinate, make 
use of permissible coordinate systems alone where the component 
Zoo IS positive 


800 > 9, (2.2.41) 
and the three-dimensional quadratic form Zo gdxdx® is negative, i.e., 
Ba gdx “dx 80. (2.2.42) 


Then, in any coordinate system meeting the conditions (2 .2.41)-(2.2.42) 
the component x° will always have the nature of time, and the com- 
ponents x% the nature of space coordinates. 

By the Sylvester criterion, as we have seen above, the requirements 
(2.2.42) are equivalent to the conditions 


g g 811 812 813 
11 12 
G11 < 0, | g g > 0, 812 £22 &23| < 0.(2.2.43) 
12 22 
£13 §23 §33 


Note also that the condition for a coordinate system to be permissible 
imposes no constraints on the components go, of the metric tensor 
of Riemannian space-time. 
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2.3. Physical Field and Related Natural Geometry 


In any physical theory where a field variable is a tensor quantity, the 
form of the differential field equations should not depend on the choice 
of coordinates in which this process is described. This can by achieved 
in two ways: by using in the field equations only covariant derivatives 
in the metric of space-time that is natural for this process, or by forming 
a tensor quantity out of field functions and their partial (noncovariant) 
derivatives. In the latter case the field equations will be substantially 
nonlinear. | 

Corresponding to any physical field is some geometry, called natu- 
ral geometry, such that if there is no interaction with other fields the 
front of a free wave of this physical field moves along the geodesics of 
natural space-time. 

The propagation of wave of massless field (the equation of charac- 
teristics) [9] 

i SY YL (2.3.1) 

6 ax” ax! a 
as well as the motion of free material particles (the Hamilton — Jacobi 
equation) 

gik me (2.3.2) 

dx! ax* _ 
are defined by the metric tensor of the geometry that is natural for 
these processes. 

The question of the choice of natural geometry is the question 
of which effective metric tensor effects the convolution of the higher 
derivatives in the Lagrangian density. A situation is quite possible, as 
it has been noted by Lobachevsky [25], where vatious physical phe- 
nomena will be described in terms of different natural geometries. 

It ‘follows equations (2.3.1) and (2.3.2) that the natural geometry 
of a physical theory permits of an experimental check drawing on the 
evidence concerning the motion of test particles and fields. Examina- 
tion of the motion of test particles with mass and fields without mass 
enables us to determine the metric tensor of natural space-time up 
to a constant factor [5]. 

Studies of motions of a variety of forms of matter enables thus 
the nature of the geometry of the world’s space-time to be checked 
experimentally. 

The nature of the geometry of space-time largely predetermines 
the possibility of deriving the conservation laws for a closed system 
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of interacting fields. As we will see later, it is the requirements posed 
by the conservation laws for a closed system of physical fields that 
limits our choice of natural geometries to only three types of four- 
dimensional geometries. 

The geometry of space-time also predetermines the existence or 
absence of a group of coordinate transformations that leave the met- 
ric tensor form-invariant, and hence the existence or absence of phys- 
ically equivalent reference frames. 

We will analyze these issues for the case of an n-dimensional 
Riemannian space V,,. 


2.4. Form-Invariance Condition for Metric Tensor 


As follows from Section 1.2, the condition for the form-invariance 
of a metric under the coordinate transformation (1.2.15) can be 
written as 


Six (<) = Bix (x). (2.4.1) 


Let us take a closer look at it. Consider the infinitesimal coordinate 
transformation 


xt axl t B(x) (2.4.2) 
with an infinitesimal vector £(x), and define the conditions under 


which the equation (2.4.1) is obeyed in the first order in é(x). In 
this case, the equation (2.4.1) can be written as 


SL 8ix = Six (x) — Bix (x) = 9, (2.4.3) 


where we have introduced the notation 5, for the variation in terms 
of the Lie differential (Lie variation). The condition for the metric of 
a Riemannian space-time (2.4.1) to be form-invariant under the in- 
finitesimal coordinate transformation (2.4.2) is equivalent to the re- 
quirement that the Lie variation of the metric tensor becomes zero. 

In the relation (2.4.3) the Lie variations of each of n(n + 1)/2 
components of the metric tensor of a Riemannian space-time are not 
independent and they can be expressed through n components of the 
vector £'(x). Let us find this dependence. By the definition (2.4.3), 
we have 


Si ait =g" (x) g(x), (2.4.4) 


Under coordinate transformations the metric tensor of a Riemannian 
space-time exhibits the transformational law 


ax’ ax! 
x x 


ax!. ax™ 


ik 
g (x)= g™ x(x"). 
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And so for the transformations (2.4.2) we will obtain, up to terms lin- 
ear in £'(x), 


gi (e+ =e" (x) +e !(x) ae* tex) age! 
Hence 

g(x) = 2*(x) +e(x)0,8* +9 (x)agt! — Egg" (x), 
Substituting this relation into expression (2.4.4), we will obtain 

Sy gik =gisa ek + ph5g gi _ 59 pik =vigk 47k ge (2.4.5) 
By the relation 

SLgix =—8is&km SLE 
we finally obtain, from (2.3) and (2.5), 

61 8ik = —Vite — Vek = 0. (2.4.6) 


The form-invariance condition for the metric (2.4.3) will thus be met, 
if the equations (2.4.6) have a solution. In the literature equations 
(2.4.6) are known as the Killing equations, and the vector é'(x) that 
satisfy the equations (2.4.6), as the Killing vectors. 


2.5. Space-Time Geometry and Conservation Laws 


The Killing vectors play a fundamental role in physics. On the one 
hand, as we have seen, the existence of the Killing vectors in a Rieman- 
nian space-time guarantees the existence of a group of infinitesimal 
transformations of coordinates that leave the metric tensor form-in- 
variant, and hence guarantee the availability of physically equivalent 
reference systems in which all physical phenomena occur identically 
under appropriate initial and boundary conditions. 

On the other hand, the existence of the Killing vectors is closely 
linked with the existence of integral conservation laws for a closed 
system of interacting fields in a Riemannian space-time. It is well known 
[27] that a theory of any physical field can be constructed using the 
Lagrangian formalism. The physical field is then described by some 
function of coordinates and time, known as the field function. Equa- 
tions for the function can be obtained from the variational principle 
of stationary action. In addition to the field equations the Lagrangian 
upproach to constructing the classical theory of wave fields enables us 
to obtain a number of differential relations called the differential con- 
servation laws. These relations are conscquerces of the action function 
being invariant under coordinate transformations of space-time; they 
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connect the local dynamic characteristics of the field with their co- 
variant derivatives in a geometry that is natural to them. 

In the current literature it is customary to distinguish two types 
of differential correlation laws — weak and strong. 

The strong conservation law is generally defined as_ differential 
relation that holds due to the action function being invariant under 
coordinate transformations and that does not require that the equa- 
tions of motion for the field be valid. On the other hand, weak conser- 
vation laws can be derived from the strong ones with account of the 
equations for a system of interacting fields. An example of a weak con- 
servation law is the covariant conservation equation for the total ten- 
sor of energy-momentum of the system in an arbitrary Riemannian 
space-time 


Vin! =O Tt + 08, TH+ TM =O. (2.5.1) 


This equation can be obtained as a consequence of the requirement 
that the action function of the system of interacting fields be in- 
variant under an infinitesimal coordinate transformation provided that 
equations of motion hold for all fields. 

It should be stressed that, despite their name, the differential con- 
servation laws in the general case do not state that anything is con- 
served, locally or globally. These are simply differential identities re- 
lating various characteristics of a field, which hold because the action 
function does not change under an arbitrary coordinate transformation 
(i.e., it is a scalar). These relations owe their names to their analogy 
with the corresponding differential conservation laws in a pseudo-Eucli- 
dean space-time, in which integral laws can be obtained from differen- 
tial conservation laws. 

For instance, we can write a conservation law for the total tensor of 
the energy-momentum of a system of interacting fields (2.5.1) in a 
Cartesian coordinate system of a pseudo-Euclidean space-time 


I oO , 0 


—__ _ T°! - _ __ Tio 
c Or ox® 


Integrating this over some volume and using the Ostrograds- 
ky—Gauss theorem, we obtain 

1 a , — 
— — fT°'dv = —€T*"'dS,. 

c dt 

This relation means that a change of the energy-momentum of a 
system of interacting fields in a volume equals the flux of energy-momen- 
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tum through the surface that bounds the volume. If there is no flux, i.e., 
¢§T“'dS, =0, 


we arrive at the conservation law for the total four-momentum of an 
isolated system 


Similar integral relations in a pseudo-Euclidean space-time can be ob- 
tained for the angular momentum as well. 

On the other hand, if in a Riemannian space-time we have a dif- 
ferential covariant conservation equation this does not guarantee that 
we can deduce the corresponding integral conservation law. 

Whether or not integral conservation laws can be obtained in a 
Riemannian space-time wholly depends on its geometry and the pres- 
ence of the Killing vectors, or of the motion group in it. Let us take 
u closer look at the question, since the formalism developed here can 
be utilized to derive integral conservation laws also in arbitrary cur- 
vilinear coordinate systems of a pseudo-Euclidean space-time. We 
multiply the conservation equation (2.5.1) by the Killing vector, i.e., 
by the vector n,(x), that satisfies the Killing equations (2.4.6). 
Because the tensor 7’! is symmetrical, the expression obtained can 
be written as | 


Vm"! =Vm (nT '] =0. 


Using the properties of the covariant derivative, we obtain from this 
1 


Since the left-hand side of this is a scalar, we can multiply it by 


V-gdV and integrate over some volume. AS a result, we will obtain 
an integral conservation law in a Riemannian space-time 


d 
x) V—g T?'n,dV = —§»/—g Tn dSy. (2.5.2) 


If there is no flux of the three-dimensional vector Tn, through the 
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surface that bounds the volume, we obtain 
SV-g T°'n,dV = const. 


If there are Killing vectors we can thus obtain from the differential 
conservation law (2.5.1) the integral conservation laws (2.5.2). 


2.6. Conditions for Killing Equations to be Solved 


We now find out under what constraints on the metric of ad Riemannian 
space-time the Killing equations (2.4.6) have solutions, i.e., under what 
conditions there exists a vector that obeys the equations (2.4.6). 

The Killing equations (2.4.6) represent a system of linear partial 
differential equations of the first order. According to the general theo- 
ry [22] we can reveal the conditions under which a system of partial 
differential equations can be integrated by reducing it to the form 


00° 
>t w7(0", x’), (2.6.1) 
x 
where ©% are unknown functions; 7, / =1,2,...,n:¢,b=1,2,...,M. 


We can then find the conditions for the system (2.6.1) to be integrable 
from the relation 
07 @7 07 @4 


axfax’ = ax!ax! 


by replacing the first-order partial derivatives by the right-hand side 


of (2.6.1) 

ow? owe b ove owe 

—_— + = —_ —_—_ 

ax! 7 30h! axt * 9Q? VE (262) 

If the conditions (2.6.2) are met identically from equations (2.6.1), 
then the system (2.6.1) is said to be completely integrable and its so- 
lution contains M parameters — a maximum of arbitrary constants 
for the given system. 

If system (2.6.1) is not completely integrable, its solution will 
contain fewer arbitrary constants. We will determine under which con- 
ditions the solution to the Killing equations (2.4.6) in a Riemannian 
space V, will contain the maximum possible number of parameters, 
and will find this number. 

We will give our treatment in an explicitly covariant form, which 
is a covariant generalization of the above scheme of finding the in- 
tegrability conditions for a system of partial differential equations. 
To accomplish this, we will first reduce the Killing equations (2.4.6) 


’ 
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to the required form. We differentiate covariantly the Killing equations 
(2.4.6) with respect to the variable x’. As a result, we will get 


Ni; kit Nk; i = 9. 
Hence 
Nis jut 15a t+ Nis +N; yf — Nis — Ms ji = O.- 
Rearranging, we obtain 
nijit Nisy + Isa — yu) + [m4 — mj] = 9.- (2.6.3) 


On the other hand, the commutation rules for covariant derivatives 
dictate that 


Nis aj — Ns jt = = Rin (2.6.4) 
Substituting the expression (2.6.4) into (2.6.3) gives 
h h h 
2ni; jut MAR + MAR t+ Nn Rij = 9. (2.6.5) 
Using the Ricci identity 
h h h — 
Rit Ri, + Rig = O, (2.6.6) 
we get 
h h 
n,Riy +0 Rig = MAR ni; 
Therefore, we can rewrite (2.6.5) as 
- h 
ure jl 7 — 1 iy 


We thus obtain the following covariant equations 


+7. .= 
"i j Nii ~ 0, "i jl = —n,Rh 


n (2.6.7) 


We transform this system of covariant differential equations into a 
system that only contains first covariant derivatives. So we introduce, 
in addition to n unknown components of n;, an unknown tensor )j; by 


Ti 7 = AG (2.6.8) 


This tensor contains n? unknown components, but only n(n — 1)/2 
of these are independent, since the tensor is skew-symmetric by 
(2.4.6) and (2.6.8): 


Ag + Ag = 0. (2.6.9) 
From the foregoing the desired system of covariant differential equa- 
tions becomes 

TH; 7 = Aaj, 


h 
if30— 7 rR ye 


(2.6.10) 


> 
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We have thus reduced the Killing equations (2.4.6) to a system 
of special form; it consists of linear differential equations solvable 
for first-order covariant derivatives. 

The system is a covariant generalization of system (2.6.1), the 
role of unknown functions @*% being played here by n(n + 1)/2 com- 
ponents of the tensors Aj; and 1; 


e* = [ni Ay] . 


The condition for system (2.6.10) to be integrable can be ob- 
tained from the commutation rule for covariant derivatives, which is a 
consequence of the independence of the order of derivatives in par- 
tial differentiation. From this rule we have 


_ h 

Ni: jt — Nisy = MMR, 
(2.6.11) 

Nim3t — Mim; = MinRmyt + MamRogr 
Substituting expressions (2.6.10) for the first covariant derivatives 
on the left of these, and using the property (2.6.9) that the tensor 
Aim iS antisymmetric, we will obtain the integration conditions for 
(2.6.10) in the form 


h 
Aim; j — Nijz;m = MnRimj, (2.6.12) 


h h h 
[NnRjmi] 7 [nnRinil ;j7 AinRmj + AnmRijt- (2.6.13) 


It is easily seen that the first of these expressions holds identically 
by virtue of the equations (2.6.10) of the system and of the proper- 
ties of the curvature tensor. And so if the condition (2.6.13) will 
identically hold only due to the symmetry of a Riemannian space- 
time, system (2.6.10) will be completely integrable and hence the 
Killing equations (2.4.6) will contain the greatest possible number 
M = n(n + 1)/2 of arbitrary constants. Since the unknown functions 
n; and Ag = —A»n; in system (2.6.10) must be independent, the left-hand 
side of (2.6.13) becomes identically zero only subject to the conditions 


h h 
Rinij: Ll Riz. m =9, (2.6.14) 
h h h hps Sph hps 
Oeil — 6; Rimi _ 6iRimt t 6; Rimt + OTR ij 6 Rag 
h h ps — 
— 6 Ray +60 i O- (2.6.15) 


Convolution of (2.6.15)in indices f and s, using the relations 
§ _ AY —_— 
Rim ] R ~ 0 


ims smi 
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and the Ricci identity (2.6.6), gives 


—(n-1)Ry y= 5 'Rmi— 67 Rim- 


It follows that 


—Rimij = [ g7Rmi — 2uRjm). (2.6.16) 


a Dy 
Multiplying this by g”"’ gives 
nRj1 = gk. 


Substituting this into (2.2.16), we will obtain the condition for 
(2.6.15) to hold identically 


Rimij = [8j18mi — 8i&jm | - (2.6.17) 


R 
n(n — 1) 
From (2.6.17) and (2.6.14) we derive the requirement to be met by 
the scalar curvature 

0 
h h 
— 16 jen 6; i8y) 5 m R= 0. 


h h 
[55 8im — 5:8jm) > 5 


Multiplying this by sgt we will have 
(n — 1) ° R=0 
n— —_ >; = VU, 
Ox! 


Since in the case under consideration nm > 1, for the condition to 
be met it is necessary and sufficient that R = const. Accordingly, the 
integration’ conditions (2.6.14) and (2.6.15) for the Killing equations 
(2.4.6) will hold identically, if and only if the curvature tensor for a 
Riemannian space-time has the form 


Rimi = [ S18mi — 8i8jm) 


R 
n(n — 1) 
where R = const. 

In consequence, the Killing equations have solutions with the 
greatest possible number M = n(n + 1)/2 of arbitrary constants (pa- 
rameters) only when a Riemannian space V,, is a space with constant 
curvature. If then V,, is not a space of constant curvature the number 
of parameters will be less. 

This suggests that on the mathematical side the presence of in- 
tegral conservation laws for energy-momentum and angular momen- 
tum and the existence of a group of physically equivalent reference 
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frames are reflections of definite properties of space-time: namely 
of its homogeneity and isotropicity. There exist three types of 
four-dimensional spaces [24] that feature the properties of homoge- 
neity and isotropicity to such an extent that they permit introducing 
ten integrals of motion for a closed system and the ten-parameter 
group of coordinate transformations under which the metric tensor 
remains form-invariant: the space with a constant negative curvature 
(Lobachevsky space), the space of zero curvature (pseudo-Euclidean 
space) and the space of constant positive curvature (Riemannian 
space). The first two spaces are infinite, they have infinite volumes; 
the third space is closed, it has a finite volume but has no boundaries. 


2.7. Killing Vectors and Conservation Laws 
in Pseudo-Euclidean Space-Time 


We now find the Killing vectors in an arbitrary curvilinear coordinate 
system of a pseudo-Euclidean space-time. To begin with, we write 
the Killing equations in the Cartesian coordinate system 

0 ) 


-]N; + —T 
oxi 7 ox! 


We thus find the Killing vectors from a system of ten linear partial 
differential equations of the first order. 
Solving the system, following conventional rules, yields 


hi = @j +wyx!, (2.7.1) 


n; = 0. 


where a; is an arbitrary constant infinitesimal vector; w, is an ar- 
bitrary constant infinitesimal vector subject 


Wij = —Wii- (2.7.2) 


As it should be expected, solution (2.7.1) thus contains all the ten 
arbitrary parameters. 

Since expression (2.7.1) includes ten independent parameters, 
we have virtually ten independent Killing vectors, and the relation 
(2.7.1) is a linear combination of these ten independent vectors. 

What is the meaning of these parameters? Substituting (2.7.2) 
into (2.4.2), we will get 


x! = xi ta’ tw x). (2.7.3) 


This suggests that the four parameters a’ are the components of 
the four-vector of infinitesimal translations of the reference frame. 
The three parameters Wag are the components of the tensor of ro- 
tation through an infinitesimal angle about some axis (the so-called 
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pure rotations). The three parameters Wog describe infinitesimal ro- 
tations in the plane x°x®, called the Lorentz rotations. The metric 
tensor y,,; is form-invariant under translations, therefore a pseudo- 
Euclidean space-time is homogeneous; its properties are independent 
of where in the space-time the origin of coordinates is located. Like- 
wise, the form-invariance of the metric tensor y,,; under four-dimen- 
sional rotations betokens its isotropicity. It follows that in a pseudo- 
Euclidean space-time all directions are identical. 

We conclude that a speudo-Euclidean space-time allows a ten- 
parameter group of motions which includes a four-parameter sub- 
group of translations and a six-parameter subgroup of rotations. The 
presence of this group of motions and the existence of the correspond- 
ing Killing vectors guarantees the presence of ten integral conserva- 
tion laws for energy-momentum and angular momentum for a system 
of interacting fields. 

Indeed, considering that in a Cartesian coordinate system ./—g = 1, 
we will from (2.5.2) obtain for the translation subgroup (n; = 4;) 


730 fT°'a,dV = —$ T™a;dS,. 


Since a‘ is an arbitrary constant vector, we have from this relation 


fTdv=—§T'dS,. 


dx°® 


For an isolated system of interacting fields the expression on the 
right-hand side of this relation is zero, and so its total four-momentum 
is conserved, i.e. 


1 ; 
P' =-— fT°'dV = const. (2.7.4) 
c 


Likewise, at 
Ty = Wijx! 


we will get 


7° ST°'x/wydV = — § T™'x!wiydSq. 


Since the constant vector wy is skew-symmetric, we have the in- 
tegral law of angular momentum conservation 


d ; _ ; _ 
= f(T! — Tx!) dv=— ¢ [T%*x! — T%x"] dS. (2.7.5) 
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The total angular momentum of an isolated system is conserved, be- 
cause the right-hand side of (2.7.5) vanishes: 


. it _ _ 
M®=— s[T°x!? — T°x"] dV = const. (2.7.6) 
C 


It should be noted that in arbitrary curvilinear coordinates of a 
pseudo-Euclidean space-time, since the quantities x‘ and 7’ are tensors, 
we can solve the Killing equations (2.4.6) from the solution (2.7.1) of 
these equations in a Cartesian coordinate system. To do so, we will 
in (2.7.1) change from the Cartesian coordinates x’ to arbitrary curvi- 
linear coordinates x' 


x! = f "(x hew)- 


Then 
l 


ni = j 11 %o1d@new))- 
Ox new 
Therefore, in an arbitrary curvilinear coordinate system of a pseudo- 
Euclidean space-time the Killing vectors have the form 


of! af! . 
N= Oo t+ <> _ fnew) Wy- (2.7.7) 
Ox new 

Generalization of the expressions (2.7 .4)—(2.7.6) to the case of ar- 
bitrary curvilinear coordinates is a straightforward exercise. Following 
along the same lines as before, we find the four-momentum for an 


isolated system 


i 
OX new 


of ‘(Xnew) 


. 1 ——_____. 
p= - fv- &(Xnew) AX) ewdx? ewaXaewT '(Xnew) l 
c OX new 


The skew-symmetric tensor of the angular momentum then becomes 


. 1 a 
M' = C f dX hew IX new FX new V- &(Xnew) T (Xnew) 


; af! new ; af! new 
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The nature of the geometry of space-time thus determines whether 
we can obtain the integral conservation laws and whether there exist 
physically equivalent reference frames. In four dimensions, including 
physical space-time, only spaces with constant curvature possess all 
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the ten conservation laws and the ten-parameter group of physically 
equivalent systems; in other spaces there are fewer laws. 

It is worth noting that, beginning with the work of Poincare [5], 
in the literature the question of the connection between geometry and 
physics has been discussed. It is maintained that since it is only a mar- 
tlage of geometry and physics that yields things that can be tested ex- 
perimentally, a geometry to describe phenomena can be taken arbi- 
(rary, although it may happen to complicate the description. As we have 
seen, however, the choice of geometry is no matter of convention, it 
is rather determined by physical principles, namely by the laws of con- 
servation of energy-momentum and angular momentum for a closed 
system of interacting fields. And since these physical laws are daily test- 
ed in studies of the properties of matter, thereby the geometry of 
space-time of the real world is tested. 

The above treatment has indicated therefore that electrodynamics 
has actually led to the discovery of the unity of space-time. As a result 
of the discovery the principle of relativity has lost its fundamental 
significance in theory and became a consequence of the pseudo-Eucli- 
dean geometry of unified space-time. 

At the same time, the pseudo-Euclidean geometry of space-time 
enabled us to introduce a new principle — the generalized principle 
of relativity, which is valid both for inertial and noninertial reference 
frames. This circumstance clearly indicates that the opinion, so com- 
mon in the literature [8, 11, 19, 64], that the special theory of rela- 
tivity cannot be used to describe physical processes in noninertial ref- 
erence frames is erroneous. 


2.8. Riemannian Geometry and Gravitation 


Among the interactions possible in nature gravitation stands apart. 
lirst, this interaction is universal, it affects all the forms of matter 
known so far. Second, its action on matter is fundamentally dif- 
ferent from the action of other forces: as evidenced by the measurements 
of the deflection of the sunbeam and the lagging of a radio signal in the 
gravitational field of the Sun, a gravitational field acts on a wave by 
distorting its front. The propagation of the wave front of a massless 
ficld(the equation of characteristics) 
oS Os 


ax! ax* 


ik 


und the motion of free particles (the Hamilton — Jacobi equation) 


ix OF OW 22 


ox! ax* iis 
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is determined by the metric tensor. It follows that a gravitational field 
sort of changes the geometry for other fields of matter. It may well 
be asked, therefore, whether we can introduce a gravitational field 
so that its action of the other fields of matter would be equivalent 
to the change of geometry for these fields, and the gravitational field 
itself could be regarded as a field a Ja Faraday — Maxwell, with its con: 
ventional property of a carrier of energy-momentum. 

An answer to this question is to be found in [28-30]. Later in the 
book we will follow these works. As one is led to conclude from the 
results of Sections 2.5 and 2.6, we can drive integral conservation laws 
in any physical theory largely because there exist the Killing vectors of 
space-time, or of the group of motions a space (metric). There only 
exist three types of four-dimensional spaces that are so homogeneous 
and isotropic that we can obtain all the ten integral conservation laws 
for a closed system: the space of constant negative curvature (Loba- 
chevsky space), the space of zero curvature (pseudo-Euclidean space), 
and the space of constant positive curvature (Riemannian space). 

Since experimental data on strong, electromagnetic and weak 
interactions show that for fields associated with these interactions in 
the absence of a gravitational field the geometry of space-time is pseudo- 
Euclidean, we can venture the hypothesis that this geometry is common 
for all physical processes, including gravitational ones. The validity 
of energy-momentum conservation for a closed system, irrespective of 
angular momentum conservation, among the three geometries with 
constant curvature brings out the zero-curvature geometry of space- 
time (pseudo-Euclidean space). 

A further key element of the field approach we now attempt to 
expound is the principle of identity (of geometrization), which states 
that the equations of motion of matter under the action of a gravita- 
tional field in a pseudo-Euclidean space-time with the metric tensor 
Yix can be identically represented as the equations of motion of mat- 
ter in a certain effective Riemannian space-time with the metric tensor 
8ik, Which depends on the gravitational field and the metric tensor y;x. 
This principle thus defines, on the one hand, the equivalence of these 
two ways of describing the motion of matter under a gravitational 
field; on the other hand, it determines the character of interaction of 
the gravitational field with matter and corresponds to a certain choice 
of Lagrangian interaction of the gravitational field with matter. It should 
be emphasized that the field approach to the theory of gravitational 
interaction ignores the nature of the gravitational field. We do not know 
the nature of the field, only time and new experimental evidence yield 
an answer to this question. One possible realization of the approach 
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consists in using the symmetric tensor field of ‘the second rank as a 
gravitational field. 


We now turn to the character of the conservation laws for all such 
local theories of gravity, without specifically selecting the density of 
the Lagrangian. Relying on the basic principles of the field approach, 
we can write the density of the Lagrangian of a system consisting of 
matter and a gravitational field in the form 


L=Q, (Vins Vik) tL (Gin Pa) (2.8.1) 


where y;, is the metric tensor of the pseudo-Euclidean space-time, 
Kix is the metric tensor of the effective Riemannian space-time, ¥;, 
is the gravitational field, py, is other fields of the matter. Without loss 
of generality, we will consider that the metric tensor g,, is a local func- 
tion depending on the metric tensor y;, of the gravitational field y;, 
and their partial derivatives up to the second order: 


Sim = 8im (Vik> 9s Vik> 8st Vik> Pik» IsPik, IstPiks ++ - 
£5 7K, Oey, Ose 7"). (2.8.2) 


We will consider that the density of the matter Lagrangian is depen- 
dent on the metric tensor g;, and the matter fields %,, the latter en- 
tering into the Lagrangian density with the derivatives of order not 
higher than the first. It is easily seen that the matter Lagrangian den- 
sity will include the partial derivatives of the gravitational field up to 
the second order. The density of the Lagrangian of the gravitational 
field Q, will be taken to be dependent on the metric tensor 7,;,, the 


gravitational field and their partial derivatives through the third order. 
To derive the conservation laws we will, as in Section 1.9, use the co- 
variant method of infinitesimal displacements. Since the action S is a 
scalar for‘an infinitesimal coordinate transformation 


x =x!it E(x) (2.8.3) 


the variations of the matter action 5S,, and of the gravitational field 
5S, will be zero. Since the density of the matter Lagrangian includes 
both covariant and contravariant components of the metric tensor, 
we will vary the density of the Lagrangian in them as the independents, 
and then we will take into account the relation between their variations 
5g!” _ — gig! se. 
We will use the same treatment when varying in the components 7;, 
and y’” of the metric tensor of plane space-time. 
Reasoning along the same lines as in Section | 9, we will write the 
variation of the integral of the matter action under the transformation 
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(2.8.3) in the form 


1 AL 
5S, =— fd*x ( ~ 
Cc A 


EQ . 
51 8in + —— 5,4 + Div }=0, (2.8.4) 
Sin by, 


where Div stands for the divergent terms, which are of no significance 
for our treatment. We will now find the Lie variations that enter into 
this expression. By definition, we have 


OL Sin = 5 Sin ~~ £°0) £in. 
Since the metric tensor of the effective Riemannian space-time, as any 
tensor of the second rank, obeys the transformational law 
ox? dx? 


Sin(x + &) = it Bpq (x), 
Ox’ ax’ 


we can readily find 
Sin (x + £) = gin (x) — 811 On gl — 8n1 9; a 


Therefore, the coordinate variation 5, of the metric tensor g;,, will be 


5c 8in =8in (* + §) — Bin (X) = — Bi Onk! — Bt 9;E'. 


Hence 
8. 8in = — Bi Ont! — Bni Oi! — £10; Bin 


or in covariant form 
5 Bin = — 8:1 Dnt! — &n Dé’ — §'Dy 8in- (2.8.5) 


Since the geometric nature of matter fields y, is not specified before- 
hand, we will write the Lie variation of them in the general form 


6194 =— 8 Dip, + F Ri ppDn€', (2.8.6) 
where the tensor F can assume one form or another depending on 
the geometric type of the field y, . Introducing the notation 


AQ, 52, bX, 
M4 


Agix 58 ik 5g?* 


is_kp 


“Tk =_2 


for the energy-momentum tensor of matter in a Riemannian space- 
time and substituting the relations (28.5) and (2.8.6) into the ex- 
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pression (2.8.4), we will obtain after some rearrangement 


] ] 
55 =— fax (—t |, (gy T” y-5 7" Di &in 


52, Elan, 
Diya + Dn ( —— FRitop )| + Div )=0. 
by, 804 


Since the vector &’ and its derivatives in this expression are arbitrary, 
we can form this derive the following strong conservation law: 


1 . 
Dn (giT™") — 5 T'"D; &in = 


5k, EQ. 
=— Diva ~ Dn ( Fai i vo ). 
by YA by 4 


We now express the covariant derivatives on the left side of the iden- 
lity through the partial derivatives and connectedness of the plain 
space-time Yip- Considering that 7’ is the density of a tensor of 
weight +1, we will have 


a EQ Qo 
On (gn T!”) — — T918in = — ——— Dip — Dn —= FBI” op 
2 bp, by 4 


Expressing 0,g;, through the connectednesses of the effective Rieman- 


nian space-time 0)2;n = — 8is In — 8ns V7;, We will get 
, 5x 
gi An T” = “Dips -p,( : Fair ea) ; (2.8.7) 
" YA by, 


where we have introduced the notation V,, for the covariant derivative 
with respect to the metric of the effective Riemannian space-time. 
We will get another important identity, if we take into account the 
fuct that the metric tensor of the effective Riemannian space-time 
is actually constructed out of y;, and the metric y;,. The variation of 
the action function for the matter becomes 


1), {5m 5k 
bSyq = — fd°x OL Pin + OLA 
Cc 6 by 


1 
— 5! ” 8. Yin + Div =0, (2.8.8) 
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where 


in, 9 = 2 ( — y!P ns ~~) 

AYin 5 Yin by ?* 
is the symmetric tensor of the energy-momentum of matter in a pseudo- 
Euclidean space-time. | 


The Lie variations of the gravitational field y;,, and of the metric 
are 


81 in = — 91Dné" — On1D;§! — E'Dy pin, 
8 Yin = — YitDn¥! — YniDié". (2.8.9) 
After substitution of (2.8.6) and (2.8.9) into (2.8.8), we obtain 


1 5k 
bSuq = — pats (¢!| 20, ( = emt )~ Duta 
2 5Ynm 


52 5k OU 
~~ Ditam — Dn (Fe 7 B ws + Div )=d 
5Ynm by, by4 


Because the vector ¢! and its derivatives are arbitrary, we will get an- 
other strong conservation law 


hn 52u4 
Dy ty —2Dn Ca m1 \+ Diam 
S5Ynm SQnm 
62 x 
+ Dr (oe iW va )* —~ Dia = 0. (2.8.10) 
by, 5p, 


Subtracting from this the expression (2.8.7), we get 


; 52, 5, . 
Dy thy — Dn (s,m )* 5 Divan = 4, T™. 
5Ynm Ofnm (2.8.11) 
This identity is valid even if the equation of motion of matter ina grav- 
itational field is not obeyed, and so it is a strong conservation law. 
Similarly, since the action function of a gravitational field is in- 
variant under transformation (2.8.3), we will obtain 


5 SL 
Dn tel — 2Dn (—- emi )* Sy : DiPmn = 0, (2.8.12) 
nm nm 


where the density of the energy-momentum tensor of the gravitational 
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(leld in the pseudo-Euclidean space-time, as usual, will be 
As 9 | St — yr Os | 
AYin SY in by*? 


Ilere tel = rate’. 
It follows from (2.8.11) and (2.8.12) that 


in 


non 5k 5x 
Dy, [te + ty] — 2D,, Ymi | t+—— Divmn 
5¥¢nm SY mn 
= V,, (gi T"). (2.8.13) 
When the equations of the gravitational field 
5k 5k 5x 
=—#— +—"_-=0, (2.8.14) 
bmn SYmn SYmn 
where 
5x dx ag dL 
= -%(5,-— )* Ong (seen) 
Smn OPmn 0(9nYmn) 0(9n9q Ymn) 
Q 262 —— (2.8.15) 
_ ) 8. 
_ 0(0p9g9%ePmn) 


are satisfied , the expression (2.8.13) becomes simpler: 
Draltgit tal =8i Vn T™. (2.8.16) 


This relation is a manifestation of the principle of geometrization. 
lt suggests that the covariant divergence in a pseudo-Euclidean time- 
apace of the total density of energy-momentum tensor for gravitation- 
al field and matter has transformed into the covariant divergence in 
u Riemannian space-time for the density of energy-momentum tensor 
of matter defined in the effective Riemannian space. With the field 
approach the gravitational field (as a physical field) can thus be ex- 
.luded from describing the motion of matter and its energy, so to 
speak, goes into forming the effective Riemannian space-time. 

The Riemannian space-time will thus be a kind of energy-momentum 
‘urrier. According to the principle of geometrization and the laws of 
vnergy-momentum conservation for matter and gravitational field taken 
topether, the creation of a Riemannian space-time takes up as much 
energy aS it is contained in the gravitational field, and therefore the 
propagation of curvature waves in a Riemannian space-time reflects 
the conventional transfer of energy by gravitational waves in a pseudo- 
luclidean space-time. This implies that with the field approach curva- 
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ture waves in the effective Riemannian space-time are a direct conse- 
quence of the existence of Faraday — Maxwell gravitational waves 
with their energy-momentum density. 

When the equations of motion of matter 


58 | 
=0 (2.8.17) 
bp, 
hold, the expression (2.8.10) becomes simpler 
SL 5 
Dn tut — 2Dpy (= vms )+ Ron Di$mn = 9, (2.8.18) 
SYmn SYmn 


and from (2.8.7) we automatically obtain the covariant equation of 
conservation for the density of the energy-momentum tensor for mat- 
ter in a Riemannian space-time 


A,T™ =0,7"+Ti,7™" =0. (2.8.19) 


This equation is common for theories with geometrical density of the 
matter Lagrangian and it is not connected with any specific version 
of gravity theory. 

We will see later in the book that, if the equations of gravita- 
tional field (2.8.14) hold, we will obtain from (2.8.13) and (2.8.19) the 
covariant conservation law for densities of the total symmetrical energy- 
momentum tensor in a pseudo-Euclidean space-time 


Dn (ter + tm) = 0. (2.8.20) 


Expression (2.8.20) taken together with the properties of homogeneity 
and isotropicity of a pseudo-Euclidean space-time, enables us to con- 
struct for aclosed system all the integral conserved quantities. This means 
that this scheme does not include any processes (whatever the erudi- 
tion of their inventor) in which energy-momentum is not conserved. 

It follows also from the expression (2.8.20) that the gravitational 
field considered in a pseudo-Euclidean space-time behaves just like 
all the other physical fields. It has an energy and a momentum, and 
makes its contribution to the density of the total energy-momentum 
tensor of the system. 

From (2.8.20) and (2.8.16) we will get 


Da (tert th) = 81 An T" = 0. (2.8.21) 


Consequéntly, the conservation law for the density of the total 
energy-momentum tensor (2.8.20) and the conservation law in the form 
(2.8.19), when the equations of motion for matter (2.8.17) and gravi- 
tational field (2.8.14) are met, are merely different forms of the same 
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conservation law. The conservation law (2.8.20) expresses the fact 
that in a pseudo-Euclidean space-time is conserved the density of the 
total energy-momentum tensor for matter and gravitational field taken 
together. This law has the conventional form of a conservation law. 
A conservation law in a Riemannian space-time is no conservation law 
in the conventional sense, since the density of the energy-momentum 
tensor of matter 7’ need not be conserved, because 0, 7°" # O. In 
that case, the second term in (2.8.19) expresses the energy-related 


action of the gravitational field on matter and shows that matter de- 
tives energy that has been “‘stored’’, as it were, in the effective Rieman- 
nian space. But there is no saying from (2.8.19) which quantity is con 
served then, and it is only the equality (2.8.16) that enables us to find 
that the conserved quantity is the total energy-momentum tensor of the 
system. We have not yet elaborated on the choice of the Lagrangian 
density. Within the framework of the special theory of relativity we 
have used the notion of gravitational field as a Faraday — Maxwell field 
that possesses energy,momentum and spins 2 and 0 toconstruct [28-30], 
using the principle of geometrization, a unique relativistic theory of gra- 
vitation (RTG). This theory differs fundamentally from the general 
theory of relativity of Einstein, since it allows a description of the en- 
tire body-of experimental gravitational evidence available to date satis- 
(ies the principle of conformity and is not fraught with the difficul- 
ties that are inherent in the general theory of relativity in relation to 
the problem of energy-momentum. According to this theory the Fried- 
imannian universe is infinite and “plane”. It follows that the Uni- 
verse must include some “latent mass’ in some form of matter. Ac- 
cording to RTG the process of compression of a massive body by grav- 
itational forces terminates at some finite density of matter in a finite 


span of proper time. The brightness of such an object declines expo- 
nentially, but nothing special occurs with the object, because its density 
is always finite and, say, for the body’s mass of 10° solar masses it 
is 2 g/cm*. This means that RTG does not predict any “black holes” 
us objects. whose density grows indefinitely so that they-shrink to a 
point. 

Conservation laws do not work in the entire subclass of gravity 
theories with complete geometrization, not only in Einstein’s theory. 
In theories with complete geometrization the Lagrangian density depends 
on the field y;, and the metric tensor y;, only through the metric tensor 
of a Riemannian space-time 


L=L, (Six) +2 (Sik, PA). (2.8.22) 


In theories of this subclass the density of the symmetric energy-mo- 
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mentum tensor for matter and gravitational field in a pseudo-Eucli- 
dean space-time is 


2° Arvin = Bim = OYin 
-1, [2 tte, (22 ttm) 
Agim 9(9p Yin) Agim 9(9pYin) 
is, np (= 281m —9 AX _ Bim 
Agim oay'? Agim 9(8q7"") 


A 
— az (=. am) ): (2.8.23) 
Agim 0(9xq 7°?) 


In any gravity theory with the Lagrangian density (2.8.22) the equa- 
tions of gravitational field have the form 


AL 5k 


—giPgms x =0 (2.8.24) 
Agim 581m 5g°? 


and so the density of the symmetric tensor of energy-momentum of 
matter and gravitational field in a pseudo-Euclidean space-time (2.8.23), 
by virtue of the gravitational field equations (2.8 24), will vanish 


Ax J 


= ¢"=( 


AYin 2 


Therefore, the subclass of gravity theories with the Lagrangian 
(2.8.22) in principle does not allow to introduce the concept of the 
gravitational field’ with an energy and a momentum. This proposition 
has the nature of a theorem whose consequence is the conclusion that 
any way of constructing a gravitation theory on the basis of a plane 
spzce-time with complete geometrization that leans on the ideas of a 
gravitational field as a physical field in principle cannot lead to the 
general theory of relativity. This general conclusion goes to prove 
the fallacy of some statements [32-33] that all such theories are bound 
to lead to Einstein’s general theory of relativity. Detailed analysis [31, 
37, 44] shows that in the general theory of relativity there are no mat- 
ter conservation laws for a closed system. Thus, for the conservation 
laws to hold good, we must ‘forgo the complete geometrization of the 
gravitational field, whose equations can even be nonlinear for the higher 
derivatives as well. 

Then, in full compliance with geometrization principle the field 
y!* and the metric tensor of the Minkowskian space y’ will only enter 
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into the density of the matter Lagrangian through the quantity gik 
und in the density of the Lagrangian of the gravitational field they will 
appear separately. 

In GTR the gravitational field is characterized by the tensor g'. 
It is on this tensor that the boundary conditions at infinity are imposed 
in disregard of the fact that the asymptotic behavior of metric coeffi- 
clents is conditioned by the choice of a three-dimensional (space) 
coordinate system in this reference frame. The latter of necessity sug- 
yests that the quantities g’* cannot be characteristics of a Faraday— 
Maxwell gravitational field, which has an energy and a momentum. 
Therefore, when we construct a relativistic theory of gravitation, we 
should reject Einstein’s idea that a gravitational field should be iden- 
\ified with the metric of a Riemannian space-time. | 


Chapter 3 


RELATIVISTIC THEORY OF GRAVITATION 


This chapter is concerned with the essentials of a relativistic theory 
of gravitation (RTG) constructed in [28-30]. Before laying down the 
basics of RTG, we will give an outline of some points of principle 
associated with the general theory of relativity (GTR). 

When expounding the general theory of relativity Einstein relied 
on the principle of equivalence of the forces of inertia and gravity. 
The equivalence principle for the forces he formulated as follows 
[8]: “For an infinitesimal region we can always chose coordinates so 
that there will be no gravitational field in it.’ Einstein’s formulation 
of the equivalence principle already forgoes the notion that a gravi- 
tational field isa Faraday—Maxwell field. One manifestation of this 
is the pseudo-tensor characteristic THof the gravitational field he intro- 
duced. Later on Schrodinger [35] indicated that with an appropriate 
choice of the coordinate system all the components of the energy- 
‘nomentum pseudo-tensor of the gravitational field, ae beyond a ball 
vanish. Einstein commented [8]: “As regards Schrodinger’s ideas, 
their power lies in their analogy with electrodynamics, where the den- 
sity and strengths of the energy of any field are nonzero. However, 
I do not see the reason why the same should be characteristic of gra- 
v.tational fields as well. Gravitational fields can be defined without 
specifying strengths and density of energy.’ We thus see that Einstein 
quite consciously departed from the concept of the gravitational field 
as a Faraday—Maxwell field, since this field, as a material entity, can 
never be done away with by a choice of a reference system. 

Since GTR does not include the concept of the density of energy- 
momentum tensor for the gravitational field, we cannot introduce 
in it the law of energy-momentum conservation for matter and gravita- 
tional field taken together. This was first noted by Hilbert. He wrote 
[36]: “I maintain .. . that for the general theory of relativity, i.e., 
\whe1 the Hamilton function is generally invariable, there are no 
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energy equations in orthogonally invariant theories. I could even note 
this circumstance as a characteristic feature of the general theory of 
relativity.” Some authors do not grasp this even now, others under- 
stand and regard this as a step of principle and importance, which has 
even been made by GTR, by having dethroned such concepts as ener- 
yy. The rejection of the concept of the density of energy-momentum 
of the gravitational field in GTR makes it impossible to localize the 
energy of the field. But if we cannot localize the energy of the field 
und conservation laws, we cannot use the concepts of gravitational 
waves and the flux of gravitational radiation. This means that any trans- 
fer of gravitational energy in space from one body to another is im- 
possible. 

According to the ideology of GTR the principle of relativity is 
not applicable to gravitational phenomena. It was in this key point 
that nearly 70 years ago Einstein and Hilbert in their GTR reasoning 
departed in principle from the special theory of relativity, which in 
(urn means a demise of the conservation laws for energy-momentum 
und angular momentum. This also predetermined the emergence of 
the nonphysical ideas that gravitational energy is nonlocalizable and 
other ideas that have nothing to do with gravity. These two great sci- 
entists left the beautifully simple Minkowskian space, which exhibit 
the maximum (ten-parameter) group of motion of space and ventured 
instead into the tangle of Riemannian geometry, and so generations 
of gravitational physicists have been floundering there to date. 

If thus one adopts GTR, one must forsake both the fundamental 
principle — the conservation of energy-momentum of matter and grav- 
‘tational field — and the concepts of the classical field. This sacrifice 
is too large, however. It would be too cavalier a move to accept this 
without adequately checking things experimentally. The only outcome 
is thus to do without GTR. 

It has been shown [31, 37-41] that, since GTR does not -(and 
cannot) provide conservation of energy-momentum for matter and grav- 
itational field together, the inertial mass defined in Einstein’s theory 
has no physical meaning, and the flux of gravitational radiation, as 
defined in GTR, can always be cancelled just by adequately choosing 
u permissible reference frame, and hence the quadruple form due to 
instein for the gravitational field is no consequence of GTR. In prin- 
ciple, the general theory of relativity does not suggest that a double 
system loses energy through gravitational radiation. GTR has no classi- 
cal Newtonian limit, and so it does not satisfy one of the most funda- 
mental principles of physics — the principle of conformity. These are 
xome inferences from the fact that GTR has no energy-momentum 
conservation made if one frees oneself of dogmatism, gives a serious 
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thought to the problem and carries out a detailed physical analysis. 

This all indicates that General Relativity is an unsatisfactory physical 
theory; therefore we will urgently need a classical theory of gravitation 
such that would meet all the requirements to a physical theory. 

Unlike GTR, our theory resides on the principle of relativity that 
has been put forward by Poincaré as a universal principle for all physical 
processes. He formulated it as follows |42]: “The laws of physical 
phenomena will be the same both for an observer at rest and for an 
observer in uniform translational motion, so that we have no, and even 
cannot have, means to say whether we are in such a motion or not.” 

It might appear that, formulated in this manner, the relativity prin- 
ciple cannot be applied to accelerated reference frames. Moreover, 
Einstein held that one then has to go over to GTR. This is not so, 
however. It was found |43] that the discovery by Minkowski of the 
pseudo-Euclidean geometry of space-time makes it possible to formulate 
a unified principle of relativity: “Whatever physical reference frame 
(inertial or noninertial) we chose, we can always have an infinite set 
of other reference frames, such that in them all the physical phenomena 
Occur in the same manner as in the original reference frame, so that 
we do not (and cannot) have any experimental! possibilities to tell to 
which specific frame out of the infinite set of frames we belong.” This 
implies that when describing physical phenomena in Minkowskian space 
we can, depending on the physical problem at hand, take any suitable 
reference frame, adequate to the problem, and hence to define the cor- 
responding metric tensor Yip in the Minkowskian space. Why didn’t 
Einstein understand this? This seems to be explained by the fact that 
he perceived Relativity only through the postulate of the constancy of 
the speed. of light in Galilean coordinates, and identified accelerated 
reference frame with gravitation by the principle of equivalence. 

Underlying our theory is the notion of the gravitational field as 
a physical field ala Faraday—Maxwell, one that possesses energy-mo- 
mentum. A gravitational field is thus similar to all other physical fields 
in that it is characterized by its energy-momentum tensor of the system. 
We view the gravitational field as a physical field with spin 2 and 0, 
and an asymptotically free gravitational field has spin 2. For all physical 
fields space-time has a pseudo-Euclidean geometry (Minkowskian space). 

To sum up: the laws of conservation of energy-momentum and 
angular momentum strictly hold for a closed system. This is another 
radical departure of our theory from Einstein’s GTR. 

A further important question that emerges in connection of gravi- 
tation theories is that of interaction of a gravitational field with matter. 
A gravitational field, according to present thinking, is a universal field: 
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lt acts on all forms of matter in the same manner. We will lay at the 
hasis of our theory the principle of geometrization |43, 44], according 
to which we can represent identically the equations of motion of matter 
in a tensor gravitational field y’* in a Minkowskian space with a metric 
tensor y’* the equations of motion of matter in the effective Riemannian 
space-time with the metric tensor g , which depends on the gravitational 
field y'* and the metric tensor y'*. We thereby introduce the concept 
of the effective Riemannian space of field nature. This force space is 
created in RTG in strict accordance with the conservation laws; it is due 
lo the presence of the gravitational field and definite, universal character 
of its action on matter. The curvature of this dynamic Riemannian space 
emerges, as a secondary concept, owing to the principle of geometriza- 
(ion and is itself a consequence of the action of the gravitational field. 

By the principle of geometrization in Minkowski’s space we can 
represent the Lagrangian density as 


Q= A ik yi*) + ge, Y4) (A) 


where p* = ./—y y'* is the density of the tensor of the field variable 
uf the gravitational field pik gtk =./— gg" is the density of the metric 
tensor of the Riemannian space gik. vik = /—¥ y?* is the density of 
the metric tensor of the Minkowskian space, and y, is the matter field. 

In this theory the density of the Lagrangian of the gravitational 
field, 2,, depends on the metric tensor y'* and the gravitational field 
y'* therefore it is radically different from GTR, in which the density 
of the Lagrangian is only dependent on the metric tensor of the 
iemannian space g!. The density of the Lagrangian of the gravitational 
licld in our theory is thus not completely geometrized, whereas in 
(PR is. 

We will see later in the book, the concept of the gravitational field 
that has a density of energy-momentum and spin 2 and 0 as well as the 
yeometrization principle enable us to give a unique treatment of a re- 
lutivistic theory of gravitation. The theory changes the current views 
un space-time that have taken shape under the influence of GTR; it 
leads us out the maze of Riemannian geometry and is in line with the 
‘urrent theories in particle physics. AS a consequence of the theory 
the general principle of relativity of Einstein is devoid of physical 
tneaning and any content [9]. 
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3.1. Inertial Mass in GTR 


The equality of the inertial and gravitational masses of a. body was 
regarded by Einstein as an exact law of nature, one that had to be 
reflected in his theory. At present it is thought to be proved that in 
GTR the gravitational mass (or as it is sometimes called, the heavy 
mass) of a system consisting of matter and gravitational field is equal 
to its inertial mass. For example, a statement to this effect is to be found 
in Einstein |8], Talman |48], and Weyl |49]. Later on some other 
“proofs” of the theorem with slight modifications were given by other 
authors |14, 32,47]. 

The conclusion is erroneous, however. Following works |31, 34] 
we will show here there error lies. 

The heavy mass M of an arbitrary physical system which is at rest 
as a whole relative to a Galilean coordinate system that is Schwarzs- 
childian at infinity, was defined by Einstein[8]as a quantity that appears 
as a factor at the term —2G/(c’r) in the asymptotic expression (r > ~) 
for the component goo of the metric tensor of the Riemannian spacc- 


time 26m 
Zoo =1— 
c*r 


A slightly different definition of the gravitational mass was given 
by Talman [48] 


oV—2edv. (3.1.1) 


It follows immediately from these definitions that the magnitude 
of the gravitational mass remains unaltered under transformations of 
three-dimensional coordinates, since both the component R®@ of the 
Ricci tensor and the component goo of the metric tensor in this case 
is transformed like a scalar. 

In the case of a static, spherically symmetrical source these defini- 
tions are equivalent. We now show that they are also equivalent for 
any statical systems. To see that, we will write the component RQ in the 
form 


tal, 
RB =2°"| ax! Voi — 


——TP,+Pery » Per Z0 


Ox ary 
After some ieensscal rearrangements, this a 
l 7) 
0 _ [= 0 ne 
Ro = Ja axe sa I && "Tonl — 4x0 sao Eni 
1 ag” 1 
—-—TFy [V—22°"T onl- (3.1.2) 


2 ™ ax? 'T=50 
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Since with static systems we can ignore the last three terms, we 
have from (3.1.1) 


C2 


AG $ J— 8 2°" on OSy- (3.1.3) 


Far away from the static system its metric with a predetermined 
accuracy can be described by the Schwarzschild metric, and so expres- 
sion (3.1.3) becomes 

Pe 

M=— lim $g°°V/—¢ 

82G 


T r— oo ox 


M = 


dS, (3.1.4) 


Since the integrant in (3.1.1) is a scalar under any transformations 
of a three-dimensional coordinate system, the magnitude of the gra- 
vitational mass M will be independent of the choice of coordinates. In 
Schwarzschild coordinates we have from (3.1.4) 


c? 0 oa 0 2G 
M= lim (17-2) = lim | r? “(1- 5 Mj}. 
2G r— oo or 2G r— oo or cr 


According to Talman, the gravitational mass of any static system 
is thus a factor at the term —2G/(c*r) in the asymptotic expression 
for the component goq of the metric tensor of a Riemannian space-time. 
Accordingly, the definitions of the heavy mass given by Einstein and 
Talman for static system coincide. 

In Einstein’s GTR the concept of the inertial mass of a physical 
system is closely linked with the concept of the energy of the system 
[8]: “‘... the quantity which we have interpreted as energy also plays the 
role of inertial mass, in accordance with the special theory of relativity.” 
In the general theory of relativity Einstein suggested that the energy of a 
system should be calculated in terms of pseudo-tensors of energy- 
inmomentum, therefore the inertial mass was calculated by 


1 ] ] 
min P = 2 S(-g2) |7°° +7°°WV= - §°°“dS,. 


We now determine using this relation the inertial mass of a spher- 
ivally symmetrical source of gravitational field and examine its trans- 
lormational properties under coordinate transformations. 

In isotropic Cartesian coordinates the metric of a Riemannian 
space-time has the form 


4 
_ _ 'g 
§00 = (2) a6 — Yap (1 +e) , (3.1.5) 


202 Lectures in Relativity and Gravitation 


where 
_ 26 
ry = 2 


These coordinates are asymptotically Galilean, since as ro we 
have the estimates 


] 1 
800 =1 +o(=), Sag = Yap) +o(<)) (3.1.6) 


Using the covariant components of the metric (3.1.5), from the 
expression 


4 
pikt — © 0 [—e(gikgm! _ gilymky) 
167G ox™ 
we have 
c4 0 
pO0% = — 228338"). 


on & 
167G ax® ga 
Substituting this expression into the relation 


] 
P'=— ¢h°'"dS,, = const, (3.1.7) 
c 
taking into account that 
Xo 5. 
aS, =—— r‘sin OdOdy, 
r 
and integrating over an infinitely remote surface, we will get 
; c° ,) af 
pr = PJ — sal- (8118228338 ] sin Od@dy. 
l67G r>© r 
(3.1.8) 
The component P° is thus independent of the component gyo 


of the metric tensor of the Riemannian space-time. From (3.1.5) 
and (3.1.8) and the relation 


0 XB 0 
pee (M7 fo: (3.1.9) 
where 
Xqx* = —r?, 
we have 
cer 
P® = § =Me (3.1.10) 
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It is this coincidence of the “inertial mass’? with the heavy mass 
that gave grounds for maintaining that they are equal in GTR [47]: 
‘“..P® =0, P® = Mc is a result that was to be expected. It is the man- 
ifestation of the fact of the equality of, the so-called ‘heavy’ and 
‘inertial’ masses (the ‘heavy’ mass is the mass that determines the grav- 
itational field produced by a body; it is the mass that enters into the 
metric tensor in the gravitational field, or, specifically, into Newton’s 
law; on the other hand, the ‘inertial’ mass defines the relationship 
between the momentum and energy of the body and, specifically, the 
rest energy of the body equals that mass multiplied by c? ).” 

But this statement of Einstein [8] and those of other authors [14, 
32, 4648] are not correct.Obviously the “energy” of the system, and 
hence its “inertial mass”, have no physical meaning whatsoever, since 
their values also depend on the choice of a three-dimensional coordi- 
nate system. 

Indeed, one elementary requirement to be met by the definition 
of the inertial mass is the condition that its magnitude should be inde- 
pendent of the choice of a three-dimensional coordinate system, which 
occurs in any physical theory. In GTR, however, the definition of the 
“inertial mass” does not meet this requirement. 

We now show, for example, that in the case of the Schwarzchild 
solution the “inertial mass” can assume any values, depending on the 
choice of a system of space coordinates. To begin with, we change from 


three-dimensional Cartesian coordinates Xold to other coordinates X new 
related to the old ones by 


Xoid =*Xnewll +fCnew)] (3.1.11) 
where | 
Trew =VXnew +Vnew +Znew 
and f(7new) is an arbitrary nonsingular function satisfying the conditions 
fnew) >9, lim fnew) =0, 


r 


new 
0 
lim pew ————f (fnew) = 9. (3.1.12) 
‘new ~ Or new 


We can readily see that the transformation (3.1.11) corresponds 
to a change in arithmetization of points of the three-dimensional space 
ilong the radius 


Told = Tnew [1 + f(Trew)] ° 
lor the transformation (3.1.11) to have an inverse one and to be a one- 
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to-one transformation, it is necessary and sufficient that 
OF oid 


= 1 +ft+trewf >0, 
Ornew 


where 


; 0 
f =f (new). 


Ornew 


Then, the Jacobian of the Tenmaon will be nonzero 
Ox 
—old | <a +ry —2'! x0. 


'new 


J=aet | 


new 


In particular, all the above requirements are met by the function 


8GM 
f(Taew) = @? J. 2 [1 — exp(— e’rnew)], (3.1.13) 
Cc 


new 


where q@ and € are arbitrary nonzero numbers. 
Since in this case 


ar [ 8GM [1 1 
old _ lta? | = +(e Ynew ->) exp(— eraew)] 


Ornew C lTnew 


when roiq is a monotone function of rzey.We can easily see that f(Tnew ) 
is a nonnegative, nonsingular function throughout the space. The Jaco- 
bian will then be strictly larger than unity 


or 
Ja +fy => 1. 


Therefore, the transformation (3.1.11) with the function f(Tpew), 
given by (3.1.13) has an inverse transformation and is a one-to-one trans- 
formation. 


Clearly, the gravitational mass (3.1.1) will not change under trans- 
formation (3.1.11). We will now calculate the “inertial mass’’ in the new 
coordinates x7... Using the law of transformation of the metric tensor 

I m , 
new _ OXo14 OX oid old 


ni n i Em! 


(Xo1ad@new)), (3.1.14) 


we will find the components of the Schwarzschild metric (3.1.5) in new 
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coordinates. As a result, we will get 
r 2 r -2 
go [1-# i+ 2 | ; 
4rnew( +f) 4rnew(] +f) 


= |) +—*#___ Bag + fy 
fos | 4rnew(1 a {- aa(l +f) 


new new ’ 2 , 
a xq x, irr +—rasn)} (3.1.15) 


new 
The determinant of the metric tensor (3.1.15) is 
1 {2 
r 
£=—800 [ +4 __| (1+f)* 
4rnew (1 +f) 


X [+f +riew(f) +2rnrewf' +f)I. (3.1.16) 


It should be emphasized that the metric (3.1.15) is an asymptotically 
Galilean one, i.e., 
lim Zo0 = 1, lim Eap = Yap: 


new 'new 


In the special case that the function f is defined by the relation 
(3.1.13) and rpaew > ©, the metric of the Riemannian space-time will 
have the following asymptotic behavior: 


] ] 
goo ~1+0(——). Eup = Yap +O( ). (3.1.17) 
lnew Vrnew 


The covariant components of the metric (3.1.15) will be 


1 
go = , XB = 8 4 +x x8, B, (3.1.18) 
£00 
where 
, -4 
A=(1+f)” E | , 
4r ew 1 +f) 


Mmew(f ) +2f'U +f) 
new (1 + fy [CU + fy triew(f + 2rnewf (1 + f)] 
4 


lg 7 
x | 1 + —-— 
4rnew(H1 +f) 
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Substituting expressions (3.1.16) and (3.1.18) into (3.1.8) gives 


new 
0 


lm 7 s—2 


l6nG r.. 0 NEW" p 9x8 
Qa 


8 
x 4-508 2) 1 + 2 __ 
[earn ts 4rnew(l A 
new* new 


X [0 + fy +Tiew(S'Y + 2mrewf (1 +f)] + Snewn new (1+fy 


new 


x [1 +—8 (p (f')? + 2rnew f'O “plhav 
4rnew(1 +f) new new ° 


By (3.1.9), we have 


pe = 
2G + 


im | row SPO 499 


new 


"sg ° 2 
x c + Arcw(I P| +r,(] +f) d +f+rnewS ) 


re 7 
xX | 1 + ———-——_ ; (3.1.19) 
4rnew(] A 


Using the asymptotic relation (3.1.12) for f, we arrive at 


Cc 


lim {7r,+Trinew(f)}. (3.1.20) 
2G rnew> © 

The value of the “inertial mass” thus substantially depends on how fast 
f' tends to zero-as rney > ©. In particular, we can take f (rmew) in the 
form (3.1.13) and then we will have from (3.1.20) 


m=M(1 +a"). (3.1.21) 


It follows that for the “inertial mass” of the system consisting of matter 
and gravitational field we in GTR can obtain, since a@ is arbitrary, any 
predetermined number m 2 M depending on our choice of space coor- 
dinates, although the gravitational mass (3.1.1) M of the system, and 
hence all the three effects of GTR, will remain unchanged in the process. 
We note also that under more complicated transformations of space 
coordinates under which the metric remains Galilean, the “inertial mass” 
of the system can assume any predetermined values, both positive and 
negative. 

We see, thus, that in GTR value of the “inertial mass’, which was 
first introduced by Einstein and adopted then by other authors [14, 32, 
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46-48], is dependent on the choice of the three-dimensional coordinate 
system, and so it is devoid of any physical significance. Consequently, 
the statement that the “inertial”. and “heavy”’ masses are equal in 
Einstein’s theory has no physical meaning as well. This equality holds 
for a narrow class of three-dimensional coordinate systems, and since 
the “inertial” and gravitational (3.1.1) masses are governed by different 
transformational laws, in passing to other three-dimensional coordinate 
systems their equality no longer holds. 

Furthermore, this definition of the “inertial mass” in GTR does 
not satisfy the principle of conformity with Newton’s theory. Indeed, 
because the “inertial mass” mm in Einstein’s theory depends on the choice 
of a three-dimensional coordinate system, its expression in the general 
case of an arbitrary three-dimensional coordinate system will not go 
into a corresponding expression in Newton’s theory, in which the “‘iner- 
tial mass” is independent of the choice of space coordinates. In conse- 
quence, in GTR there is no classical Newtonian limit, and so it does 
not meet the principle of conformity. 

In this connection, a question presents itself: how come that to 
date the absurdity of the definition 


. d ; 
P'=—¢h° dS, = const 
c 


of the “energy-momentum” of a system and its “‘inertial mass” in GTR 
have not been revealed? 

This can only be accounted for by the fact that generally all compu- 
tations of the “energy-momentum” and “‘inertial mass’’ were performed 
In some narrow class of three-dimensional coordinate systems where 
“inertial” and gravitational masses do coincide. 

In the same class of coordinate systems the expression for the 
‘Inertial mass” in Newtonian approximation coincides with the corre- 
sponding expression in Newton’s theory, which gave rise to the illusion 
(hat there exists a classical limit in GTR. And nobody cared to give 
myme thought to the physical meaning of the “inertial mass” intro- 
duced in GTR. 


4.2. Geometrization and General Relations in RTG 


Without loss of generality, we will believe that the tensor density of the 
inetric tensor of the Riemannian space-time g'* is a local function, which 
only depends on the density of the metric tensor of the Minkowskian 
space 7’* and the density of the tensor of the gravitational field y’*. 

We will assume that the density of the matter Lagrangian 4, is 
only dependent on the fields y,, their covariant first-order derivatives, 
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and also, by the principle of geometrization, on the density of the met. 


ric tensor g**. We will further assume that the density of the Lagrangian 
of the gravitational field is dependent on the density of the metric tensor 


7‘, its first-order derivatives, and also on the density of the gravitational 


field y’* and its first-order covariant derivatives with respect to Minkow. 
ski’s metric. To derive the conservation laws we will make use of the in- 
variance property of the action under infinitesimal displacements of 
coordinates. Since for any specified Lagrangian density & the action 


S=fd*x 


is a scalar, for an arbitrary infinitesimal coordinate transformation the 
variation 5S will be zero. 
To begin with, we calculate the variation of the action of matter 


Su = fQ ma 4x 
under the transformation 
x'Fax' +£%(x), (3.2.1) 


where £'(x) is an infinitesimal four-vector of displacement, 


bk ~ bx 
BS = Sae| ea O18" + 


5,6, +b [=o G22 
PA 
In (3.2.) Div stands for the divergent terms, which in this section are 


of no consequence for our reasoning. 
The Euler variation is defined, as usual, by 


52 A dx 0% 
On ——— + 0,0, — 
bp Oy (dn) 9(9n 9x9) 
The variations 5,2” and 6,y, under coordinate transformations 


(3.2.1) can be readily found, if we use the appropriate transforma. 
tion law: 


bre" =e" DE" + e*™D,E" — D,(E*e™"), (3.2.3) 
k Bin k 
bp9, =—E Deg, tha ik PpDnk". (3.2.4) 


Hereinafter D, is the covariant derivative with respect to the Minkow- 
skian metric. Substituting these expressions into (3.2.2) and integratiny 
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by parts, we will get 


an en | (2 oem ve) 
5g 
Qa 

—Dm Cae ~ Ip gt + De ( FA: nea) 


+ 2k™ p + Div 7=0. 
by, nt | 


The vector —” being arbitrary, we obtain from the condition 6S,, =0 
the strong identity 


62 kn Ue ~] 
Oo _ Pp 
Dy (2 or g Din 5g g 


5x B;k 5k 
= — Dy" FF eg Dd (3.2.5) 
by, by, 
which holds even if the equations of motion for the fields are not 
ubeyed. 
We define 
5k 
Tinn = —r 5) 
52 (3.2.6a) 
Tm =_9 M =gMkonpr, 
O8mn ° 
~ 5k 
Timn =2 gen 5) 
(3.2.6b) 
~ OM | tens 
Tin = _2———_=g Mgr, ,. 
58 mn 


Here 7,,, is the density of the energy-momentum tensor for matter 
in a Riemannian space and is called the Hilbert tensor density. 
We can, by (3.2.6b), represent the left-hand side of (3.2.5) 


7 kn I ~kp r 7 ~kn : ~k p 7 
Di (Tmn8 “Zs DinT x p = 04 (Timn& J—~ 8 Om Tk p- 
The right-hand side of this can readily be reduced to 


T xkn I ~k p 7 ~ mkn I ~kna 
Ox (Tim n& J~ Zs Oml kp =& mnVk T 958 T , (3.2.7) 
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where T = Zk pT* P Vx is the covariant derivative with respect to the 
metric of a Riemannian spacc. 
The strong identity can, from (3.2.7), be written as 


_ ~ 1, ~ 5x B:k 
F mn Ve( TA" —— "P= —De( “FA ) 


by, 
5Q 


by 
A 
By the least-action principle, the equations of motion for matter fields 
have the form 


Din? 4: (3.2.8) 


SL 
“ =0 (3.2.9) 
Op, 
From these equations and (3.2.8) we will find the weak identity 
~ l ~ 
Vin (Fn amt Jo. (3.2.10) 


Notice that the density of the energy-momentum tensor for matter 
in a Riemannian space T’”” is related to T'’” by 


~ 1 ~ 
VogTm™n aT —— mnt. (3.2.11) 


Therefore, from (3.2.10) we obtain the covariant equation of matter 
conservation ina Riemannian space 


Vn T™" =0. (3.2.12) 
If there are four equations for the matter field, then and only then 
instead of the equations for this field (3.2.9) we can always apply the 


equivalent equations (3.2.12). The variation of the action untegral 
(3.2.2) can be written in equivalent form 


5k ~ 5k ~ 
6S = Sd" | sg 6,977" + 8," 


by" 
§ La, 
by, 


+ 


bY, +Div}=0 (3.2.13) 


n 


The variations 6, y9’"" and’ 6,7” under the coordinate transforma- 


tions (3.2.1) will then be 
§,g7" =o*"D, ym + km D, gn _ D,(*o™"), (3.2.14) 
5,7" _ y*"D,E™ +7*™D,E" _ y"™"D,£*. (3.2.15) 
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Substituting the expressions for the variations 6;y’"", 6,7", and 
5,y,4 into (3.2.13) and integrating by parts we will obtain, since —” is 
arbitrary, the Strong identity 


ole) (Se Joon (2 Se) 


62. 5k | i 
—Dm (—— ¥*? ) = —Dy (——* FB pp )—-——*_ Darga, 
by"? bp 4 ym ry 
(3.2.16) 


which, just like (3.2.15), is valid even if the equations of motion for 
matter and gravitational field are not obeyed. 

For any Lagrangian we will introduce some notation and relations to 
be used later in our reasoning 


~ § kL §L 
mrs _9 = , mn= _92 ; (3.2.17a) 
58 Ym n 8Ymn 
l 1 . 
tn" _ 5 yer), (3.2.17b) 
V-7 


Since & M; aby the principle of geometrization, is only dependent on 


y"" via gz’ , we can easily find the relation between fyz,,, and Tm n 


= T,, ——.. (3.2.18a) 


tumn = 2 syn kp ay" 


We have here taken into account the definition (3.2.6b). 
From the identity 


oP spk 
og” —~ x~mizanq 0g 


OY mn dy‘? 
and (3.2.17a), we find 
agP* 
nen = —T px — . (3.2.18b) 
9Ymn 
If then we take into consideration (3.2.6b) and the relation 
~ ow ag’ OZ pk 
—8] & kT = ~ ’ 
eT  Gimn mn 
we get 
~ ~ ak 8 
pn pk “Pe (3.2.18c) 


0Ymn 
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Comparing (3.2.8), and (3.2.16), we find from (3.2.17a) 


~ ~ en Ve loo 
Emn vi 7 — 5 a 7) = Fan Da( te — > a) 
fk 
+ Di(2 syan wt) — ae ep mote. (3.2.19) 


Similarly, because the action of the gravitational field under the coordi- 
nate transformation (3.2.1) is invariant, we have 


] 52 
~ +k ~kn > &§ ~k 
a —_ 7 Y " _ 6gmn Y~ ") 
ya Xs 
~ Dm = (3.2.20) 


Combining 4019) and (3.2.20) gives 


~ ] ~ 1 
En (7 —_ 5a" me —_ =¥"7) 


62 -: 
+D,(2 sya n 5a P (3.2.21) 
Here 
Fen = peng kn (3.2.22) 


From the least-action principle the equations for the gravitational field 
have the form 


5x 6X, 52, 
<mn oe mn + ozmn = 0. (3.2.23) 
by dy by 


From these equations and (3.2.21) we obtain the following important 
relation: 


~ 1 1 
FnnVa(T* _ 5 #7) =FanDa( "3 vr?) (3.2.24) 


Since the density of the total tensor of energy-momentum in Min. 
kowski’s space is given by 


1 
Jny thn = Fen =r, (3.2.25) 


Relativistic Theory of Gravitation 213 


we can from this and also from (3.2.11) rewrite (34.24) in the form 
Dnt =Vmn Th. (3.2.26) 


This relation reflects the geometrization principle: the covatiant di- 
vergence in a pseudo-Euclidean space of the total density of the energy- 
momentum tensors for matter and gravitational field is exactly equal to 
the covariant divergence in the effective Riemannian space only for the 
density of the energy-momentum tensor for matter. When the equations 
of motion for matter hold, we have 


Diy t™ =VmT™ =0. (3.2.27) 


The covariant equation of. matter conservation in a Riemannian space 
tell us nothing about what is conserved, whereas the conservation law 
for the total tensor of energy-momentum ?”r,, in the Minkowskian 
space tells us expressly that here we deal with the conservation of ener- 
gy-momentum of matter and gravitational field. Thus, according to 
this theory, a Riemannian space emerges as a result of the action of a 
gravitational field on all forms of matter, therefore it is the effective 
Riemannian space of field origin. Minkowski’s space finds its exact 
physical reflection in conservation laws for energy-momentum tensor 
and angular momentum of matter and gravitational field. 

Since in a plane space there are ten Killing vectors, then there are 
ten conserved integral quantities for a closed system of fields. 

The equation of conservation for the total tensor of energy-momen- 
tum in a Minkowskian space 


Dintn =Dm (ten t tun) = 9 (3.2.28) 


isequivalent to the covariant equation of matter conservation in a 
Riemannian space, and the latter is equivalent to the equations of motion 
for matter. Therefore, instead of the equations of motion for matter 
we can use (3.2.28). 

It should be stressed that both matter and gravitational field are in 
this theory characterized by energy-momentum tensors, and so, unlike 
GTR, we here in prificiple do not deal with any pseudo-tensors and 
hence there are no nonphysical ideas that gravitational energy is nonlo- 
calizable. 

If we, following Hilbert and Einstein, would take the density of the 
Lagrangian of a gravitational field in.a completely geometrized form, 
l.e., in a form that is only dependent on the metric tensor of a Rieman- 
nian space g’* and their derivatives, e.g., &, =./—gR, where R is the 
scalar curvature of the Riemannian space, then the density of the energy- 
momentum tensor for the free gravitational field in the Minkowskian 
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space will, by the field equations, always be equal to zero: 


5k 5k, agP* 
f_ = —& _"__ =, (3.2.29) 


Consequently, on the basis of a Minkowskian space, using a tensor 
physical field with an energy and momentun,, it is in principle impossible 
to construct a completely geometrized Lagrangian of a gravitational 
field. Therefore, a theory formulated on the basis of a completely 
geometrized Lagrangian, in principle, cannot describe a Faraday—Maxwell 
physical gravitational field in Minkowski’s space. In the literature it has 
been maintained (see, e.g., [SO]) that a Minkowskian space, using a 
tensor field of spin 2, one can uniquely find the Lagrangian of the 
gravitational field of GTR, which is equal to the scalar curvature A. 
These works, however, have no physical content, since for the gravita- 
tional field introduced in them the energy-momentum tensor is zero, 
as follows from (3.2.29). Therefore, these works make no sense physi- 
cally and their results are erroneous. 


3.3. Main Identity 


It was shown [51] that in a Minkowskian space the symmetrical tensor 
of the second rank f!* can be decomposed into a direct sum of irre- 
ducible representations: one representation with spin 2, one with spin | 
and two with spin 0: 


f'” = [P, +P + Po tPol rt”, (3.3.1) 


where P, (s = 2,1,0,0') stand for the projection operators that meet 
the standard relations: 


P,P' = 8, P, (here there is no summation over f!) 


P™ =(2s+1), (3.3.2) 


§,in 


spim —! csigm msl\—slm 
: “5 (6,6; +6" 6, )=8. 


S;ik 


Operators P, can conveniently be written at first in terms of momenta. 
We introduce the auxiliary (projection) quantities 


] qidk , Qidk 
Xik = Nix - ut), Yin = a (3.3.3) 


V3 


It can easily be shown that P,, which obey (3.3.2), can in terms of 
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(3.3.3) be written as 


Poni = Xn Xi", PO = ni, (3.3.4) 
v3 

Pr CAI + XT Yiexmyl +xl yr], (3:3.5) 

aa Sy xmaexm yl) x xm! (3.3.6) 


It is seen from (3.3.4)—-(3.3.6) that the operators prt nj are symmetri- 


cal in indices (m/) and (ni). 
In the x-representation the projection operators P, are nonlocal 
integro-differential operators 


(p™! f f™)= fd*y pim (x - ~y) f(y). 


S;ni Sint 


Explicit expressions for PO” j(<) and Py nj have the form 


Po. 0 kim) = ~ ty" 1x5 (x) + (7' 0,9, + Yj, 0'8)D&) 
+ 0,0; stom, A(x)], (3.3.7) 
pim § im I lm 5 ) 
2 Ki) N85 — 3 1” Yix JO 
l lam mal lam m4] 


1 2 
-5 (y'™ 0:84 + Vix atom) De) + 3 0/0" 0,0, A(x). (3.3.8) 


By (3.3.7) and (3.3.8) D(x) is Green’s function of the wave equation 
OD) = —8(@), (3.3.9) 
and 
A(x)= fD@ -y)D@)d*y. 
Therefore, it obeys the equation 
DO A(x)= —D() (3.3.10) 


It can easily be checked from (3.3.7)—(3.3.10) that the operators Po 
‘and ca are conserved, i.e., for these operators we have the identities 


0; Poni) = a"P or ni®) = =0, 
P im ; (3.3.11) 
f 0) Py t) = OPS (x) = 0. 


2;ni 
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On the other hand, P; and Po: do not possess this property. 
It is clear from (3.3.1) that if a tensor field obeys 


0f'” =0, (3.3.12) 


it is not going to contain representations with spin 1 and 0’. This implies 
that such a tensor field describes only spins 2 and 0. 
It can readily be shown that the operator 


O(2Po — P2) (3.3.13) 
is a unique, local and conserved operator of the second order. Operating 
with this on the function 

I in 
— 7 Y Y, 
where Y=Ypq¥"", we will find from (3.3.7)—(3.3.10) 

Wi = apd [y* pP™ +7 pP™ — KP gin _ 7" O*P] (3.3.14) 
The structure (3.3.14) for any symmetric tensor field is remarkable in 
that it is local, linear; it contains derivatives of the second order only, 


and satisfies a conservation law, i.e., the divergence of ¥’”” is identically 
Zero: 


0 V"" =0. (3.3.15) 
In what follows we will need the structure (3.3.14), given in terms of 


derivatives covariant in Minkowski’s metric for the density of the metric 
tensor g/”: 


™" = Dy Dp [y"? gem + yPm gk _ ykPynn _ mn gtr) (3.3.16) 
It is obvious from (3.3.16) that 
D,, J" =0. (3.3.17) 


We will call this identity the main identity, since it has a fundamental 
significance for RTG. 


in 


Y 


3.4. Equations of RTG 


At the foundation of the relativistic theory of gravitation (RTG) [30] , 
which has crowned the development of the ideas presented in [44], 
we have laid the following physical requirements: 

(1) The theory must strictly satisfy the conservation laws for energy- 
momentum and angular momentum for matter and gravitational field. 
By matter we mean all forms of matter (including electromagnetic field) 
safe for gravitation. The conservation laws reflect the general dynamic 
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jwoperties of matter and enable unified characteristics to be introduced 
lor its various forms. The general dynamic properties of matter, given 
hy the conservation laws, are represented through the structure of the 
veometry of space-time. It of necessity appears to be pseudo-Euclidean 
(Minkowski’s space). Geometry is thus specified not by convention, 
ax. Poincaré believed, but is rather defined by the general dynamic 
behavior of matter, namely by the conservation laws. Minkowski’s space 
possesses the four-parameter group of translations and the six-parame- 
ter group of rotations. This structure of space-time reflects the dynamic 
properties of matter — its conservation laws. This is the cardinal depar- 
ture of RTG from GTR, and this extracts us from the tangle of Rieman- 
nian geometry. 

(2) The gravitational field is described by a symmetrical tensor and 
is a real physical field that has an energy-momentum density. If we 
put into correspondence to this field some particles, they must have a 
vero rest mass. The real and virtual quanta of the gravitational field 
then have spin states 2 and 0. 

This circumstance returns to the gravitational field its physical 
reality, since even locally it cannot be cancelled by any choice of a 
reference frame, and so there is no (even local) equivalence between 
the gravitational field and inertial forces. This physical requirement 
distinguishes RTG markedly from GTR. 

In (1) and (2) we have introduced into gravitation the fundamental 
laws of conservation of energy-moméntum and angular momentum, 
us well as the gravitational field of Faraday — Maxwell type that has an 
cnergy-momentum density. 

Einstein in GTR identified gravitation with the metric tensor of a 
Riemannian space, but this resulted in the gravitational field no longer 
being a physical field. In addition, the fundamental conservation laws . 
were lost. That is why we have to reject completely this point of 
instein. 

(3) In terms of Minkowski’s space and the concept of the physical 
gravitational field we formulate the principle of geometrization. It 
states that, owing to the property of universality, interaction of the 
gravitational field with matter is described by “combining” the tensor of 
the gravitational field with the metric tensor of a Minkowskian space. 
This can always be achieved since, whatever the form of matter, its 
original physical equations will include the metric tensor of Minkowski’s 
space. There are no two ways about it, because physical processes pro- 
ceed in time and space. Such a universal gravitational interaction is 
bound to give rise to an effective Riemannian space which has literally 
u field, dynamic origin. According to geometrization principle, the 
motion of matter under the action of a gravitational field in a Min- 
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kowskian space is identical to its motion in the effective Riemannian 
space. In 1921 Einstein discussed the structure of geometry: “The 
question of whether this continuum has Euclidean or Riemannian 
or any other structure is a physical question to be only answered by 
experiment, and not a question of convention on the choice from simple 
expediency.” From the fundamental point of view, this statement of 
Einstein’s is absolutely correct. 

But things turncd out to be much more complicated. The most 
important thing was to understand what physical properties of matter 
determine geometry. Indeed, if we define physical geometry from stu- 
dies of the motion of light and test bodies, we can assume that we 
thereby have established the Riemannian structure of geometry. Docs 
this imply that we have thus to use this geometry as a basis of our theo- 
ry? No, it doesn’t, because if we did so, this would automatically divest 
us of the fundamental laws of conservation of energy-momentum and 
angular momentum, because geometry does not possess a group of mo- 
tion of space-time. 

This all has happened in GTR. Accordingly, even having discovered 
experimentally a Riemannian geometry, we should not jump to conclu- 
sions concerning the structure of geometry that has to be laid at the 
foundation of the theory. We should first of all clarify whether this 
concept is primary, of perhaps it is secondary in origin. In doing so, 
we should start off with the general dynamic properties of matter — its 
conservation laws, because it is these laws that are those guiding princi- 
ples that are to be used to blaze the trail to a physical theory. 

In other words, not some particular physical manifestations of the 
motion of matter, but rather the most general dynamic properties de- 
fine the structure of a physical geometry underlying a theory. In our 
theory (RTG) physical geometry is defined not from studies of the 
motion of light and test bodies, but on the basis of the general dynamic 
properties of matter — its conservation laws, which are fundamentally 
valuable and experimentally tested. In this picture, the motion of light 
and test bodies stems from the simple action of a gravitational body 
on matter in a Minkowskian space. 

The Minkowskian space and the gravitational field are original 
primary concepts, and the effective Riemannian space is a secondary 
concept, one that owes its origin to the gravitational field and its uni- 
versal action on matter. The very essence of geometrization principle 
includes the separation of inertial forces and gravitational fields. But 
this separation can only be realized physically when the equations for 
the gravitational field include the metric tensor of Minkowski’s space. 
In GTR, as is easily seen from the Hilbert — Einstein equations, this separa- 
tion is impossible. In RTG Minkowski’s space is reflected not only in the 
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conservation laws, but also in the way physical phenomena are de- 
«:ribed.* Therefore, Minkowski’s space is a physical one, and hence ob- 
«rvable. Its characteristics can always be checked by appropriately proces- 
sing experimental evidence for the motion of light signals and test 
bodies in the “effective” Riemannian space. V. Fock wrote: “As to the 
consideration that the straight line, like a light beam, is more directly 
observable, it makes no sense: in definitions a decisive factor is not direct 
observability, but correspondence to nature, even if this correspondence 
lus been established by indirect mental constructs.’ Observability should 
thus be understood not in the primitive, but in a more general and profound 
sense aS adequacy to nature. To be sure, RTG in no way excludes the 
possibility of describing motion in the effective Riemannian space. 

The equations of RTG (unlike GTR) include the metric tensor 
of the Minkowskian space, therefore all functions describing physical 
ficlds are written in terms of unified coordinates for the entire Min- 
kowskian space-time, e.g., in Galilean (Cartesian) coordinates. When 
combined with the field equations, which define the structure of the 
uravitational field, they give rise to an absolutely new physical meaning 
of the Hilbert — Einstein equations, which are also changed and simpli- 
fied in the process. 

The conservation laws for matter plus gravitational field are con- 
sequences of the RTG equations and they reflect the pseudo-Euclidean 
structure of space-time. Solving the system of the field equations, we 
will establish the dependence of the metric tensor of the effective 
Riemannian space both on the coordinates of the Minkowskian space 
and on the gravitational constant G. Proper times measured by a clock 
(that moves with the matter) turns out to be dependent on the coordi- 
nates of Minkowski’s space and the gravitational constant G. The course 
of proper time is thus dependent on the nature of the gravitational 
field. 

The presence of Minkowski’s space and of its metric tensor in the 
field equations enables inertial forces to be separated from gravitational 
ficld and its influence on some other physical processes to be revealed. 
Qn the other hand, all the variables of the field can be written in com- 
mon coordinates for the entire space-time, e.g., such coordinates can 


*The unique and profound connection of the conservation laws (which have 
tween tested experimentally) with the structure of Minkowski’s space attests to its 
physical observability. 

Experiments on the propagation of light signals and test bodies only tell us 
womething about the effective Riemannian space, which has emerged due to the 
action of a gravitational field on matter according to geometrization principle. GTR 
vunnot contain the concepts of Minkowski’s space, and so it simply makes no sense 
speaking about it. ° 
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-, Galilean (Cartesian). These features are in principle absent in GTR, 
since in the Riemannian geometry there are no global Cartesian coordi- 
nates. Within the framework of GTR we cannot write the Hilbert — 
Einstein equations in the coordinates of Minkowski’s space, since in the 
Riemannian geometry, on which GTR is based, there is no such concept. 

In this section we will construct, within the framework of the 
special theory of relativity and the principle of geometrization, the 
relativistic equations for matter and gravitational field. 

We can always choose the simplest connection between the effective 
metric of the field Riemannian space and the gravitational field: 


gik = /—g glk = Jy +V—-7 0. (3.4.1) 


The field variable of the gravitational field in our theory is the ten- 
sor y'*. We will consider that in the general case the gravitational field 
only has spins 2 and 0. As we have seen in Section 3.2, such physical 
requirements in Galilean coordinates yield the following four equations 
of the gravitational field: 


0,y'* = 0,2'* =0. (3.4.2) 


Similar conditions have sometimes been used earlier [9, 52] in GTR 
as a special class of coordinate harmonic conditions in dealing with 
island-type problems. The importance of the harmonic - coordinate 
conditions for solving island-type problems was especially noted by 
Fock [9]. So, he wrote: ““The above comments concerning the privi- 
leged nature of the harmonic coordinate system should by no mean be 
taken to mean that there is some ban on the uses of other coordinate 
systems. Nothing can be further from our viewpoint than such interpre- 
tation of it...’; he goes on to say that “‘...the existence of har- 
monic coordinates, although a fact of primary theoretical and practical 
importance, by no means excludes possibilities of using other, nonhar- 
monic, systems of coordinates.” In terms of our theory, in dealing with 
island-type problems Fock was unaware dealing with conventional 
Galilean coordinates in an inertial reference frame, and these coordi- 
nates, as we know from the special theory of relativity, are, of course, 
distinguished. In Fock’s arguments the harmonic conditions were there- 
fore not coordinate conditions, as he believed, but, as we will see later 
in the book, from our theory, they were the field equations in Galilean 
coordinates of an inertial reference frame. That is why they have played 
so important role in specific calculations, a fact of which Fock, and 
others for that matter, has not suspected. 

In consequence, Fock viewed harmonic conditions only as privi- 
leged coordinate conditions, only for island-type problems at that. This 
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is quite understandable: he, like all of his great predecessors, remained 
in the captivity of Riemannian geometry, and the latter did not allow 
u more profound penetration into the essence of the problem. To make 
u radical step and put forward these conditions it was necessary to for- 
sake the ideology of GTR, to get out of the hold of Riemannian geome- 
try, to extend, despite GTR, the special principle of relativity to cover 
gravitational phenomena, and to introduce the ideas that the gravita- 
tional field is a Faraday — Maxwell type physical field, with its energy 
and momentum. These features are all incorporated into our theory; 
the coordinate system is chosen arbitrarily, it is only specified by the 
metric tensor y'~ of Minkowski’s space, as it is customary in the theory 
of elementary particles. On the other hand, equations (3.4.2) in our 
theory are universal, because they are equations of the gravitational 
field. They have nothing to do with our choice of a coordinate system. 
In Minkowski’s space these equations are written in covariant form 


JV —7D;o" = D;z** =0. (3.4.3) 


We see from Section 3.3 that these field equations automatically exclude 
from the gravitational tensor field spins 1 and 0’. For the desired four- 
teen variables of the gravitational field and matter we have thus available 
the four covariant equations (3.4.3). To construct the following ten 
equations we will use the simple but far-reaching analogy of the electro- 
magnetic field. Since any vector field A” contains spin 1 and spin 0, 
it can be expanded as a direct sum of appropriate irreducible represen- 
tations. This expansion can be realized using the projection operators 
(3.3.3) introduced in Section 3.3: 


At=Xn Amyyn qm (3.4.4) 


The operator X,,_ is conserved here, i.e., it obeys 
0,X7% =a" xX" =0. (3.4.5) 


and the operator Y;, has no such property. 

It is-well known from electrodynamics that the source of an electro- 
magnetic field A” is the conserved electromagnetic current /j”. It is 
quite natural therefore to employ for the derivation of the equation of 
motion of the field another conserved operator — X,,,. But this opera- 
tor is nonlocal in nature. Using it, however, we can construct the only 
local, linear and conserved operator O.X;,,, which contains only second 


derivatives. Operating with it onA”™, we will obtain an expression, 
which in terms of covariant derivatives, will have the form 


y™* D,,D, A" — D"D,A™. (3.4.6) 
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Postulating the relation 
k 4n 
7" “D,, D,A" — D"D,,A™ = — j", (3.4.7) 


we will obtain Maxwell’s equations. 
One important feature of the equation of electrodynamics (3.4.7) 
is its being invariant under the following gauge transformation: 


A" +A" +D"q, (3.4.8) 


where y is an arbitrary scalar function. 

All physical quantities remain unchanged under the gauge trans- 
formation (3.4.8). This implies that they are independent of the pres. 
ence of spin O in the vector field A”. Therefore, we can take a gauge 
transformation such that it would eliminate spin 0 from the vector 
field for ever. The latter implies that we can introduce the condition 


Dm A™ =0. (3.4.9) 


We may thus introduce the condition (3.4.9) in electrodynamics; 
although we may introduce no such condition, for spin O of a vector 
field does not affect the physical quantities because of the gauge in- 
variance. 

From (3.4.0) and (3.4.7), we will find the system of equations 


mk no 4n -n m_ 
Y DyD,A’ = — J", DA” =0, 
; Cc 


which define the vector-potential A”, which has only spin 1. 

The Lagrangian formalism, which yields these results, is well known. 
Notice that the idea of constructing a theory of interaction for vector 
fields (both Abelian and non-Abelian) on the basis of gauge invariance 
turned out to be quite productive and it is being elaborated on at 
present. 

Problems to be encountered while constructing the remaining 
equations for the tensor gravitational field have an absolutely dif- 
ferent nature, since the source of the field — the tensor of energy-mo- 
mentum — is invariant under gauge transformations of the field 9’*. 
By analogy with Maxwell’s electrodynamics, we will formulate other 
equations for the tensor gravitational field. The only conserved tensor 
of the second rank is the tensor of energy-momentum of matter and of 
gravitational field in a Minkowskian space t””, and so it can naturally 
be taken as the complete source of the gravitational field. We have found 
in Section 3.3 that the simplest, identically conserved tensor linear in 


2" is the quantity J”, therefore, by analogy with electrodynamics, 
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we will postulate the following equation: 
yimn =D;Dp [y*7gP™ + km apn _ ykP gmn _ yn ngkP | 
= A(t" +t): (3.4.10) 


This type of equation, generally speaking, presupposes that the conser- 
vation law for the tensor of energy-momentum of matter and gravita- 
tional field is automatically met in the Minkowskian space, i.e., 


Dyn (t2" +") = Dy t™” = 0. (3.4.11) 


As a consequence (see (3.2.28)), also holds the covariant law of matter 
conservation in a Riemannian space 


Vini™" =0. (3.4.12) 


The Hilbert tensor of energy-momentum T”™” can be defined phenome- 
nologically. Then (3.4.12) will be the equations of motion for matter. 


Using (3.4.3) and (3.4.10) gives 
7K? Dy DpB™"=—Mty tty) (3.4.13a) 
Dem” = 0. (3.4.13b) 


The simultaneous equations (3.4.13) are exactly ihe system we seek for 
the relativistic theory of gravitation. 

The role of equations (3.4.13b) in RTG differs markedly from that 
of (3.4.9) in electrodynamics. Indeed, although the left-hand side of 
equations (3.4.10) is invariant under the gauge transformation 


gmn >gmn +pme_n +p” pm _ y™" D, E* (3.4.14) 


where £” = ./—7£” is the density of an arbitrary four-vector €"(x) due 
to the fact that the right-hand side of (3.4.10) is noninvariant under 
the change (3.4.14), we do not have in the theory an arbitrariness of the 
type (3.4.14), and so equations (3.4.3) cannot be a consequence of 
cquations-(3.4.10). 

In RTG equations (3.4.3) are thus additional independent dynamic 
cquations of the gravitational field, rather than some coordinate or gauge 
conditions. 

When formulating the theory the main question to be answered is 
whether there exists the Lagrangian density for the gravitational field 
with ‘spins 2 and O that would automatically lead, by the least-action 
principle, to equations (3.4.13). 

The general Lagrangian density of the gravitational field 9'* that 
describes spins 2 and O and is quadratic in the first derivatives of the 
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field has the form 
ve = Wim Bq&? Dig"4 Dye" + DEq Dm? Dp &*™ 
+ CBimBng® Die" Dyk". (3.4.15) 


A characteristic feature of the Lagrangian is the fact, that the convolu- 
tion of covariant derivatives with resvect to the Minkowski metric is 
done using the effective metric tensor g** of a Riemannian space. It can be 
shown that this requirement for the gravitational field is a consequence 
of geometrization principle and the structure of the gravitational field 
that only has spins 2 and 0. 

According to the least-action principle, the system of equations for 
the gravitational field assumes the form 


62, 6k Fk, bk 


5 pik § pik ~ &gik 6 gik 


This takes into account the constraint (3.4.1). In (3.4.16) &,, is the 
Lagrangian density for matter, and the Lagrangian density QR, is given 
by (3.4.15). 

For the system (3.4.16) to be representable in the form (3.4.13), 
in (3.4.15) we will have to select the constants a, b, and c in a definitc 
and unique manner. To this end, from (3.2.17), (3.2.22), and (3.2.25), 
we will find for the Lagrangian L= &, + %,, the density of the energy- 
momentum tensor for matter and gravitational field t’’” in Minkowski’s 
space. Taking the variation of the total Lagrangian with respect to 
Ymn, We will obtain 


1 6k 
tm" = 2/7 yh ymP — sant) yy t2bs"" 
2 5g”? 


(3.4.16) 


+ Dp {(2at b)fHE” y™ + HE ye" — He”) 

— 2(a+ 2c) yg"? B Dyk"7}, (3.4.17) 
where 

He” = (EPI DEM + FD F?%)S, 
We see from (3.4.17) that the equations 

— 2(a + 2c) y"" EP F, Dye'7} (3.4.18) 


are equivalent to the field equations (3.4.16). 
In order that the relation 


D,t”” =0 (3.4.19) 
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may not give rise to any new equation for the field y’*, which would 
lead to an overdetermined system of equations, it is necessary and 
sufficient for the coefficients a, b, and c to meet the conditions 


1 
a=——b, 
2 
; (3.4.20) 
c=—b. 


With such a choice of the constants we have 
D,,t™” = 0. 


The equations of motion of matter thus follow directly from the equa- 
tions for the gravitational field. From (3.4.20), the expression (3.4.18) 
will take the form 


Dy Dy (y"™ BP" + ykn gpm _ gmn kp _ yin ke ) 


2b 2b 


which coincides with the equations (3.4.10) we have written earlier, by 
analogy with electrodynamics, if we put 


2b=—. 
n\ 


It follows that the Lagrangian density <, that leads to the field 
equations in the form (3.4.21) is 


(3.4.21) 


ae ne 
v,= ae - 5 Fimbng® DE" Dps™” 


Le a pn ~ 
+ 7g bmbng?? Die" Dyk”? . (3.4.22) 


According to the principle of conformity, the constant A is 
A=—167. (3.4.23) 


The Lagrangian density (3.4.22) can, from (3.4.23), be represented as 
QL, = 327 [Gn Pe” —g™"G G 1] (3.4.24) 


Sk 
where the tensor of rank three G,, is given by 


1 
sk ~ ~ ~ ~ 
Gi = 5 BP*(DmBip + Di Bmp — Dpfim)- (3.4.25) 
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Also, we can write &, as 


This form of the Lagrangian was, first considered by Rosen [53]. In 
(3.4.26) the tensor of rank three G,, , is 


l 
k 
Giant 5? DmEpi + Di8ym — Dp&im)- (3.4.27) 


From (3.4.3) the complete system of equations for matter and gravi- 
tational field will be [28-30] 


PFD, Dye" = 16nt™", (3.4.28) 
Dna” = 0. (3.4.29) 


Clearly, in a Galilean coordinate system the equations (3.4.28)—(3.4.29) 
become 


Og" = 1602", (3.4.28') 
One" = 0. (3.4.29') 


If we limited ourselves to the equations (3.4.21), the division of 
the metric of a Riemannian space into the metric in a Minkowski space 
and a tensor gravitational field would be conditional in nature and would 
be devoid of physical meaning. The second system (3.4.29) of four 
field equations in principle separates everything that is concerned with 
inertial forces from everything that is concerned with the gravitational 
field. Both systems of equations (3.4.28) and (3.4.29) are generally 
covariant. The behavior of a gravitational field is usually subject to 
apprupriate physical conditions from a specified, e.g., Galilean system 
of cvordinates. In GTR it is impossible to formulate the physical condi- 
tions imposed on the metric g””, while remaining in a Riemannian 
spice, since the asymptotic behavior of the metric is always dependent 
on our choice of a three-dimensional coordinate system. 

We now want to find the explicit form of the system (3.4.16). 
We can show that the Lagrangian (3.4.22) obeys 


nn 
agmn 6 [GntGun ~ ; G,, Cad] 
and 
dx, _ ] k 1 ,. l G! 
ogmn lon mn 5 Om Gut — —5,, mi 
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Therefore, 
5x 1 
semn =~ Rmns (3.4.30) 


where R,,,; is the curvature tensor of rank two of the Riemannian space, 
which is 


k I k k Al 

Rinn = DeG yn — Om Gnit Gann Gia — © miGnk: (3.4.31) 

Since, by (3.2.6b) and (3.2.11), 
52, I ! 

2. oe wa Tmn— 38mn?) (3.4.32) 

then, by (3.4.16), 
1 | 
V—-g Rmn = 80(Tmn — 5 8mn r) (3.4.33) 


We have thus arrived at the well-known system of equations of Hilbert— 
instein with the only substantial difference that all the variables of the 
licld in them are functions of the coordinates of the Minkowski space, 
whose metric tensor enters into the equations (3.4.29). Physical signifi- 
cance is only inherent in solutions such that under appropriate initial 
und boundary conditions they satisfy both (3.4.28) and (3.4.29). 

The joint system (3.4.28) and (3.4.29) is complete if it contains 
us many equations as there are unknown variables of the field. The 
Hilbert—Einstein equations (3.4.33). do not contain the metric tensor 
of a Minkowski space, and so introducing this tensor is an illusion. Only 
equations (3.4.29) enable inertial forces to be separated uniquely from 
the gravitational field and thereby they enable us to introduce into the 
theory a plane Minkowskian space. We stress that equations radically 
change the nature of the solution of the Hilbert—Einstein equations, 
leading to new physical predictions. This all is accomplished in RTG. 
Ihe Lagrangian density of the gravitational field (3.4.22) is the only 
one that yields a self-consistent system of equations for field and matter 
(3.4.28) and (3.4.29). This means that the equations of RTG are the 
only simple equations of the second order. 

Because of the importance of this fact we will also provide another 
lorm of the proof of the equivalence of equations (3.4.10) and (3.4.33), 
bused on direct calculation of the tensor densities #”"" and ty” in the 
Minkowski space. 

Using formulas (3.2.17) and the constraint (3.4.1), we will find that 
the density of the tensor of the energy-momentum of the gravitational 
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field in the Minkowski space for the Lagrangian density (3.4.22) is 


mn _ I mn 1 mp _nk 1 mn, pk 
te én J Sa yi"P vy 5 yer ny Rpi(34.34) 
We see thus that we have automatically gotten here the curvature tensor 
of the second rank for a Riemannian space R,,. Likewise, using (3.2.17) 
and (3.4.1), and also the definition of the Hilbert tensor density (3.2.6a) 
for the density of the energy-momentum tensor of matter in the Min- 
kowski space, we will get 


1 
revi (y mp yak _ sine) Ty + fps): (3.4.35) 


Substituting (3.4.34) and (3.4.35) into the field equations (3.4.10), 
we will obtain 


(vr ae 2 — xf =O 
7 Pp — Pp 9) Pp ° 
V-8 


From this we arrive at the system of equations for the gravitational 
field in the form (3.4.33). 

The system of equations (3.4.10) is thus equivalent to the Hilbert— 
Einstein system of equations (3.4.33). But the complete system of 
equations for matter and gravitational field (3.4.28) and (3.4.29) is 
equivalent to the system 


I 
V-Rmn - 82(Tn 7 9 Smn r), (3.4.36) 


D,em” =0. (3.4.37) 


{t should be stressed once more that the equations (3.4.37) are general 
and universal, since these are field equations that describe gravitational 
fields with spins 2 and 0. The choice of a reference frame (or a coordi- 
nate system) is determined by the metric tensor of the Minkowski space. 
On the other hand, equations (3.4.27) impose no constraints on the 
choice of a coordinate system. Thus, equations (3. 4.37) exclude from 
the density of the tensor field y pik spins 1 and 0’, which leaves us only 
with spins 2 and 0. The required six components of the gravitational 
field that correspond to spins 2 and O and the four components of 
matter are found from the field equations (3.4.28) or equivalent Hil- 
yert —Einstein equations G 4.36). 

Notice that some aspects of the theory of gravitation in the Min- 
kow.ki space have been considered in works [53-55]. But even those 
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among these authors who at one time had been on the right track could 
not understand this and went in another direction to end up witha theory 
of gravitation that was far from a complete one. Our works [28-30] 
complete the construction of the relativistic theory of gravitation that 
leads to a number of new important predictions. 

We now turn to some physical consequences of RTG. It is well 
known that in terms of Friedmann’s homogeneous and isotropic Uni- 
verse there may, by GTR, be three models of the Universe. One of them 
is a closed Universe, having a finite volume. What is the density of 
matter in the present Universe? GTR cannot give an answer to this 
question. According to RTG, the homogeneous and isotropic Universe 
of Friedmann is infinite and only “plane’’, since its three-dimensional 
geometry is Euclidean. Correspondingly, the density of matter energy 
in the Universe must be equal to the critical density determined from 
measurements of Hubble’s constant. RTG predicts that the Universe 
must contain “latent mass’, such that its energy density is nearly 40 
times that of the density of matter energy observed today. Another 
important consequence of RTG is the statement that the total density 
of matter energy and gravitational field in the Universe must add up to zero. 

We see that RTG’s predictions for the evolution of Friedmann’s 
homogeneous and isotropic Universe differ substantially from the con- 
clusions of GTR. 

Further, it foliows from GTR that massive objects with a mass 
larger than three solar masses during a finite span of proper time are 
compressed indefinitely by gravitational forces till they reach infinite 
density. This evolutional process is called the gravitational collapse. 
Objects of that sort are known as “black holes’’. They have no material 
surface, and so a body that gets into a “black hole” and crosses its 
boundary will encounter nothing but empty space. From the inside 
of the “black hole’’ even light cannot escape through its boundary. 
Wheeler regarded gravitational collapse and the resultant singularity 
as “one of the greatest crises of all time’’ for fundamental physics. 
Anyone who has perceived the essence of GTR will agree to that. The 
relativistic theory of gravitation changes radically the character of 
gravitational collapse. It predicts the gravitational slowing of time, 
owing to which a massive body in the co-moving reference frame is 
compressed during a finite proper time and, most important, the matter 
density remains finite and cannot be higher than 10!° g/cm?, the bright- 
ness of the body decays exponentially, the cbject ‘“‘blackens” but, 
unlike a “black hole’, always has a material surface. Such objects, if 
they emerge, are complex in structure, although there is no gravitatio- 
nal self-closure in the process. Matter thus does not disappear from 
our space. In terms of RTG proper time for a falling test body varies 


230 Lectures in Relativity and Gravitation 


both with the coordinates of the Minkowskian space and with the 
gravitational constant G. Accordingly, the flow of proper time is deter- 
mined by the nature of the gravitational field. It is this circumstance 
that is responsible the infinite slowing of proper time for the falling 
body as it approaches the Schwarzschild radius. It follows that, ac- 
cording to RTG, in nature there can be no “‘black holes” in which matter 
would be compressed catastrophically to infinite density and which 
would have no material surface. This all can be established with fair 
accuracy by taking as an example a spherically symmetric nonstationary 
problem for dust, when the pressure is assumed to be zero. A period 
of proper time dz for a falling body is related to the period of time d¢ 
in the Minkowski space by 


p—GM 
dt = dt |———_- ]}, 
pt+GM 


where p is a radial variable in the Minkowski space. 

It follows immediately from this formula that when p approaches 
GM, the proper time increment d7 tends to zero, and so all physical 
processes for the falling body. slow down indefinitely. According to 
RTG, there do not exist not only static but also nonstatic spherically 
symmetrical bodies with radius less or equal to GM. This means that 
there can be no holes in space-time. These pronouncements set RTG 
predictions apart from those of GTR. Massive objects will, of course 
be compressed less, when the pressure is nonzero, since the pressure 
is nonzero, since the pressure hinders gravitational attraction. The 
evolution of real objects calls for more detailed studies using the equa- 
tions of state of matter, and it is a fascinating problem. 

RTG explains the entire body of available observational and ex- 
perimental evidence concerned with gravitational effects in the Solar Sys- 
tem. Detailed analysis shows that GRT predictions are ambiguous for 
gravitational effects in the Solar System. So for some effects arbitrari- 
ness occurs in first-order terms in G, for others in second-order terms. 
Where does the reason for this ambiguity lie? In GTR to define the 
metric of a Riemannian space in some coordinates it is necessary to 
specify the so-called coordinate conditions, which are quite arbitrary 
and always noncovariant (i.e., they only refer to the coordinate system 
we have chosen). Depending on the kind of these conditions we in the 
Same coordinates in the general case wiil by all means obtain different 
metric tensors. But different metric tensors in the same coordinates 
will also yield different geadesics, and so the predictions of GTR for 
the motion of light and test bodies will also be different. 

Note that Weyl and Lorentz indicated that, given the equations 
for all time-like and all isotropic geodesics in some coordinate system, 
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the metric tensor of space-time in this system is determined up to a 
constant, i.e., on the physical side, when we study the motion of light 
and test bodies we can experimentally establish the structure of the 
yeometry of space-time. According to this theorem, different metric 
tensors in a given coordinate system yield different predictions con- 
cerning the motion of light and test bodies. 

Consider one hypothetic experiment, which clearly demonstrates 
the ambiguity of GTR predictions. In an inertial reference frame we 
have two test bodies fixed at different points A and B, and at point O 
lying close to line AB and equidistant from A and B, a “needle” is 
fixed onto which we can fix a massive (small-size) body M. Using this 
urrangement we will conduct two experiments. At first, we will take 
body M away from the arrangement at a distance that is much larger 
than AB (at infinity) and then time the propagation of a light signal 
from A to B, and back. We next bring body M back, put it on the 
needle and repeat the timing. In the presence of body M instead of fo 
we will have ¢, and their difference will give the time of gravitational 
delay t — to = At due to the action of the body on the motion of the 
light signal. If now we, in the second experiment, calculate the propa- 
gation time ¢ (using, say, in the same coordinates the harmonic and 
Schwarzschild solutions) and then subtract the result to, the time de- 
lay for such different solutions in the same coordinates will appear to 
be different*. We are thus led to conclude that GTR gives no definite 
prediction for the given experiment. 

We next pass on the gravitational radiation. In a paper on gravi- 
tational waves [8] Einstein wrote: ‘““One might suppose that by ade- 
quately selecting a reference system one can always provide that all 
the components of the energy of the gravitational field would vanish, 
which would be of great interest. It can readily be shown, however, 
that, generally speaking, this is not the case.’ Einstein, in accordance 
with his principle of conformity, expected that all the components 
of the “‘energy of the gravitational field’’ vanish, therefore he con- 
sidered this to be of great interest. He could not establish this, however. 
lt was not‘ until fairly recently that the gravitational radiation, as de- 
fined in GTR by Einstein, was shown indeed to be reducible to zero 
hy an adequate choice of a permissible reference system. This is pre- 
cisely the result that interested Einstein so much. And so the last phrase 


*The multivaluedness of solutions of the Hilbert— Einstein equations in the 
sume coordinates has, to put it mildly, escaped the attention of Academician Zel- 
dovich, and so his opinion (Usp. Fiz. Nauk, 1986, 149, 4) that the description is 
unique is simply erroneous. Zeldovich’s paper also contains other wrong statements, 
lust they will be discussed elsewhere. 
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in the above quotation is wrong. But if we can do away with the radia- 
tion, while still in the framework of GTR, this suggests that Einstein’s 
formula for the quadruple gravitational radiation is no consequence of 
his theory. Here Einstein was rather guided by his formidable intuition 
than by the logic of his theory. It helped him to obtain a correct formula 
for the radiation but did not allow to reveal the essence of GTR. In RTG 
the gravitational field is a physical field and it cannot in principle, even 
locally, be ““killed” by an adequate choice of a reference frame. RTG 
predicts the existence of gravitational waves that transport energy and 
momentum, which is in principle absent in GTR. The statement that 
GTR predicts the existence of gravitational waves is simply erroneous 
and comes from a lack of understanding of the logic of the theory. 
Einstein’s formula is a consequence of the relativistic theory of gravi- 
tation, not GTR. 

To sum up: from the conservation laws and the views on the grav- 
itational field as a physical field that possesses an energy-momentum 
density, in combination with the principle of geometrization and local 
gauge invariance, we have uniquely formulated a relativistic theory of 
gravitation that explains all the available observational and ex perimental 
evidence for gravitation and makes predictions concerning the evolu- 
tion of Friedmann’s Universe and the gravitational collapse. 


3.5. On Ambguity of GTR Predictions for Gravitational 
Effects and Fundamentals of RTG 


GTR has no conservation laws, and this is not its only fundamental drawback. 
As we will see later, ambiguity is inherent in GTR and concerns all gravitational 
effects. We will illustrate this by the example of the effect of the gravitational 
delay of a radio signal in the field of a static centrally symmetric body of mass M. 

Starting off with the Hilbert—Einstein equations (3.4.36) we should take 
into account the fact that the space-time coordinates x" incorporated into this 
equation represent a manifold fixed by the arithmetization of space-time chosen. 
It will, therefore, be no loss of generality, if making convention about the arithme- 
tization of space, we will put into correspondence, in variables x" = (t, r, 0, 9), 
to centre S of a body M the point r =r, = 0; to any point on the surface of the 
body (taking it to be a ball) a value r = r,; to the location of a radio pulse source 
a point e(r,, y,, 8, = 7/2); and to the position of the receiver or the reflector 
that reflects the signals back to point e, a point p(r,, y,,9, = 7/2). In the arithme- 
tization chosen, one general external (in relation to body M) solution of the Hil- 
bert—Einstein equations 


l pv 
uv tv 
R 58 R= 8nGTy, , 


(where R"” is the Ricci tensor, R = RH ) will (outside of the body) be a solu- 


Suv 
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tion [56] with an arbitrary function C(’) 


kon 
x xX 
Skn = —~Cbknt (C— A) r2 ’ Soo = 8B, g = —BAC’, 
oie Sin (1 1\ x*x" goon 
C C A re” B’ 


2GM '\? 2GM \"} 
B=1- ; A=c(1+5e) (1 c ) ; 


rJC wal 


and C’ = dC/ar. As to the function C(‘), it isonly required that it be smooth and 
lim C(?’)- 1. 


r— oo 

It is this arbitrariness that eventually leads to ambiguous predictions of GTR 
for gravitational effects (and an uncertain energy-momentum of the gravitational 
field (GF)) in the field of a centrally symmetric source. Indeed, if we take the 
example 


C(ir)=1 or Cir) =(1+GMl/r)’, (3.5.1) 


we will obtain two different particular solutions for Eup, GM) that define the 
element ds? 


2GM 2GM \"! 
ds? -(1- ; \ar -(1- 24 dr? — r? (do? + sin? @ dy?) (3.5.2) 
r 


in the first case and 
—GM +GM 
ds? = (se Var — (a dr? —r? (1+ 
r+GM r—GM 


in the second. In both solutions the coordinate 7 is the same (just as ¢, 0, ), i.e., 
both in (3.5.2) and (3.5.3) corresponding to pointsr =rg=0,r=rp,e,, 91,9, = 
= n/2) and p(r,, ~,, 9, = 7/2) are the positions of the centre S of the body M, 
its surface, source and receiver (or reflector) of radio pulses. 

Transition in (3.5.3) from the coordinate 7 to the variable p =r + GM trans- 
forms (3.5.3) to the form that is adequate to (3.5.2): 


2GM 2GM \"' 
as*=(1- ae —(1- G ) dp? —p?(do?+sin?@dy’). (3.5.2a) 
p p 


2 
) (do? + sin? 6 dy’) 
r 
(3.5.3) 


They differ markedly in content, however, since in (3.5.2a) corresponding to 
the centre S of M is the value py = +GM, and in (3.5.2) ry = 0. We have a similar 
procedure in passing in (3.5.2) fromr to p =r — GM so that (3.5.2) will be reduced 
to an expression that is similar to (3.5.3) in form, but in essence equivalent to 
(3.5.3), since the transition changes the value 7, = 0 to py = — GM. 

Using standard methods and confining ourselves in calculations to the first 
order in G, will give the time of propagation in one direction (at y, —y, > 2/2, 
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when pericentre coincides with rf) [57, 58] for the solution (3.5.2) 


1/2 
r_+/r? — Te! 
+ GM [>in “2 B—'L In tpt vont fi vet | (et f) (C iy" ] (3.5.4) 
re - Vi re rytre retlr 


and for the solution 3.53) 


r= V+ oe 


r + J/r% — rh ro—r reo? 
7M 2 n= P f (2 r) (Et ny" |} (3.5.5) 
oo Vina +r¢ retly 


We pass in 3.5.4) and (3.5.5) from points "ep, f to physically observable quanti- 
ties. Using respectively the metric (3.5.2) ant & 3.5.3), we will, in the same first 
order 1 in G, compute real physical distances (measurable) from the surface rf tore 
andr, 


r 
»P 
J ar 8p =" ep rt GM ln (re, p/r,)- (3.5.6) 
f 
We see that in the first order in G they will be the same for both metrics. We will also 


compute (in the same first order in G, of course) the relative frequency shift 
(measurable) in the gravitational field of source M 


Aw 


GJ 


1 41 
=e p= GM(—- } (3.5.7) 
° rf le Pp 
€,p , 


The shift is again the same (for the accuracy chosen) for both metrics. Using 
(3.5.6) and (3.5.7), we can now express in (3.5.4) and (3.5.5)r, e, p, f through the 
measurable quantities le p and be, p: Comparing then the times f of the propa- 
gation of a radiosignal from e to p, computed from (3.5.4) and (3.5.5), we see 
that they are expressly dissimilar, which attests to the ambiguity of GTR is pre- 
dictions for t, the ambiguity manifests itself in this effect in first-order quantities 
inG. 

For rf <’re p» from (3.5.4) and (3.5.5), taking into account (to the accuracy 
chosen) the effect of the deflection of the signal by the gravitational field of a 
source, we obtain 


TetlyptR 

t=R+2GM\|1n ————— —- 2GM, (3.5 .4a) 
Tretlp —R 
Tet?lntR 

t=R+2GMin ———., ° (3.5.5a) 
Tetrp—R 


where 
R=VJre-ritVrp- r? (3.5.8) 


is the relative distance (along a straight line) between points e and p, and7r, is the 
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coordinate of the point where the straight lines meet, which connect e and Pp, 
on the one hand, and S with the pericentre of the signal trajectory, on the other 
hand. 

Analysis of other known gravitational effects given in [58-61] indicates 
that in the class of solutions C(r) = [1+ (A+ 1) X (GM/r)]?, where A is a free 
parameter, the ambiguity of GTR predictions shows up in all effects without 
exception. 

The main underlying ideas of RTG can be recapitulated as follows: 

(I) In RTG the fundamental, basis space in the Minkowskian space x“ (with 
the metric y“"). This property is inherent in all matter, whatever its nature; this 
is the property of universality of the laws of conservation of energy-momentum 
und angular momentum separately. 

(11) The gravitational field in RTG is regarded as a real (with a zero rest mass) 
physical field in this space with all the features inherent in other physical fields; 
corresponding to it is the field symmetrical tensor ®#” of the second rank with 
representations corresponding to spin states 2 and 0. 

(III) The Lagrangian density of other forms of matter (except for GF), by 
virtue of the universality of gravitational interactions.and tensor character of GF, 
is constructed in RTG on the basis of convolutions with the effective tensor g¥”, 
defined by “addition” of the gravitational field ®4” to the metric tensor y4” 
by the rule 


gH = [og gh? = fox yh? + /—7 DY = yh? + BHP. (3.5.9) 


In the Lagrangian the derivatives of nongravitational physical fields are assumed 
to be covariant derivatives V,, with respect to the effective metric giv 

This statement, which can conveniently be referred to as the ‘ ‘principle of 
reometrization’’, introduces into the theory, as a consequence of the universality 
of gravitational interactions and the tensor nature of GF, the secondary notion 
of the effective Riemannian space (with metric g¥” defined in one map), which 
has apparently purely field origin. Secondary notions in the theory are still the 
Minkowskian space (with metric y#”) and the gravitational field ®”” in the space. 
The principle of geometrization in RTG is not adequate to the equivalence princi- 
ple in GTR, since in RTG, like in other physical field theories, owing to the tensor 
(und not pseudo-tensor) nature of all physical quantities obtained using RTG the 
energy density of GF at a point cannot be made to vanish by any coordinate 
transformations, although the force action of GF at the point can be compen- 
sted for. 

(IV) The density of the Lagrangian of the gravitational field is in RTG as- 
sumed to bea quadratic function of the first-order derivatives D,g"” that are co- 
variant in the metric y“” of the Minkowskian space. 

Using statement (1)-(IV) we can construct the relativistic theory of gravita- 
(lon in a unique manner. 


The most direct way to construct the scalar density £ grt? ge? Drgt?) 
that meets item (IV), with items (1)—(II) taken into account, of the Lagrangian 
of the free GF in a Minkowskian space would be to represent it in the form of 
4 general superposition of the various convolutions of form that are quadratic 
in the first-order derivatives DAg”” with the tensors BoB and YoB (see, e.g., [56, 
02] *). We will here follow another procedure: we will seek the structure L, using 


“Using the gauge principle, the Lagrangian density fg is thus determined 
uniquely, 
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from the very beginning the gauge principle [62], which requires that the Lagran- 
gian density for the free GF, under transformations of the form 


6 PY = 6 FHP = FAD, €Y (x) + FY*AD eH (x) — Dy (eAZHY) (3.5.10) 
would change by no more than the divergence*. 

Lg Ly + DyQ”(x). 
In (3.5.10) e”(x) are infinitesimal parameters of the gauge transformation, and 
the operators 6, obeying 

(Ge, be, _- be, 5e, ) g#Y (x) = §e,F HY (x), 
where 

ey = et Dues _ e? Duet, 
form the Lie algebra. At the same time we will have to take into account the 


requirement of (II) that representations corresponding to spin values 1 and ()’ 
be excluded from among the states of the field ®“”, which can be done by 


subjecting a” to the field equation 


Dy oh? = Dygh? = 0. (3.5.11) 
—Y7 

It should be stressed that equation (3.5.11) not only excludes from consideration 
nonphysical spin states of the gravitational field B“”, but also makes the metric 
y"” of the Minkowski space unremovable from the theory**, thus enabling man- 
ifestations of GF. At the same time the field equations (3.5.11) narrow down 
the class of possible gauge transformations (3.5.10) to the manifold of the four- 
vector e”(x) that obey 


gD Dee” (x) = 0. (3.5.12) 
We now address ourselves to constructing equations that, together with 
(3.5.11), form a system of main equations of GF. We will consider that the sim- 


plest densities that change under transformations (3.5.10) by a divergent quantity, 
are 


V-g7>J/-8 —- Dy(e”’V/-8) 
and 
V-gR->VJ/-2gR -Dy(e"/-8 R), 
where R is the scalar curvature of the effective Riemannian space-time given by 
V-&R=y rs said COE ~ rio Ppa) + 8g Vay ~ yl to | = 
= FYY(GT Gog — GAGS) — Dy EH’GS, — BOG), 
*The gauge transformation(3.5.10) of the field @” differs markedly from its 
coordinate (x — x + £) transformation 
6 DEY = HAD) EM) + SADA EH (x) — Dy (EN@HY)., 


** This suggests that equation (3.5.11) cannot have anything to do with thc 
coordinate conditions. 
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where 
Av : \ 
Pup = > g°° (Au av t IvSou — %Spv)> 
A ; A 
Cy = > &°° (Du Sov + Dy8ou — DoSyv)- 


We can also add the term ~yy,g¥”, that, by (3.5.11), also satisfies the gauge 
principle. In the general case, we then can represent £, in the form 


Le =Ay (V8 R+ DyQ”(x)) + AV ~—B + As per’ + AJ 7. (3.5.13) 
Here the divergent term 


DyQ” (x) = Dy EY" Gig — 8° Gig) 


is added (using the gauge principle) in order to exclude from £ g terms with second 
derivatives that enter into ./ —g R, and the meaning of the remaining quantities 
will become clear later. 

Lagrangian (3.5.13) gives the following expression for the tensor of energy- 
momentum of GF in the Minkowski space 


6L 1 b6£ 
(g) § Yuv 9) §g%8 
+A, yhY _ 2A, guy _ Na why | (3.5.14) 
where 
THD = D Dg (yh g6? + ywzbu _ yAAguv _ yur gas, (3.5.15) 


By the least-action principle, we will obtain fronf (3.5.14) two versions of the 
dynamic equation for GF that are different in form but identical in content 


bLy 4 

gH = Ay Rup + > A28uv + A; Yuv = 0, (3.5.16) 
where 

Ruy = DyGh, — DuGd, + GO, GA, - GI, GH, (3.5.17) 
and 

A, JHY — 2a, ghY — a, PHA = To (3.5.18) 
In order that equation (3.5.16) may be obeyed identically and that t4#¥ =0 in 
the absence of a gravitational field, we must put A, = —2A,, A, = —2dA,. Values 
A, and A, can readily be identified by writing (3.5.18), from (3.5.11) and (3.5.9), 

~ A; ~ ] 
7D Dg oh? +2 — GHP = — — th (3.5.19) 
1 Ay 8), 


Equation (3.5.19) looks especially dramatic in GaliJean coordinates 


r 1 
0 oH¥42— weve — zHv. (3.5.19a) 
r ». 8) 
1 1 
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It is perhaps natural to attach to the factor (+2A,/A, ) fhe meaning of the squared 
rest mass of GF, i.e., to put (+2A,/A,) =m’, and to put (—1/A, ), by the principle 
of conformity, to be equal to 167, ie., 


Thus, the Lagrangian of a free GF constructed on the basis of the gauge 
principle in the Minkowski space will in the general case have the form 


1 m> /1 
{gr —— gYY (Gh, CXq ~ Ghia Gon) ~ (- Tv" —V-8—v 7), 
167 16a \2 
(3.5.20) 


The corresponding dynamic equations of GF, whichare complementary to (3.5.11), 
can be represented by two completely equivalent forms 
m? 
Re _ = (gt? — ghagrBy 2) = 0, (3.5.21) 


or 

DaDa(yB gH? + yor FOR — you gh» _ yar zB + 

+m? (gh? _ yRP)= 16at( 0): (3.5.22) 
It follows that for a gravitational field with a rest mass the conservation laws of 
the energy-momentum Dutiy = 0 will only occur when conditions (3.5.11) are 
met. It is to be emphasized that equations (3.5.21) and (3.5.22) are not gauge- 
invariant, even if e”(x) obeys (3.5.12). This means that the introduction into 
the Lagrangian of a mass term removes degeneration * and uniquely defines the 
geometry of space-time, and also the density of the tensor of the energy-momen- 
tum of GF. 

The complete system of equations for a free GF has the form 

2 


m 
RHP _ 7 & HY _ glaerBy2)=0, Dyst? =0, (3.5.23) 


or, in another equivalent form, 


yD Dg oh? +m? oH - l6mte 

By virtue of (IID) and (IV), in the presence of two forms of matter the total 
Lagrangian density is given by 

£= Ly (FM, bq) + Le(ZhY, BY, DEH), (3.5.25) 


where ®, are matter fields (except for GF) and Ly is given by (3.5.20). This yields 
the following dynamic equations: 
Da Dg ly BH? + yHr gO8 — yA grB _ OY FOU) + m? GUY = 16 nM”. 


yp: . . (3.5.26) 
Here r¥” is the density of the symmetric tensor of the energy-momentum for all 


matter (tH = cH + HY ) in the Minkowski space. Equations (3.5.26) can identi- 


Dy, oh? = 0. (3.5.24) 


(g) (4) 


* Without the mass term equation (3.5.22) is gauge-invariant. 
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cally be reduced to 


m? 8G 1 

RHP —— (gh? — ghagrBy 9) = —— (THY — — gi? ), (3.5.27) 
2 V-8 

where THY = —2(5 £u/5 Suv) is the density of the energy-momentum tensor of 

the nongravitational forms of matter in the effective Riemannian space. If we 

take into account the field equations (3.5.11), we will arrive at the system of 

main dynamic equations of RTG 


yBDyDgBh? + m? SHY = yD, Dg SHY + m? GHY = 16 nth, (3.5.28) 
Dyz"” = Dy oH” = 0, (3.5.29) 
or equivalently, 
m? 8rG 1 
RHY_ __ gh? _ ghagvB .)= —__ | THY _ — er), (3.5.28a) 
Dug” = 0. (3.5.29a) 


These equations are in principle different from those in GTR and they are equal 
in their significance. In (3.5.28), (3.5.29) or (3.5.28a), (3.5.29a) all the field 
variables are functions of the coordinates of the Minkowski space and the metric 
vy” of the space enters into the equations in an unremovable manner. Given the 
boundary and initial conditions, the solution of the main system of RTG will 
have the property of uniqueness *,and sothe physical quantities and predictions 
obtained using the system will be unique as well. By the field equations (3.5.29), 
we obtain directly from (3.5.28) the conservation law for the energy-momentum 
D,,t®” = 0 that contains no ambiguities [63], since the metric y#” of the Minkows- 


ki space enters organically into the RTG equations. We reiterate that this law 
only occurs provided the field equations (3.5.29) are obeyed. If we proceed from 
(3.5.28a), then, taking into account the relations 


Vatuv = — Gy %ov - Gy %uo, Dpk#? = J/g (Dust? + Gry gh) = 0, 


where V, is the covariant derivative with respect to the metric g,,, of the effective 
Riemannian space, we will come to another form of the conservation law 


Vu THY = 0. 


We then assume formally the rest mass of GF to be zero. Then 


1 
Lg= —— FYY(G* GS, - GaaGEy), (3.5.20a) 
l67 
and the dynamic equations of the free GF will become 
D Dg (yh gH? + yh? Zoe — yA BPE — yor BPH) = 16 mth. (3.5.22a) 


This equation is invariant under permissible gauge transformations. At the same 
time, the tensor tie) of the field will not be gauge invariant, but because its change 


Bette) under the transformation (3.5.10), as is easily seen from (3.5.22a), leads 

*From the equation of state of matter, the system (3.5.28), (3.5.29) or 
(3.5.28a), (3.5.29a) becomes a closed system of equations that define the dynamics 
of the field and matter alike. 
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to the divergence of the skew-symmetric tensor of rank three 


[uo} [vu] 
bet (y= — DyDgbMthOlvyrl 
4n 


where 


1 
pleol{[va] = — (Au BVO + yor gr _ ho gEY _ hv ZA). 
4 


the gauge arbitrariness t4" will not effect the integral physical characteristics 


we seek [56]. Other quantities that will not be gauge invariant are the interval 
of the effective Riemannian space-time and its respective geometric characteris- 
tics [62]. 

In the presence of other forms of matter the total Lagrangian density will 
be determined by the expression (3.5.25) where Le is from (3.5.20a). The corre- 
sponding dynamic equations become 


DaDg(y%? gHY + yh zoB _ an gvB _ ov eBuy = 16 gh, 


Owing to the presence of matter these equations will no longer be gauge invariant, 
and so the theory will no longer be gauge arbitrary [62]. 

In combination with (3.5.11) the system of main equations of RTG will 
have the form 


7° Dy Dg gh” = y8Dy Dg bo” = 160th”, (3.5.30) 
Dy gs” = Dy b#” = 0, (3.5.31) 
or equivalently, 
1 
J/g RM = ena (rH — — ghv r) , (3.5 .30a) 
2 
Dy BP” = 0. (3.5.31a) 


Although formally equations (3.5.30a) coincide with the Hilbert—Einstein equa- 
tions, their meaning is different, since the field variables in them do not depend 
on the coordinates of the Minkowski space, and the joint system contains the 
metric of the Minkowski space in an unremovable manner. 

That the complete system of equations of RTG (including the equations of 
matter and of GF) organically includes, in addition to the field variables of matter 
and the metric tensor of the effective Riemannian space, the metric tensor of 
the Minkowski space, is a circumstance of principle. It enables RTG to consider 
all physical fields, including the gravitational one, in a unified Minkowski space. 
In GTR it is impossible, because its equations do not contain the metric tensor 
of the Minkowski space. 

The field equation (3.5.31) introduced into the theory thus makes the metric 
of the Minkowski space unremovable from the theory, which is reflected in the 
description of all physical phenomena and leads to consequences that are quali- 
tatively different from GTR. 
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